8. cviceni
https://www2.karlin.mff.cuni.cz/~kuncova/vyukaMA2.php

u(x) | v(x) u(x) v'(x)
P(x) - ek P(z) k@ P(z)-In"x In" x P(x)
P(z) - ak* P(x) ak® P(z) - arcsin (kz) | arcsin (kx) | P(x)
P(z) -sin(kz) | P(z) | sin(kz) P(z) - arccos (kz) | arccos (kz) | P(x)
P(z) - cos(kzx) | P(x) | cos(kx) P(z) - arctan(kz) | arctan(kx) | P(x)
P(x) - arcctg (kx) | arcctg (kx) | P(x)

Priklady

Urcete primitivni funkci k funkei f(z) na oteviené podmnoziné jejtho defini¢niho oboru,
kde primitivni funkce existuje.

1. Substituce

(a) / sin® z cos z dz.

Reseni: Pouzijeme substituci y = sinz. Pak dy = cosz dz a plati

6

6 .
/Sin5xcosxdx:/y5dyg %: SH; *

(b) / —2ze™" da

Reseni: Pouzijeme substituci y = —z2. Potom dy = —2z dz a plati

/—2$e"”2 dr = /ey dy Cev=e

(c) /(1 _:sz)z dz

Reseni: Pouzijeme substituci y = 1 + 22. Potom dy = 2z dx a plati
/ T d 1 / dy ¢ 11 1 1
—_— A = — —_—_—_=—_—_— = —
(1+22)2 2/ y? 2y 21+ 22
1

(@) / (arcsin z)2v/1 — 22 dr
1

Reseni: Pouzijeme substituci y = arcsin z, potom dy = Vi dx a plati

1 1 1

(arcsin x)2v1 — 22 y? Yy arcsin x

2. Per partes
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(a) /xcos:cdx

Reseni: Per partes: ' = cosxz, u =sinx, v =z, v = 1.

. . C .
/xcosxdac: [x sin x] —/s1nxd:z:xsma:+cosa:

(b) /me_x dz

Reseni: Per partes: v/ = e *

s u=—e* v=x v =1

/gueér dr = [—xe*x] — /—ex dz <€ —re T _ 7%

(c) e*sinxdx
Reseni:
Pouzijeme nadvakrat integraci per partes, exponencielu budeme derivovat a
goniometrickou funkci integrovat. Plati

/em sinz dzr = —e” cos $—|-/ e’ cosx dz = —e* cos z+e” sin x—/ e’sinzx dz.
Odtud vyplyva, ze

. c .
Q/exsmm dzr = —e®cosx +€*sinx

tedy
o cl, .
e’sinz do = 5(*6 cosz + € sinx)
3. Smeés
1 1
— sin—d
(a) /332 sin — dz
Reseni: Pouzijeme substituci y = % Potom dy = —I—IQ dx a plati
1 1 1
/2Sind£€: —/sinydygcosy:cos
x x x
(b) /lna:dw
Reseni:
Polozme v/ = 1, v = Inz. Potom u = [ldz = z a v = (Inz) =1 a

pouzitim vztahu pro integraci per partes dostavame

1
/hmcda:: [mlnx]—/x-d:chlnx—x

T
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el’
d
(c) /24—69” o

Reseni: Pouzijeme substituci y = e¢®. Potom dy = e® dz a plati

e* dy ¢
dr= [ 2 Cmpt+yl =@+
/2+ew o 2+y n2+yl =M+ e

1
(d) /xlnxln(lnx) de

Reseni: Pouzijeme substituci y = In(Inx). Potom dy = —

zlnz

1 1
/dx:/dygln|y| = In(|In(Inz)|)
Y

zInzIn(lnz)

dx a plati

(e) /arcsin xdx
Reseni:

Per partes: v/ =1, u = x, v = arcsin z, v/ =
. _ x
/1 -arcsin x dx = [rarcsin z| — / ———dxr =
Substituce y = 1 — 2.
. 1 1 c . :
= zarcsin * + -~ [ — dy = zarcsin x + /y = xarcsin x + /1 — x?2
2 \/y

(£) / 3—x2$2 dz

Reseni: Pouzijeme substituci y = 3 — 222, Potom dy = —4x dz a plati

x 1 fdyco 1 1 2
T =2 [ Ty =—Sm|3-2
/3—2932 TTTL) Yy gyl =—g (3 =227

(g) / 2% sin 2z dz

Reseni:

2

Prvnf per partes: v/ = sin2z, u = —1 cos 2z, v = 22, v = 2z.

