14. cviceni
http://www.karlin.mff.cuni.cz/~kuncova/, kunckbam@natur.cuni.cz

Piiklady

Najdéte primitivni funkce na nejvétsim mozném intervalu:

sinzx
1. =
f(:z:) 1+ cosx
1
2. =
f(@) 1+sin?z
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454 [l. INTEGRALNI POCET FUNKCI JEDNE PROMENNE

(397) Pomoct vhodné substituce vypoctéte

sinx
J—dx.
14 cosx
Regeni:
sinx t = cosx dt
J]-I—COSXd |dt:—slnxdx __J1_i_t__ln“+t’+c—_ln“+COSX’+C
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[l. INTEGRALNI POCET FUNKCI JEDNE PROMENNE

(393) Pomocl vhodné substituce vypoctéte

J dx
1 +sinfx’
Regeni:
t=1tgx 1
J dx . 1 J e J ] 1J 1
) VT2 2 2 2.1
1 +sin“x dx:T_‘;!Tzdt 1 ]:_tz 142t 2 t+2
1 2
= z\/zarctg —1,:~ +C= %arctg (\/itgx) + C.

V2
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3sin? z + cos? z

3. flx) =

Reseni:

sin? z + 3cos?

Pouzijeme substituci t = tg x. Pak plati, ze

dt
241

T cos%:dz (tg “x+1)der = (t*+1)dr = dx

Dostavame tak, ze

sin® z + 3cos? x B 213241

/3sin2m—i—cos2:c /3t2—|—1 1
ktery dale fesime rozkladem na parcialni zlomky. Ve zlomku

3t2 4+ 1
(t2+3)(t2+1)

formalné pisme y misto 2. Pak podle véty o rozkladu na parcidlni zlomky méme,

“ 3y+1 A B
W3+l yi3 yr1
3y+1=Ay+1)+B(y+3)

a dosazenim y = —1 dostaneme, ze B = —1, dosazenim y = —3 dostaneme, Zze

A = 4. Plati tedy, ze

32+1 4 1
(t24+3)(t2+1) 243 2+1

Nyni dokoné¢ime integraci

/3t2+1 1 it / 4 1 a 4 . t o {
= —— = - — Y& = ——=arctan —— — arctan
2+32+1 2+3 241 V3 V3

4 t
— ~_arctan 22 _ arctan (tg x)

V3 V3

cos® x
4 flw) = 2 —sinzx
1
5. flw) = 2 —coszx
1
6 f(x) - sinx
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Il. 3. SPECIALNT INTEGRACNI METODY

455

(398) Pomoci vhodné substituce vypoététe

cos>x
—dx.
2—sinx

Refeni:
cos® x t =sinx 1 —t? 3
—d =] ——dt= t4+ —— ] dt =
JZ—slnx x|dt=COS7€dX JZ_tdt J(2+ +t—2
i

12 '
=2t+7+3ln|t—2\+C-—~25lnx+Sm *

-+ 3n|sinx — 2|+ C.

Petr Zemanek & Petr Hasil http://user.mendelu.cz/hasil



453

[l. 3. SPECIALNI INTEGRACNI METODY

(396) Pomoci vhodné substituce vypoctéte

J dx
2—cosx

ReZeni:
J dx t=tg}¥ , J T ) J 2
_ " 3 — a S
2—cosx | dx =57 dt 2_:—+:§ 3t2+1

21 t 2
=—-]—arcth+C=—i§arctg (\/gtgf)-i-C.
35 & 3 2

_EJ__‘“__
C3lerlT

http://user .mendelu.cz/hasil
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448 [l. INTEGRALNI POCET FUNKCI JEDNE PROMENNE

(391) Pomoct vhodné substituce vypoctéte

dx
sinx’
Reseni:
dx sinx t = cosx
— = | —5—dx .
sinx sinfx dt = —sinxdx

_J_ dt _J dt
) 1=t -1

1 1

! ! 1 1
_ 2 _ 2 — _ —_ - — =
_J<t_1 t+])dt Stft—1]=Snft+1]+C

1 1
:zlnlcosx—]l—zlnlcosx+1|+C

.2 x
2sin 3

2x
2 cos 3

1

1
zln

2

+C=

1
::zln

cosx — 1
cosx + 1

o=

ln ’tgz§‘+C=ln|tg§‘+C.
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1
7. flx)= — 3
cos zsin” x

Reseni: Protoze f(sinz,cosz) = f(—sinz, —cosz), pouzijeme substituci ¢t =
tg x. Protoze

1 1 1 1+21+4¢
cosxsin®x sinzcoszsinfz i 2
A 1
de = ——=dt
T e
dostavame
dx t?2+1 ¢ 1, 1
= dt=Inlt| — =t*=Inltg z| — ——=—
/cosxsin3x / t3 1 2 Ite ] 2tg 2
Podotknéme, ze plati
1 _ cos? x c cos? 1 _ cos? z + sin’ x _ 1
2tan 2z 2sin?x  2sin?x 2 2sin? z © 2sin?x
sinx
8. flr) = —7—
sinxz — cosx
.3
sin® ©
9. f(z)

