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Př́ıklady

1. Derivováńım člen po členu sečtěte následuj́ıćı řady:

(a) x+
x3

3
+
x5

5
+ . . .

Řešeńı: Označme

f(x) = x+
x3

3
+
x5

5
+ · · · =

∞∑
n=0

x2n+1

2n+ 1
.

Poloměr konvergence je roven 1.

Formálńım derivováńım člen po členu dostaneme řadu

1 + x2 + x4 + · · · =
∞∑
n=0

x2n,

což je geometrická řada s prvńım členem 1 a kvocientem x2. Zároveň je to
mocninná řada s koeficienty Uvnitř kruhu konvergence plat́ı

f ′(x) = 1 + x2 + x4 + · · · = 1

1− x2
.

Rozkladem na parciálńı zlomky nebo z tabulky máme∫
1

1− x2
dx =

1

2
ln

1 + x

1− x
+K,

tud́ıž

f(x) =
1

2
ln

1 + x

1− x
+K.

Jelikož

f(0) =
∞∑
n=0

02n+1

2n+ 1
= 0,

a zároveň

f(0) =
1

2
ln

1 + 0

1− 0
+K,

dohromady vyjde K = 0 a tedy

f(x) =
1

2
ln

1 + x

1− x
, |x| < 1.
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Pro krajńı body plat́ı, že řady

∞∑
n=0

12n+1

2n+ 1
,

∞∑
n=0

(−1)2n+1

2n+ 1

diverguj́ı (tedy nemá smysl je sč́ıtat).

(b) x+
x2

2
+
x3

3
+
x4

4
+ · · ·

Řešeńı:

Označme

f(x) =

∞∑
n=1

xn

n
.

Poloměr konvergence je pak 1. Na (−1, 1) můžeme zderivovat

f ′(x) =
∞∑
n=1

n
xn−1

n
=
∞∑
n=1

xn−1 =
∞∑
n=0

xn.

Geometrickou řadu můžeme seč́ıst, tedy

f ′(x) =
1

1− x
.

Po zintegrováńı dostaneme

f(x) = − ln |1− x|+K.

Můžeme dosadit 0:

− ln |1− 0|+K = f(0) =

∞∑
n=1

0

n
= 0

a dostaneme K = 0. Tedy

f(x) = − ln |1− x|, x ∈ (−1, 1).

Krajńı body: Pro x = 1 řada
∑∞

n=1
1
n diverguje.

Pro x = −1 řada
∑∞

n=1
(−1)n

n konverguje z Leibnize. Pro jej́ı součet použijeme
Abelovu Větu s r = −1. Pak

∞∑
n=1

(−1)n

n
= lim

x→−1+

∞∑
n=1

xn

n
= lim

x→−1+
− ln |1− x| = − ln 2.

Závěr:
f(x) = − ln |1− x|, x ∈ [−1, 1).
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2. Integrováńım člen po členu sečtěte následuj́ıćı řady:

(a) x+ 2x2 + 3x3 + · · ·
Řešeńı: Máme seč́ıst řadu

∞∑
k=1

kxk.

Řada má poloměr konvergence jedna. Plat́ı, že

∞∑
k=1

kxk = x ·
∞∑
k=1

kxk−1.

Označme

f(x) =

∞∑
k=1

kxk−1 =

∞∑
k=0

(k + 1)xk

Potom na kruhu konvergence plat́ı integrováńım člen po členu, že

f(x) = F ′(x), kde F (x) =

∞∑
k=0

(k + 1)
xk+1

k + 1
=

∞∑
k=0

xk+1 =
x

1− x
.

Odtud vyplývá, že

f(x) =

(
x

1− x

)′
=

1− x+ x

(1− x)2
=

1

(1− x)2
, |x| < 1

a odtud
∞∑
k=1

kxk = xf(x) =
x

(1− x)2
, |x| < 1.

V krajńıch bodech x = ±1 řada diverguje (nutná podmı́nka konvergence).

(b) 1 · 2x+ 2 · 3x2 + 3 · 4x3 + · · ·
Řešeńı: Máme seč́ıst řadu

∞∑
k=1

k(k + 1)xk.

Poloměr konvergence je 1. Podle věty o integraci člen po členu plat́ı

∞∑
k=1

k(k + 1)xk =

( ∞∑
k=1

kxk+1

)′
=

(
x2 ·

∞∑
k=1

kxk−1

)′
=

=

(
x2 ·

( ∞∑
k=1

xk

)′)′
=

(
x2 ·

(
x

1− x

)′)′
=

(
x2 · 1

(1− x)2

)′
=

=
2x(1− x)2 + 2x2(1− x)

(1− x)4
=

2x− 4x2 + 2x3 + 2x2 − 2x3

(1− x)4
=

2x

(1− x)3
, |x| < 1.

V krajńıch bodech x = ±1 řada diverguje (nutná podmı́nka konvergence).
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3. Derivováńım nebo integrováńım člen po členu sečtěte následuj́ıćı řady:

(a) x− x3

3
+
x5

5
+ · · ·

Označme

f(x) = x− x3

3
+
x5

5
+ · · · =

∞∑
n=0

(−1)n
x2n+1

2n+ 1
.

Poloměr konvergence je 1.

Derivováńım člen po členu dostaneme řadu

1− x2 + x4 + · · · =
∞∑
n=0

(−1)nx2n

což je geometrická řada s prvńım členem 1 a kvocientem −x2. Poloměr
konvergence je též 1.

Uvnitř kruhu konvergence plat́ı

f ′(x) = 1− x2 + x4 + · · · =
∞∑
n=0

(−x2)n =
1

1 + x2
.