2
2 L 5
z“sin2x dx = —ix cos2z| + [ xcos2x =
Druhé per partes: u' = cos 2z, u = %sin 20, v=ux, v = 1.

1 1 1 1 1 1
= —5332 cos 2x+ |:2.CU sin 2:1:} —3 /sin 2x dx ¢ —5:152 cos 2$+§$ sin 2x+1 cos 2x
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(h) /ea” cos bz dx
Reseni:
Proa=b=0je [€" cos(0z) dz = [1 dz € 2.
Nyni predpokliadejme, ze a # 0, b # 0. Pouzijeme nadvakrédt integraci per
partes, exponencielu budeme derivovat a goniometrickou funkci integrovat.
Plati
2

1 1
/eaz cosbr dox = Be‘” sin bx—Z/e” sinbx dz = Ee“z sin b$+§2e‘” cos bx—;;/e‘” cos bx dx.

Odtud vyplyva, ze

2
1
<1 + ZQ> /e‘” cosbe dz £ ge‘“ sin bx + l%em cos bz

ax

. a
meax Ssin b$+m€aw COS bCC = m (

Lehko se ovéri, ze vysledek plati i pro b = 0, pokud a # 0, a také pro a = 0,
pokud b # 0.

/ea‘” cosbr dz £ bsinbx + a cos bx)

1
/ 3 —— dz
sin” x+y/cotg x
Reseni:
Pouzijeme substituci y = cotg . Potom dy = —ﬁ dx a plati

- _dr=— YL = 3/4 2 to 3
/Sin2x\4/cotg T v / yl/4 3y 3 cote T

() /cos(lnx)dx

ResSeni: Pouzijeme integraci per partes, polozme v = 1, u = cos(lnx).
Potom v =z a v’/ = —sin(Inz) - 2. Dostaneme, ze

/1 -cos(lnz) = zcos(Inx) + /sin(ln x)dr =
Nyni pouzijeme jesté jednou per partes na v’ = 1 a u = sin(lnz) a dostaneme
/l-cos(ln x) = x cos(In :):)—l—/ sin(ln z) dx = z cos(In z)+z sin(In x)—/ cos(lnx)
Prevedenim integrdlu napravo na levou stranu dostaneme, ze

2/1 -cos(Inx) < zcos(Inz) + xsin(lnx)

/ cos(Inx) ¢
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k) /\/1917(1%

Reseni: Pouzijeme substituci y = 1 — 22, pak dy = —2z dz. Dostaneme

/\/1317:32 / 2\/@ /\f Z—%Q\/@?Jrc:— 1—224c

) /sinxln(tg x)dz

» P 2. R A _ _ r 1 1 _
Reslem. Per partes: v = sinx, u = —cosz, v = In(tg x), v/ = Tl =
sinxcosx®
. 1 sin x
sinzIn(tg z)dz = —cosxIn(tg x)+ [ ——dz = —coszln(tg z)+ [ ———5—dx
sin T 1 —cos?zx
Na posledni integral pouzijeme substituci y = cosx, dy = — sin dx:

1 1 1+y
[ ——dy=--In
/1—y2 V=73 ‘1— ’

tedy celkem

1
Sheosz) —cosz In(tg x) —i—ln‘tg E‘
1 —coszx 2

1
g —coszx In(tg ) — ln‘

2

( )/arctanxd

m ———dzx
1422

Reseni: Pouzijeme substituci y = arctan z, potom dy = H% dx a plati

/arctan T d / d C y2 arctan 2x
—_— €Tr = = ————
1+ 22 YW= 2

(n) /m2arccos xdz
2 3 r_ 1

Reseni: Per partes: v/ = 2%, u = 5, U =arccos T, v’ =

3 1 .iU3
/x2arccos rdr = x—arccos x| + = / ——dx =
3 3 ) V1= 2

Substituce y = 1 — 22, odkud plyne dy = —2zdr a 22 =1—y

3 1 1 3 1 1
— T arccos & + y—2 dy = T arccos x + = / Vy———=1,dy <
3 VY 3 6 VY
3 1 3 1 1
g % —yt/? = :L;)) arccosx+§(1—x2)3/2—§(1—x2)1/2

R
arccos
0/ T3
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sinz

(o) dz
Veos?
Reseni: Pouzijeme substituci y = cosz. Pak dy = —sinz dzx a plati
i d 2
Sin xr dx _ y g 2y_1/2 _

Vcos3 x N V3 J/coszx

(p) /\/Eln%cdx
Reseni: Prvnf per partes: u' = \/z, u = %x?’ﬂ, v=Inz v = 2lnx%.
2 2 3/27 2 4 179
Vzln®zdr = 37 In“z| — 37 Inzdr =

1/2

Druhé per partes: v’ = %ZL‘ LU= gx?,/z’ v=Inz, v =1/x.

