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Teorie

Věta 1 (prvńı věta o substituci). Nechť a, b, α, β ∈ R∗, a < b, α < β. Nechť F je
primitivńı funkce k f na (a, b). Nechť ϕ je funkce definovaná na intervalu (α, β) s
hodnotami v (a, b), která má v každém bodě (α, β) vlastńı derivaci. Pak∫

f(ϕ(t))ϕ′(t) dt
C
= F (ϕ(t)), t ∈ (α, β).

Věta 2 (druhá věta o substituci). Nechť a, b, α, β ∈ R∗, a < b, α < β. Nechť ϕ :
(α, β) → (a, b) má v každém bodě nenulovou vlastńı derivaci a ϕ ((α, β)) = (a, b).
Nechť f je funkce definovaná na intervalu (a, b) a plat́ı∫

f(ϕ(t))ϕ′(t) dt
C
= G(t), t ∈ (α, β).

Pak ∫
f(x) dx

C
= G(ϕ−1(x)), x ∈ (a, b).

Hinty

sinh x =
ex − e−x

2
=
e2x − 1

2ex
=

1− e−2x

2e−x

cosh x =
ex + e−x

2
=
e2x + 1

2ex
=

1 + e−2x

2e−x

tanhx =
sinh x

cosh x
=
ex − e−x

ex + e−x
=
e2x − 1

e2x + 1
=

1− e−2x

1 + e−2x

cothx =
cosh x

sinh x
=
ex + e−x

ex − e−x
=
e2x + 1

e2x − 1
=

1 + e−2x

1− e−2x

sinh (−x) = −sinh (x)

cosh (−x) = cosh (x)

cosh 2(x)− sinh 2(x) = 1

cosh (x+ y) = sinh (x) · sinh (y) + cosh (x) · cosh (y)

sinh (x+ y) = cosh (x) · sinh (y) + sinh (x) · cosh (y)

cosh (x) + sinh (x) = ex

cosh (x)− sinh (x) = e−x
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Př́ıklady

Určete primitivńı funkci k daným funkćım:

1. Goniometrické substituce

(a) f(x) =
√

4− x2

(b) f(x) =
1

(1− x2)3/2

(c) f(x) =

√
a+ x

a− x

(d) f(x) =
1

(x2 + a2)3/2

2. Hyperbolické:

(a) f(x) =
√
a2 + x2

(b) f(x) =
√
x2 − a2

(c) f(x) =
x2√
x2 − 2

(d) f(x) =
x2√

a2 + x2

3. Směs

(a) f(x) =
1√

1 + ex

(b) f(x) =
5√

4x− 7 + 3

(c) f(x) = sin
√
x

(d) f(x) =

√
x

1 + 3
√
x

•(1a)x=sintnebocost

•(1b)x=sintnebocost

•(1c)x=asintnebo...

•(1d)x=asinhtneboatant

•(2a)x=asinht

•(2b)x=acosht

•(2c)x=
√
2cosht

•(2d)x=asinht

•(3a)y=
√
1+ex,tedyx=ln(y2−1)

•(3b)y=
√
4x−7,tedyx=(y2+7)/4

•(3c)y
√
x,tedyy2=x

•(3d)y=
6√
x,tedyy6=x
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