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Teorie

Pro substituci x = tg t plati vztahy:

t = arctan = sin®t = v’ cos’t = L sintcost = (1)
1+ a2’ 1+ a2’ 1+ 22
Priklady
Najdéte primitivni funkce na nejvétsim mozném intervalu:
3 1
1. flo)=———5—
/(@) 16 (22 4+ 1)?

Reseni: Integrujeme pomoci substituce z = tg ¢.

1
/—3 dz = — 5 cos?t dt € 332(t+sintcost)

16 (22 + 1)2 16
3 T
= ——arctan r — ———
32 3222 +1
1
2 0@ = e

Reseni: Vysledny zlomek méme pifmo ve tvaru rozkladu na parcidlni zlomky,
budeme tedy pifimo pocitat integrdl. Provedeme jej pfevedenim jmenovatele na
Ctverec a goniometrickou substituci.

/ 1 q / 1 q 16 1 q
—_— dx = _—_— r = — — - aAr =
@ +a+1p @3+ T 9 ) R

2x+1
V3

163 1 dt 8{/ thtc4f
9 2 J (tg2+1)2 cost
44/3 2x+1+4f 2z + 1 V3

Nyni pouzijeme substituci

= tg t a dostaneme, ze

(t + sint cost)

:Tarctan 9
V@r+ 12+ (V)2 /(20 4+ 1)2 + (V3)?
4/3 . 2x+1+1 2z + 1
— ———arctan —
9 V3 3x2+r+1

.%'2

R A PR PR

ResSeni:
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Hledejme rozklad ve tvaru

x2 Ax + B Cx+ D

(22 + 2z + 2)2 _x2+2ac+2+(a:2+2a:+2)2

Prendsobenim jmenovatelem a roznasobenim dostaneme
= (Az + B)(2® + 2z +2) + (Cx + D)

2® = Az® 4+ 2A2” + 2Ax + Ba® + 2Bz + 2B + Cx + D
odkud vyplyva, ze A=0, B=1,C = -2 a D = —2. Hledany rozklad m& tvar

x2 1 2z + 2

(22 +20+2)2  22+20+2 (224 2z +2)2

Plati, 7e
1 1 c
—dr= [ ————do S arct 1
/:c2+2:v+2 ) /(x+1)2+1 @ = arcten (@ + 1)

/ 2+ 2 C 1
S e e S P €
(2% 4 2x + 2)? 22 4+ 2x + 2

odkud mame, ze

/xQd:c:arctan (w+1)+;
(22 4 22 + 2)? 2 + 2z + 2
1
(x2 + 1)3
Reseni: Zlomek jiz mame pfipraven ve tvaru vhodném k integraci. Pouzijeme
substituci x = tg t. Dostaneme, zZe

1 1 dt 1+ cos2t 14 cos2t
——— dz = tdt = dt
/ (22 +1)3 . / (tg 2t 4+ 1)3 cos?t /COS / 2 2

: 1 1 At
:4/(1+2C082t+C0822t) dt:4/<1+20052t++;08) "

1 3 1 1
:/(3+4cos2t+cos4t) dtg§t+fsin2t+3—2sin4t

4. fx) =

8 4
3 1 1
§t+581ntcost+l—6s1n2t(2cos t—1)
3 1 =z 2
St Tt ot 16x2+1<x2+1 >
§aurctaun T+ = ? + = Lol - x2) = §arctan T+ IM
8 22241 8(224+1)2 8 8 (22 +1)2
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2 +3x—2
5. flz) = (x —1)(22+2z+1)2

Reseni: Rozklad na parcidlni zlomky hleddme ve tvaru

22 +3x -2 A n Bz +C Dx+ E
(r—1)(22+2+1)2 2-1 22+x+1 (22+2+1)2

Prendsobenim jmenovatelem dostaneme vztah

243 -2=A@*+2+ 1)+ Bz +CO)a* +z+1)(z— 1)+ (Dz + E)(z — 1)
Roznasobenim pravé strany mame

22 432—2 = A—C—E+2Az—Bx—Da+Ex+3A2*+ D +2Ax3 +Ca® + Azt + Ba*

odkud porovnanim koeficienti dostaneme, ze

A:g7B:_2’C:_%’D:l,E:§
9 9 9 3 3

Hledany rozklad ma tedy tvar

?+3r-2 2 1 2 x+2 L1 z+8
(x—1)(224+2+1)2 9z—1 922+z+1 3 (22+x+1)2

Jednotlivé zlomky budeme integrovat zvlast. Plati, Ze

2 1 2
/ dxg§1n|x—1|

§x71
2/ T+ 2 d 1/ 2 +1 d 1/ 1 d C
- ——dr=—— | ———dx—= | —— dzx =
9 ) 224x+1 9) 22+x+1 3 ) 224241
c 1 9 2 2r +1
= ——In(z*+2x+1) — ——=arctan

a nakonec

sl T T e A= | e A+ 5 [ g AT

3) (@2 +x+1)2 6) (224+x+1)2 2) (@®+z+1)?
(Druhy integral po¢itdme pievedenim jmenovatele na kanonicky tvar (z+3)?+45 =
%[(%)2 + 1] a substitucf 2%1 =tg t.)

c—-1 1 5 2041 10 27 + 1

Q

6x2+x+1+6x2+$+1+3\/§ V3

Dohromady dostaneme po tpraveé
5z + 2 8 20+1 1. (z—-1)2

/ 2 + 3z - 2 dz Q} + arctan n————
(z—D(z2+x+1)2 " 3224+z+1 33 V39 22+ax+41
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“+1
)= G ap