2 3/2 2 8 3/2 /8 1/2 C 2 3/2 2 8 3/2 16 3/2
|:3$ n-x 9[13 nx|+ 9[1} dx Sx n-x 9.%' nx+27a:

(a) / ln%dfc

x
Reseni: Pouzijeme substituci y = Inz. Pak dy = % dx a plati

In? 2 cy? InPzx
dx = 2dy =2 =~
/ T . /y 4 3 3

(r) / e da

Reseni:
Provedeme substituci y = 2%. Pak dy = 2z dx a plati

1
/a:3e_x2 dr = 3 /ye_y dy =

Nyni aplikujeme per partes: v/ =e Y, u=—e ¥, v=y,v = 1.

2 2

= [—ye_y] + /e_y dy ¢ —ye Y —e V=g —e®

(s) /tg xdx

Reseni: Pouzijeme substituci y = cosz. Potom dy = —sinz dz a plati
sin dy ¢
tg xdr = dr =— [ = =—Inly| = —In|cosz|
CoS T Y
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1
t —dx
0 | v
Reseni: Pracujeme na intervalu € (0,00). Pouzijeme substituci y = /z.
Potom 2 =z, dy = ﬁ dx a plati

1 d 1
v 2 dy € 2arctan y = 2arctan \/z

/W“:?/mm: T+

1
—d
W [ e

Reseni: Vztah upravime a pouzijeme substituci y = e*, dy = e* dx

1 x d
/dl‘:/ed:p:/ y garctany:arctanex
e +1 14 y?

et +e T
1
d
v) /sinx o
Pouzijeme substituci y = cosx. Potom dy = — sinz dx a plati
1 i i d 1 1
[arin= [ = [0 gem [ LU C |1
sinx sin® x 1—cos?x 1—92 2 |1—y
1 1 1. |cos?&
=——1In S fcosw =—-—In|— 22 zln)tgf’
2 |1—coszx 2 sin® 5

(w) /0053 xdx

Reseni: Pouzijeme substituci y = sinz. Potom dy = cosz dz a plati

/cos3a:dx:/(1—sin2x)cosxdx:/(1—y2)

x
—Fd
(%) / TrAd
Reseni: Pouzijeme substituci y = 2. Potom dy = 2z dx a plati

/ T 1/ dy 1/ dy 1 o Y ¢
——dr = - =—- | ————— = —arctan = = —arctan —
44zt 2) 4+y2 8) 1+ (y/2)? 4 2 4 2

3 sin®

dygy—% =sinx —

1,‘2

[19)

1
0 [ e

Reseni: Nejprve pouzijeme substituci y = €%, dy = e* dx

/ 1 dx—/ e’ dx _/ dy
V1+e2® e?/1+ e2® yv/1+y2
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pak vyraz rozsiiime, abychom mohli pouzit substituci t = 1+y2, dt = 2y dy:

/ dy _/ 2y dy—/ 1 &t
yy/1+ 32 2y2/1 + 32 20t — 1)Vt

Nyni substituujeme s = v/£, pak ds = -

dt. Nakonec pouzijeme tabulkovy

2Vt
integral:
1 1 1
dt € L |25
s2—1 2 1—s

Nakonec vratime substituce:

1|14+t 11+ +1 1 14+eX 11
=—=In =——h—=——In—F=
21—t 2 1P+l 2 1-Ver 4l
arcsin x
———d
(z) / 22 X
Reseni: Per partes: v = x%, u = —%, v = arcsin x, v = ll,xz-

/arcsin T d 1 . +/ 1 1 d
————dx = |——arcsin = ————dx =
22 T r /11— 22

Substituce y = V1 — 22. Potom dy = ——%—dz a 2> =1 — ¢°.

V1—x2
1 1 1 1 1
= —;arcsin x + / ;ﬁ dr = —Earcsin x —i—/ 1= 42 dy ¢

1 1, 1+y 1 1. 14+v1—2a?

C . .
= ——arcsin r + 3 In = ——arcsin z + = In
T

l—y T 2 1—-V1—2a2
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