- 1+ 4cos?x + 3sin’z
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456 Il. INTEGRALN{ POCET FUNKCI JEDNE PROMENNE

(399) Pomocl vhodné substituce vypoctéte

sinx
— dx.
$inX — Ccosx

Reseni:

J‘ sinx dx=J tgx dx t—tgx ZJ t 1 dt —
sinx —cosx tgx —1 dx = 7 dt t—111t2

_ t B 3 1T1—¢ B
_J[tl)[t2+1)dt—_[(t—1 +§t2+1)dt_

1 1 1 2t dt
= _ A= [ == | == =
nlt |+2(2Jﬂ+1ﬁ+Jﬂ+1)

1 1
lnlt—1|—4—ln|tz+1|+-2—arctgt+C:

M=M= Mo

1
lnltgx—ll—Zln‘tgzx+1|+;+C.

Petr Zemanek & Petr Hasil http://www.math.muni.cz/ xzemane2



[l. 3. SPECIALNI INTEGRACNI METODY

449

(392) Pomoci vhodné substituce vypoctéte

sin® x
J —— dx.
1+4cos?x 4 3sin“x

Reieni:
J' sin® x N t =cosx _J t2—1 dt —
1+4cos?x + 3sin®x dt = —sinxdx | = )] 1+4t24+3-3:2
t2+4-5 1 5 t
= | —— = — Y ———— =t — — — C:
J ) dt J(] 5t2+4)dt t 2arctgz-i-
—cosx—garct COSX+C
- 299 '
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10. (1) f(z) =tg°z

11.

Reseni: Pouzijeme substituci t = tg z. Pak plati, ze

dt
t2+1

dr =

Dostavame tak

1o t ctt 1
tg Swder = | ——dt = Bttt —— ) dt=— — — 4+ =In(1+¢
/gwm /t2+1 /( +t2+1> 7 3 Tt

1 1 1
= Etg iy — §tg Zr 4+ 3 In(1 + tg )
sinz
f(@) = 1+sinx
Reseni: Pouzijeme substituci ¢ = tg 5. Pak plati, ze
2dt
r=——o0
t2+1
a dale plati

. . T x T o 2tg 5 2t
51nx:281n§(305§:2tg §COS 52 l—l—tg?% :t2+1

Dostavame tak, ze

/ sin / 2t 1 2 / 4t "
S — x —_— . . =
1+sinz 24+1 14 2L 2 +1 (2 +1)(t2+2t+1)

t?+1
4t
/ (12 +1(t+1)2

a nyni postupujeme rozkladem na parcialni zlomky, ktery hleddme ve tvaru

4t A N B +Ct+D
E+D(E+1)2  t+1 (t+1)2 #2+1

Odkud prendsobenim vyplyva
At = At + 1) +1) + B{t? + 1)+ (Ct + D)(t + 1)?
Dosazenim ¢t = —1 dostaneme, ze B = —2. Dosazenim t = ¢ dostaneme
4i = (Ci+ D)(1+1)?> = (Ci+ D) -2i
2=Ci+ D
odkud plyne, ze C' =0 a D = 2. Zpétnym dosazenim dostaneme

dt=At+1)(#+1) =282 +1) +2(t + 1)?
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a porovnanim absolutnim ¢lent vidime, ze 0 = A —2+ 2, tedy, ze A = 0. Hledany
rozklad ma tedy tvar

4t B 2 .2
B2+10)t+1)2  (t+1)2 241

Dokonceme integraci.

/ it / 2 gt / 2 wtS 2 oarctant 2 oarctan (tg 1)
e = — —_— = arctan t = —— arctan -
@+ 1)(t+1)2 (t+1)2 2Z+1 " T 1 1+tg 2 &9

2 —sinx

12. f(x)

- 24 coszx

z uey="f (1) e zuey="f (L) e
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il. 3. SPECIALNI INTEGRACNI METODY 457

(400) Pomoci vhodné substituce vypottéte

J‘Z—sinx
— dx.
2+ cosx
Reseni:
stm T e 2
—dx = =
2+ cosx dx = I-ftz dt 2+ }_T%; 1412

I Teur s iy L

t2—t+1 2+t t
J(1+t2)(t2+3)dt ZJtz—l—3dt _[1+t2dt

2t dt t
_Jt2+3dt+4jt2+3_zj1+t2dt_

2t 4 dt t
= - — 2| —dt =
It2+3dt+3J(L)2+] J1+t2dt

_J 24242 -2t 2

V3

=Ln|t2+3{+—4—arctg—£~—ln[1-i-tz|+C:

V3 V3
X X 4 tg 3
= Injtg? 3 +3|~n|tg? 2+ 1|+ < e
nitg 2—!—3 n|tg 2-I- +\/§arctg\/§+
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