Reseni: Jmenovatel lze rozlozit na souéin kvadratickych trojélent
(@t + 22+ 12 =@+ 2+ 1)2%(2? — 2+ 1)?
7 toho vyplyva, ze rozklad na parcidlni zlomky hleddme ve tvaru

?+1 Az +B ,_Ca+tD  Kz+l Mz + N
(zt+224+1)2 224+2+1 (@24+x+1)2 22—z+1 (22 -2+ 1)2

Napiiklad metodou neurcitych koeficienti dostaneme, ze

1 1
4 4
Integraci jednotlivych zlomkta dostaneme po tpravéch

/1 v+l Lo 2x+1+11(2+ o
- ar = arctan — 1n(x T
422 +x+1 43 V3 8

1 1 1 2 1 1 -1
/ T d;rg arctan zt + w

I9)

4 (22 + 2 +1)2 6v/3 V3 122242 +1

1 z-1 o 1 o0 —1 1, ,

S S S P ¢ e N |
/4x2—x+1 x 4\/§arcan 7 8n(:n x+1)
/ 1 r—1 J c 1 ‘ 20— 1 1 r+1

—— Y dx = ——arctan -

4 (22 —x+1)2 63 V3 1222 -2z 41

Sectenim a upravami dostaneme, ze

/ w2 +1 d
S N S o
(x4 + 22 +1)2

c 5 2r + 1 5 2x—1+1 24+rx+1 1 22241
= —-— n —_— —
12v/3 V3 12v/3 V3 8 22—zx+1 6at+a2+1

7. f(x) = GRS
Reseni: Plati, ze
2?4+ 1= (x+1)(z?—2+1)
Rozklad tedy musime hledat ve tvaru

1 A B Cx+D Ex+ F
= + +
(B3+1)2 z+1 (z+1)2 22—z+1 (22—2+1)2

Pfenasobenim jmenovatelem dostaneme

1=A(z+1)(2®> -2z +1)2+ B(z? —z 4+ 1)?
+(Cz+ D)z +1)*(a? —z+1)+ (Bx+ F)(2® —z+1)2
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Roznasobenim pravé strany mame
1 = A+ B+D+F—Az—2Ba+Ca+Da+2Fr+Ex+Ar*+3B2* +Ca* + Fa* +2E2* +

+Ax® — 2B + D23 + Ez® — Ax* + Ba* + Ox* + Daz* + Ax® + 02

odkud sestavime porovnanim koeficientu soustavu rovnic

1 A+B+D+F
0 = -A-2B+C+D+FE+2F
0 = A+3B+C+F+2F
0 = A-2B+D+F
0 = -A+B+C+D
0 = A+C
jejiz teseni je
2 1 2 1 1 1
A_g’ B:9, C:_§’ ng, E=——, F:g
a hledany rozklad tedy ma tvar
1 21 1 1 1 2z-3 1 z—1

(x341)2 _§x+1+§(x+1)2_§x2—x+1_§(x2—x+1)2

Budeme integrovat zvlast jednotlivé zlomky. Plati, Ze

2 1 2
/ dxg§1n|x+1|

9z +1
/1 1 c 1 1
7d:p: —
9(x+1)2 9x+1
1 2x—-1 2
— dx = — d
/9 J:—i—l /9x2—x+1 /9 —33—}-1 o
c1
= In(z®?—z+1 arctan

a nakonec

/19:1 dx—/12x1 da:—/11 dx =
3@?2—z+1)2 7 ) 6(zx2—x+1)? 6(22—x+1)2

1 1 /1 1 q
- —  dxz
622 —x+1 6 (22 —x+1)?

Zbyly integral vypocteme takto:
1 1 116 1
- dx= [ == de =
e R (= 2
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nyni aplikujeme substituci tg ¢t = 2";”/_31, pricemz mame, ze COSQ ; dt = \/g dz, a
proto

/ L8 ! / t dt / 1ot dt

cos* = | ——=cos
6 3/3 (tg 2t + 1)2 cos2 t \f OS2 93

c 4 t—i—smtcost 2 20 — 1 V3
= = arctan

9v/3 2 9v/3 \@ 9\f\/2x—1 +3y/(2zx-1)2+3

2 " 2:r—1+1 (2 — 1)

= ——=arctan T T——

93 V3 1822 —z+1
Déame-li jednotlivé vysledky dohromady, dostavame

1 cl,  (z+1)? 1 2 22 -1 1 x+1

——— dz=-1 — t — =

/(ZE3+1)2 R R | 9(x+1)+3\/§arcan V3 +9332—£C+1
L, (z+1)? N 2 2x—1+1 T
=—In arctan -
9 22—x+1 33 V3 o 3341
9
x
8. = .

f(@) (210 + 225 + 2)2
Reseni:

Proved'me substituci t = z°.

/ ? de— / t d— ! / 2t &
xr = - ————— = — T S =
(210 + 225 4 2)2 5) (t2+2t+2)2 10/ (t+1)2+1
1 2t+2—2 1 2t+2 1 1
10 (t+1)2+1) 10 (t+1)2+1) 5 (t+1)2+1)
Na prvni integral pouzijeme substituci v = (t+1)2+1, nadruhy t +1 =tg y a s
prihlédnutim ke vztahum

1 1
—— = cos?y, dt =
tg “y+1

d
cos?y 4

dostaneme, ze
1 du 1 ¢ 11 1y-+sinycosy
:m/m‘5/“’s YW= 2
1 1

11
- - -t —
0(¢+12+1 107 10 gycos’y =

1 1 1 1 tgy
- — —arctan (t+1)— ———"— =
TR B T R Gk Rl T Py
1 1 1 1 2 +1

- arct 511)—
10210 5 2g5 12~ poetan (@ +1)

1 242 1 5
- T Te et 1.
1020205 72 poctan (@7 + 1)

1020 4225 2
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