10. cviceni - Per partes + Substituce
https://www2.karlin.mff.cuni.cz/ kuncova/vyuka.php, kuncova@karlin.mff.cuni.cz
Piiklady

Urcete primitivni funkci k funkci f(x) na oteviené podmnozingé jejtho defini¢niho oboru, kde
primitivni funkce existuje.

1. Substituce
(a) / sin® z cos z dz.

ReSeni: Pouzijeme substituci y = sinz. Pak dy = cosz dz a plati

6

6 .
/sin5accosacd:c:/y5dyg %: sm6 *

Funkce sin® 2 cosz je definovana na R, na tomto intervalu tedy mé smysl hledat
primitivni funkci.

Pro substituci mame ¢ = sinz, interval («, ) = (—o00,00). Plati sin((«, 8)) =
[—1,1].

Funkce f = y° ma primitivni funkci na intervalu (a,b) = (—00,00). Protoze
sin((a, 8)) C (a,b), tak byly ovéfeny podminky véty o substituci a vysledny integral
je pro z € («a, ).

Zaver: x € R.

(b) /—2966‘”2 dzx

ReSeni: Pouzijeme substituci y = —z2. Potom dy = —2z dz a plati

/—2x6_$2 dr = /ey dy €y —e

© | wrapt

Regeni: Pouzijeme substituci y = 1 + z2. Potom dy = 2z dz a plati

/w 1fdyo 11 1 1
(

1+a22 72 )27 T2y T 21442

1
() / (arcsinz)?v/1 — 22 dr
1

ReSeni: Pouzijeme substituci y = arcsin z, potom dy = i dx a plati

/ 1 . dy ¢ 1 1
€Tr = —_— = — — —_ "
(arcsinx)?v1 — 22 y? y arcsin x

2. Per partes
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(a) /xcosxdm

Regeni: Per partes: v/ = cosz, u =sinz, v =z, v = 1.
. . C .
zcoszdr = [rsinz] — [ sinzdr = zsinx + cosz

(b) / ze ™" d

ResSeni: Per partes: v/ = ¢

/ﬂﬂe_m de = [—ze™ "] — /e_x dz € —ze ™ —e7®

Tu=—e% v=xv =1

(c) e*sinzdx
Regeni:
Pouzijeme nadvakrat integraci per partes, exponencielu budeme derivovat a gonio-
metrickou funkci integrovat. Plati

/em sinz dr = —e® cosx + /ex cosz drx = —e¥cosx + e*sinx — /ex sinz dz.
Odtud vyplyva, ze

. c .
2/e$smx dzr = —e®cosx +€*sinx

tedy
T c 1 T T o
e’sinz do = 5(—6 cosx + e“sinx)
3. Smés
/ — sm dx
ReSeni: Pouiijeme substituci y = % Potom dy = —x% dx a plati

1
/smd:c— —/sinydygcosy:cos
x

(b) /lnxdx
Regeni:
Polozme v/ = 1, v = Inz. Potom u = [1dz = z av' = (Inz)’ = 1 a pouzitim
vztahu pro integraci per partes dostavame

1
/lnxd:r: [a:lnx]—/a:'da:gxlnx—:c

x

ex
(c) / S dx

Regeni: Pouzijeme substituci y = e*. Potom dy = e* dz a plati

/2—}—690 / ln|2—|—y[ In(2 + %)
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1
(d) /xlnxln(lnx) dz

Reseni: Pousijeme substituci y = In(Inz). Potom dy = —

zlnx

dx a plati

1 1
/dxz/ydy£1n|y| = In(|In(In z)|)

zlnzIn(Inz)

(e) /arcsin:cdx
Regeni:

Per partes: v/ =1, u =z, v = arcsinz, v/ =

/ 1-arcsinx dx = [z arcsin x| — / L dr=
Substituce y = 1 — 22,

: 1/ 1 c : .
=rarcsinz + - [ —dy = rarcsinz + /y = rarcsinz + /1 — 22
2] vy

®) / 3 —xzaﬂ dz

Regeni: Pouzijeme substituci y = 3 — 222. Potom dy = —4x dz a plati

T 1 dy ¢ 1 1 9
T de=— [ Chyl=—m[3 =2
/3—23;2 o 4/y = =g 3 =227

(g) / 2% sin 2z dz
Regeni:

Prvni per partes: v/ = sin2x, u = —% cos2x, v =1

1
/a:2 sin 2z dx = [—212 COSQ$:| —|—/x008233 =

Druhé per partes: v/ = cos2x, u = %Sin 2z, v=umx, v =1.

