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Teorie

Piiklady

Urcete primitivni funkci k danym funkcim:

1. Goniometrické substituce

(a) f(z) = V4 —a?

Reseni: Zvolme substituci z = 2cost. Pak dx = —2sintdt a 4 — 22 =

4(1 — cos?t) = 4sin?t. Intervaly budou: ¢ € (0,7), pak x € (—2,2). Navic
—2sint # 0 na (0,7) a funkce 2cost, t € (0,7) je na (surjekce). Dostdvame

/\/4—x2dx:/\/4sin2t(—2sint)dt:/—4]sint]sintdt

Protoze jsme na intervalu (0,7), tak |sint| = sint a

/—4|sint|sintdt = —4/sin2tdt.

1—cos 2t

Poslednf integrél lze vyFesit dvéma per partes nebo piepisem sin? t = 5

Pak
1 — cos(2t t in(2t
—4/sin2tdt = —4/(325()dt_ 4<2 Slnfl )) c

Celkem tedy pro x € (—2,2) méme

/ ST Fde— 4 <arccos (x/2)  sin(2arccos (:c/2)>> L

2 4

1
f(ﬂf):m

Reseni: Defini¢éni obor funkce f je interval (—1,1), stacf tedy uréit prim-
itivni funkci na tomto intervalu. Provedeme substituci x = sint. Protoze
re(-1,1),jet € (=3, 7). Potom

T
Frie (sint) = cost = dz = cost dt,

a protoze cost > 0 pro t € (—73, 5), podle druhé véty o substituci mame

/1dx—/1costdt—/ ! costdt—/ 1
(1—a2)3/2 " ] (1 —sin?t)3/2 ) cos3t ) cos?t

1

gtatn t



a s prihlédnutim k tomu, ze prot € (=3, §) jecost = /1 — sin? t, dostaneme

sint sint - T
cost /1 —gin2¢t V1-—2a?

a-+x

(©) f(z) =

Reseni: Je vidét, Ze x € (—a,a). Pouzijeme substituci # = asint. Potom

1 t (1 t)2
/ /a—l—x / /1 -+ sin cost di — / + sint) ost df —
a—x 1—sint 1—sm

/ (14 sint) dt € at — acost = aarcsin — — /a2 — 22

a—x

a
1
(d) f(z) = CEYaEE
Reseni: Lze pouzit substituci asinh ¢, ale ukdzeme si jiny postup, pouzijeme
substituci *x = atgt. Potom dx = dt a s pirihlédnutim ke vztahu
tg 2t+1= plati

_a
cos?t

co2t

/1 da —/ ! Y
(224 a2)3/2 7" ] a3 (tg 2t + 1)3/2 cos?t

/1 pat S Lgmp= LT
= [ = cos = —sint = —
a? a2 az‘/CLQ—FxQ’

pricemz posledni vztah plyne z vypoctu

02 02 2
sin“t sin“t tg “t tg t
tg %t = = = sin2t:g7 — sint = &

cos2t 1 —sin’t 1+ tg 2t V1+tg 2t
2. Hyperbolické:

(a) f(z)=+va?+ 22

Reseni: Pouzijeme substituci z = asinh ¢. Potom dz = acosh ¢ dt a plati

/\/a2+:z:2 dx—/a cosh 2t dt €

% (t + cosh tsinh t) =

1 1 1 1
= §a2 arg sinh z + §x\/ a2+ 22 < §a2 In (a: ++va?+ x2> + §x\/ a? + x2
a

(b) f(z) = Va?—a?
Reseni:



Pouzijeme substituci = acosh t. Potom dx = asinh ¢ dt a plati
c a?
/ Va2 —a? dz = /a28inh 2tdt = 5 (cosh tsinh ¢t —t) =
1, r 1
= —ga arg cosh — + ia:\/ 2 — a?.
a

Lze také psat

1 1
/\/.7:2 —a?2dz & —§a21n’x+ v x? —GQ‘ +§x\/3:2 —a?.

$2

c T) = ———

(©) 1) = =
Reseni: Provedeme substituci x = v/2cosh . Potom dz = +/2sinh ¢ dt a
plati

2cosh %t

22
/dw:
Va2 —2 v/2sinh ¢
1 1
:argsinhg+§m\/x2—2§ln(x+\/x2—2> +§x\/x2—2

I2

(d) f(z)= 7m

Reseni: Pouzijeme substituci z = asinh ¢. Potom dz = acosh ¢ dt a plati

V2sinh ¢ dt = /QCosh 2t 4t € (t + sinh tcosh t) =

2 h 2t
/ \/a;—i——a:? / aaii)nh acosh t dt = a® / sinh %t dt = % [t — sinh tcosh t] =
2 1 .
= T argsinh © — oy 22 € Lo (w4 Va4 22) 4 Lav/a? 4o
a
3. Smeés
() flz) =
a) f(z) = ———
V1+er

Reseni: Pouzijeme substituci y = /1 +e*. Pak e = 42 — 1, tedy = =
In(y? — 1). Dopoéteme dx = yfﬁl dy. Odtud mame

1 1 2y 1 o
— dr= [ 2 _qy=2 —— 4w &1
/\/1+em v /yy2—1 Y /3/2—1 e

l—y‘_l ’1—\/1+e"3

+yl 1+ Viter
(0) (&) =
dr —7+3
Reseni: Substituce y = /42 — 7. Pak (y?> +7)/4 =z a y/2dy = dr. Pak
5 5 vy 5[y 5/ 3
2 dr= [ > Yay=2 d 11— dy=
/\/4:c—7+3 =)y T +3 Y=3 vt+3Y

)
5(y—3ln]y+3|)+ (\/4.7}— —3In|vVdx -7+ 3|) +



(c) f(x) =sinva
Reseni: Zvolme substituci y = /z. Pak y? = z a 2ydy = dz. Potom

/sin\/idm:/2ysiny dy

Tento integrdl vyfesime pomoci per partes, zvolime v = 2y, v/ = siny. Pak
v/ =2, u= —cosy. Mame

/stiny dy:—2ycosy+2/cosydy:—2ycosy+2siny+c

Zpétné zasubstituujeme a dostaneme

/sin\/id:c: —2¢/x cos\/x + 2sin vz + c.

@ 10 =15

Reseni: Zvolme substituci y = ¢/z. Pak ¢ = z a 6y° dy = dz. Mame

VT _/ y? 51 / y® _
/1+\%’cdx_ 12 dy=6[ 1 —ady=

Provedeme déleni mnohoclenu a ziskdme

8
Y 6 4, 2
6 dy =6 —y =1+
/1 2 Y /?J Yy Ty

7 5 3
dy:6<y—y+y—y—|—arctany

1+ y? 7 5 3

Vratime substituci:

7/6 5/6 1/2
/1;_/;;/de:6<$7 _ac5 +x3 —x1/6+arctanx1/6>+c

)+



