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Teorie

Definice 1. Nechf a,b € R*, a < b. Necht f je funkce definovand na intervalu (a,b).
Rekneme, ze funkce f md na intervalu (a,b) Newtoniv integrdl, ptipadné ze Newtoniv
integrdl z funkce f na intervalu (a,b) existuje, jestlize

e f mé na (a,b) primitivn{ funkci F,
e existuji limity lim, o, F(x) a lim,_,_ F(x) (nikoli nutné vlastni);
e rozdil téchto dvou limit je definovan jako prvek mnoziny R*.

Hodnotou Newtonotva integrdlu z funkce f na intervalu (a, b) nazyvame prvek mnoziny
R* urceny vyrazem
lim F(z)— lim F(z).

z—b_ T—ay

Véta 2 (Per partes pro urcity integral). Necht funkce F' je primitivni k f na (a,b), G
je primitivni ke ¢g na (a,b). Potom

ngFz[GFm—ileﬁ

pokud je prava strana definovana.

Véta 3 (Substituce pro urcity integrdl). Necht w : (a, 8) — (a,b) spliuje w((«, 8)) =
(a,b) a w mé vlastni nenulovou derivaci na (a, §). Potom

b B
/ﬂ@M:/UMWMWMa

pokud alespon jeden z integrali existuje.

Poznamka 4. Lze psat i takto:

Priklady
Spoctéte Newtonovy integrély:
™
1. (a) / sinz dx
0
Reseni:

/07r sinx dzr = [—cosx]j = —cos(m) — (—cos(0)) = —(—1) +1=2.
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2
(b) / 322 + 22+ 1dzx
1
Resenti:
2
/3x2+2x+1dx:[x3+x2+x]§:(23+22+21)—(13—12—11):11,
1
2 1
(c) / 24+ Vo4 5 d
1 X
Resent:

2
1 2 1
/ 2+Vart+— do = [293 + -Vad — }
1 T 3 T

02
d d

2

2 1 2 1 11 4v/2
22%3¢ﬁ_f(21+¢w_>=+‘f.

. 3 1) 6" 3

Reseni:
0 2 In |3 — 4z|1" 1
de = |[2——— =——(In3—-1In2
/53—4353: { ) }5 2(1(13 n23)
(e)/ dz
7 2—zx
Reseni:
21 -2
/ dz = [-2v2—z| - =-2(2-3)=2
7 2—zx
< 1
(f) / ——dz
o l1+=x
Resent:

< 1 ™
/ ——— dz = [arctan z|° = lim arctan z — lim arctan r =  — 0.
0 1+zx T—00 z—0+ 2

@ [ o

Resent:
/ —dz =[nz];” = lim Inz — lim Inz =00 —In2 = cc.
2

x T—00 T2+

0
(h)/ ¢” dr Redeni:

—0o0

0
/ e?dr =[] = lim ¥ — lim e*=1-0=1
N r—0— T——00
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o0 ~
(i) / e’ dr Reseni:
0
oo
/ e’dr = [e®]g° = lim e — lim e* =00 —1=o0.
0 T—00 rz—0+
o0 ~
() / sin x dz ReSenti:
0
z—0+

o0
/ sinzdz = [—cosz|g® = lim (—cosz) — lim (—cosx)
0 T—00

oo
Jezto prvni limita neexistuje, neexistuje ani Newtonuv integral / sinx dx.
0

2 2
2. (a) / ST gy
1

3+ 1
Reseni: Substituce y = 23 + 1, dy = 322 dx, meze budou 2 a 9.

2 2 9
3x 1
———dz=[ —dy=[nly])3 =n9—In2.
/11‘3 7 de /2y y=[lnlyll; =In n

jus
3
(b) / sin z cos z dz
s
Reseni:

Substituce y = sinz, dy = cos x dz, meze budou sin(7/4) = v/2/2 asin(r/3) =

V3/2.