Plat́ı, že

(arctan x)′ =
1

1 + x2
,

tud́ıž
f(x) = arctan x+K.

Jelikož

arctan 0 +K = f(0) =
∞∑
n=0

(−1)n
02n+1

2n+ 1
= 0,

tak K = 0.

Máme tedy
f(x) = arctan x, |x| < 1.

V krajńıch bodech
∞∑
n=0

(−1)n
(±1)2n+1

2n+ 1
= 0

konverguje z Leibnize. Aplikujme Abelovu větu. Pak

∞∑
n=0

(−1)n
12n+1

2n+ 1
= lim

x→1−

∞∑
n=0

(−1)n
x2n+1

2n+ 1
= lim

x→1−
arctan x =

π

4
.

a

∞∑
n=0

(−1)n
(−1)2n+1

2n+ 1
= lim

x→−1+

∞∑
n=0

(−1)n
x2n+1

2n+ 1
= lim

x→−1+
arctan x = −π

4
.
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Závěr:
f(x) = arctan x, x ∈ [−1, 1].

(b) x− 4x2 + 9x3 − 16x4 + · · ·
Řešeńı: Máme seč́ıst řadu

∞∑
k=1

(−1)k+1k2xk

Řada má poloměr konvergence 1.

Podle věty o integrováńı člen po členu, máme pro |x| < 1

∞∑
k=1

(−1)k+1k2xk = x ·
∞∑
k=1

(−1)k+1k2xk−1 = x ·

( ∞∑
k=1

(−1)k+1kxk

)′

= x ·

(
x ·

∞∑
k=1

(−1)k+1kxk−1

)′
= x ·

(
x ·

( ∞∑
k=1

(−1)k+1xk

)′)′

= x ·
(
x ·
(

x

1 + x

)′)′
= x ·

(
x ·
(

(1 + x)− x
(1 + x)2

))′
= x ·

(
x

(1 + x)2

)′
= x ·

(
(1 + x)2 − 2x(1 + x)

(1 + x)4

)
= x · 1− x2

(1 + x)4
=
x(1− x)

(1 + x)3
.

V krajńıch bodech x = ±1 řada diverguje (nutná podmı́nka konvergence).

(c)

∞∑
n=1

(n+ 1)xn

Řešeńı:

Poloměr konvergence řady je 1. Integrováńım člen po členu dostaneme pro
|x| < 1

∞∑
n=0

(n+ 1)xn =

( ∞∑
n=0

xn+1

)′
=

(
x

1− x

)′
=

1

(1− x)2
.

V krajńıch bodech x = ±1 řada diverguje (nutná podmı́nka konvergence).

Zkouškové př́ıklady

4. Sečtěte řadu

(a)

∞∑
n=1

xn+2

n(n+ 1)

Řešeńı: Poloměr konvergence je roven 1.
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Položme

f(x) =
∞∑
n=1

xn+2

n(n+ 1)
= x

∞∑
n=1

xn+1

n(n+ 1)

Zderivujme funkci g(x) =
∑∞

n=1
xn+1

n(n+1) . Dostáváme

g′′(x) =

( ∞∑
n=1

(n+ 1)
xn

n(n+ 1)

)′
=

∞∑
n=1

xn−1 =

∞∑
n=0

xn =
1

1− x

Pak
g′(x) = − ln |1− x|+K.

Jelikož jsme na intervalu (−1, 1), můžeme psát

g′(x) = − ln(1− x) +K.

Pro x = 0 máme

− ln(1− 0) +K = g′(0) =
∞∑
n=1

xn

n
= 0,

tedy K = 0.

Po zintegrováńı (per partes):

g(x) = x− (x− 1) ln(1− x) +M.

Po dosazeńı x = 0 dostaneme

g(0) = 0− (0− 1) ln(1− 0) +M =

∞∑
n=1

0n+1

n(n+ 1)
= 0,

tedy M = 0.

Dohromady pro x ∈ (−1, 1):

f(x) = xg(x) = x2 − x(x− 1) ln(1− x).

V krajńıch bodech řada x = ±1 konverguje (srovnáńı s 1/n2). Dle Abelovy
věty máme:

∞∑
n=1

1n+2

n(n+ 1)
= lim

x→1−
x2 − x(x− 1) ln(1− x) = 1 + 0

a
∞∑
n=1

(−1)n+2

n(n+ 1)
= lim

x→−1+
x2 − x(x− 1) ln(1− x) = 1− 2 ln 2.

Dohromady pro x ∈ [−1, 1]:

f(x) = x2 − x(x− 1) ln(1− x).
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(b)
∞∑
n=1

n2
xn+2

n!

Řešeńı:

Poloměr konvergence je roven ∞.

Položme

f(x) =
∞∑
n=1

n2
xn+2

n!
.

Využijeme součtu řady
∑∞

n=0
xn

n! = ex.

Mějme

g(x) =
∞∑
n=1

n2
xn−1

n!
.

Pak f(x) = x3g(x).

Máme

g(x) =

∞∑
n=1

n2
xn−1

n!
=

( ∞∑
n=1

n
xn

n!

)′
=

(
x

∞∑
n=1

n
xn−1

n!

)′
=

(
x

( ∞∑
n=1

xn

n!

)′)′
.

Posledńı sumu nahrad́ıme ex (plat́ı pro x ∈ R) a zpátky proderivujeme:

g(x) =

(
x

( ∞∑
n=1

xn

n!

)′)′
=
(
x (ex)′

)′
= (xex)′ = ex(x+ 1)

Pro x ∈ R f(x) = x3ex(x+ 1) = ex(x4 + x3).
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