2 v =22z,

1 1 1 1 1 1
= —5502 cos 2x + [23: sin 2:/6] 3 /sin 2x dx ¢ —5332 cos2x + im sin 2z + ZCOS 2x

(h) /e‘“” cos bx dx
Regeni:
Proa=>b=0je [e’cos(0x) dz = [1 dz € 2.
Nyni pfedpokladejme, ze a # 0, b # 0. Pouzijeme nadvakrat integraci per partes,
exponencielu budeme derivovat a goniometrickou funkci integrovat. Plati

1 1 2
/e‘“ cosbr doz = ge‘” sin bx—% /e“z sinbx dz = ge“m sin bx+ l%e‘” cos bx—Z—Q /e“‘” cos bz dx.
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Odtud vyplyva, ze

2
1
<1 + Z2> /e‘w cosbz dz € ge‘w sin bz + %e‘” cos bx

ax

/e‘w cosbr dz £ pr—s e sin bx—I—%We‘w cosbx = P (bsin bx + a cos br)
Lehko se ovéfi, ze vysledek plati i pro b = 0, pokud a # 0, a také pro a = 0, pokud
b #0.

1
/ —— ——dx
sin“ x+/cotg x
Regeni:

Pouzijeme substituci y = cotg z. Potom dy = ——

sin? x

1 dy ¢ 4 3, 4y /———
76&%’ = — —_— = —— / = — = COt 3.%'
/siané/cotgx /y1/4 37 3 &

) / cos(Inz) dz

Reseni: PouZijeme integraci per partes, polozme v = 1, u = cos(lnz). Potom
v=zau =—sin(Inz)- 1. Dostaneme, ze

dx a plati

/1 -cos(lnz) = zcos(Inzx) + /sin(ln x)dr =
Nyni pouzijeme je§té jednou per partes na v’ =1 a u = sin(lnz) a dostaneme
/ 1-cos(Inz) = zcos(Inz) + / sin(lnz) de = z cos(lnz) +z sin(lnz) — / cos(In z)
Prevedenim integralu napravo na levou stranu dostaneme, ze

2 / 1-cos(lnx) < zcos(lnx) + xsin(lnx)

/cos(ln x) g %x(cos(lnx) + sin(lnx))

/xd:r
V1—22

Regeni: Pouzijeme substituci y = 1 — 22, pak dy = —22 dz. Dostaneme

T 1 -2z 1 1 1
———dz= | ———=dz=— [ —dy=—22/ytc=—-V1—-2%+c
/\/1—3}2 /—2\/1—1‘2 2/\/§ Y 2 v

W) / sinz In(tg z) dz

Reseni: Per partes: v/ = sinz, u = —cosz, v = In(tgz), v’ = tg%:ccoi% = Sinxlcosx.
1 sinx
/sinxln(tg x)dr = —cosxln(tgm)—i—/ ——dx = —cosxln(tg:x)+/ —
sinx 1—rcos“z
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Na posledni integral pouZijeme substituci y = cosz, dy = —sin da:

1 1
- dy = —=1
/1—y2 Y 2 "

1+y
L-y
tedy celkem

1+ cosx

1
< —coszxIn(tgz) — 3 In = —coszIn(tgz) + In ‘tgg

arctan x
m) [ de

1 —cosx

1

Regeni: Pouzijeme substituci y = arctanz, potom dy = 1752 do a plati
arctan x d d C y2 arctan? z
_— xTr = = —= —
1+ a2 YW= 2
(n) /x2 arccos x dz
ReSeni: Per partes: v/ = 22, u = %3, v = arccosz, v/ = —ﬁ.

3 1 $3
/:1:2 arccos  dz = | = arccos +/d:1::
3 3 ) V1= 22

Substituce y = 1 — 22, odkud plyne dy = —2zdz a 22 =1 —y.

3

1 —1 3 1 1
:%arccosm—l—g Z/\/gdy:garccosx—l—ﬁ/(f—\/g) d/yg

3 3
1 1 1 1
g % arccos  + §y3/2 - gyl/Q = % arccos r + §(1 — %)%/ - 5(1 — )2
sin
0 dx
©) Veos3 x
ResSeni: Pouzijeme substituci y = cosx. Pak dy = —sinz dx a plati
i d 2
sinz_ dy ¢ 212 —

Vcos3 x - V3 \/coszx

(p) /\/EIHQ:Ud:B
Reseni: Prvni per partes: u' = \/z, u = %x3/2, v=In’z, v =2In x%
2 2 3/27 2 4 179
Vzln®zdr = gsc In“z| — gx Inzdxr =
Druhé per partes: o' = 22%/2, u = %x3/2, v=Inz, v =1/x.