/gsinxcosxdx—/ﬁﬂydy—{ywﬁm_l é 2_ ﬁ ’ 1
I V2/2 2] 2 2 2 g

4

2
(c) / xlnzdx
1

Reseni: Per partes

2 2 2 2,2 272
/ rzlnxdzr = m—lna: —/ x—dx:2ln2—1 r :21n2—§.
1 2 1 1 2.’13 2 2 1 4

(d) / 2% sin x dx
0

Reseni: Dvakrit per partes

™ ™ ™
/ 2% sinx dz = [z cos :c]g+/ 2z cos & dz = [—2? cos z+2z sin :U]g—2/ sinx =
0 0 0

[—2? cosz + 2xsinz + 2cosz]f = 7% — 4
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¢In?x
d
© [

Reseni: Substituce y =Inz, dy = %da:, meze 0 a 1.

1

612 1 3
o o[-
1z 0 0

Wl

1 2
T
f —
() /_1 1+1’2dx

Reseni:

12 1.2 1
1-1 -1
/ T da= / de = / 14— da = [z—arctan z]' | = 9T
1 1+CL‘2 -1 1+$2 1 1+$2 2

[e.@] 1 - . ’
(2) /0 CEEE Reseni:

o 1 —1 o0 . — . -1 1
= = lim — — lim
o (z+3)>5 dx+3)], wocd(r+3)t 2—0+4(x+3)r 4-81

Loem 1
h d
()/0 62x+1+(}082$ “

Reseni: Prve substituce y = €%, dy = e* dz,

1 T e 1
e . T
/ - = / ——— = |arctan z]{ = arctan e —arctan 1 = arctan e — —

0 e I_'_l 1 X "‘1 4

1
1
dz [tan z]} = tan 1.
0 cos?x 0

Celkem

L e 1 T
+ dx:arctane—z—i—tan 1
0

e2r +1  cos?z
O e
i x
1 VT

Reseni: Substituce y = /z, dy =

1

ooe—\/E 00 o
= -y =92 —e Y - — i v _ | -y
/1 7z dzx /1 2eVdy =2 [—e7Y]] 2(yli>rgloe wliggre )
1 2
_ (o_) -2
e e
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b
() / sgnz dz, a <0,b6>0

Reseni: Integrdl neexistuje, protoze funkce sgnz nemé na daném intervalu
(kolem nuly) primitivni funkei - neni darbouxovska.

 arctan x

k ——d

0 [
1

Reseni: Substituce y = arctan z, dy = T2 da:

/OO arctan x d /’2’ d y? 72 72 3r?
—_— xTr = = _— = — = — = —,
. 1422 - VYT 8 32 32

4

vl

N

2
dx
o[
1 zlnx
Reseni: Substituce y =Inz, dy = L dz,

T

o "Ly Iny™? = lim Iny— lim Iny = In(ln2)—(—o0)
= — = |In = 1m ny— m Iny = In(in —\— = .
1 rlnx 0o Y Y Ylo y—In2— 4 y—0+ Y )=

(m) -
/ 82111 T du
o cos‘z+1

Reseni: Substituce y = cosz, dy = —sinz dx

™ : 1
sinx 1 .
/0 cos2z + 1 X /1 1142 y = |arctan y|_; = arctan 1—arctan (—1)

(n) /_ ' e da

1
Reseni: Dvakrit per partes:

N
vl N

1 1
/—1 r?e T dx = [—xze_x]l_l + /_1 2xe ¥ dx = [—x26_‘”]1_1 + [—2xe_x]1_1 +/ e “dx

= [—:L‘Qe_x —2ze " =27 =e— 5et

3 ,.2
— 1
(0)/fc“dx
2

r—1
Reseni:

3,.2 3 2 3
x*—x+1 1 T 9 4 5
——dz = dr=|=+Inlz—1]| =-4+n2—(=+Inl)=_-+In2.
/2 e /2x+x_1x [2+n|x |L 5 Tn (2+n> 5 Tn
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