3

12 32721 |8 32 /81/2 C2 3.0 8 3 16 39
{33; In“x 9ac Inx| + gx dxfgar In“ z 937 lnm+27x
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@ /lni:x &

ReSeni: Pouzijeme substituci y = Inz. Pak dy = %dm a plati

12 3 13
/n xdx:/lﬂdygy= -
T 3
2
(r) /x36_

" dx

ResSeni:

X

3

Provedeme substituci y = 2. Pak dy = 2z dx a plati

.2
/.7)36

dx = /ye_ydy:
2
Nyni aplikujeme per partes: v/ = eV, u=—e Y, v=y,v = 1.

= [—ye_y] + /e_y dy g —ye ¥ —e Y = _p2e ?
(s) /tgwdx

Regeni: Pouzijeme substituci y = cosz. Potom dy = —sinx dz a plati
i d
/tgxd:v = / T = |2 E —In|y| = —In|cosz|
coS T Yy
1
t —dzx
(®) / (1+2)/x

Reseni: Pracujeme na intervalu = € (0,00). Pouzijeme substituci y = /z. Potom
Yy =z, dy = ﬁdw a plati

[ aramt=2] ey

1

mﬁzz Wdyg2arctany:2arctan\/5
1

() /dx

ReSeni: Vztah upravime a pouZijeme substituci y = €*, dy = e® dx
/ 1

dx:/ed:n:/ dy
et 4 e~ % 62x+1

1
(V)/

1492
dx

= arctany = arctane
sinx

Pouzijeme substituci y = cosx. Potom dy = —sinz dx a plati
1 sin sinz
/ - dx = / — dx = /
sinz sin

dy ¢ 1
———dr = — =—=1
x 1—cos2a /1—y2 ‘

1+y
ZIn || =
2 |1—-y
1 1 1. |cos?&
=——1In teosT ——In|— 22 zln‘tgz‘
2 1—cosz 2 sin® 5 2
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(w) /COSBJ}dJ}

ReSeni: Pouzijeme substituci y = sinz. Potom dy = cosz dz a plati

3 .3
/cos?’xda::/(l—sin2x)cosxdx:/(1—y2)dygy—y?):sinx—smgx

(x) / e

ReSeni: Pouzijeme substituci y = 22. Potom dy = 2z dz a plati

/ T 1/ dy 1/ dy 1 tan Y 1 ) z?
——dr == | —> =—- | ————— = —arctan = = — arctan —
44 24 2) 44y*> 8) 1+ (y/2)? 4 2 4 2

1o

1
0 [ ot

Regeni: Nejprve pouZijeme substituci y = €%, dy = e* dx

/ 1 d / e’ dx / dy

—_—— aQr = =

V14 e e?\/1 4 e2* y/ 1+ 42

pak vyraz rozsiiime, abychom mohli pouzit substituci t = 1 + 32, dt = 2y dy:

dy / 2y / 1
= = —F—dy= | ——=dt.
/y\/1+y2 2y2/1 + 12 2(t — 1)/t

Nyni substituujeme s = /¢, pak ds = %ﬂdt. Nakonec pouzijeme tabulkovy

1 1 1
/dtg—ln i
s2—1 2 1—s5

integral:

Nakonec vratime substituce:

L '1+\/E _ L iVl 1 T4 Ver 4

1—\/%‘_ 2 1_,/y2_|_]_ 2 1—+e2®r +1

n
2

(2) /arcs;nxdx

X

1 _ : /I _ 1
=, U =aresing, v = T

/arcsina:d 1 . +/ 1 1 d
r = |——arcsinz ——dx =
2 z P

Substituce y = V1 — 22. Potom dy = \/1f7 draz?=1—y>

Reseni: Per partes: v/ = 5, u = —
T ?

. C
= ——arcsiax +

1 /1 1 d 1 . +/ 1 J
————=dz = —— arcsin =
. e x  AIcsing =7 Yy
1 1. 1+y 1 1. 1+v1—2a?

C . .
= ——arcsinz + —In = ——arcsinz + —In
T

2 11—y T 2 1 -V1 =22
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