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http://www.karlin.mff.cuni.cz/∼kuncova/, kunck6am@natur.cuni.cz

Teorie

Pro substituci x = tg t plat́ı vztahy:

t = arctan x sin2 t =
x2

1 + x2
, cos2 t =

1

1 + x2
, sin t cos t =

x

1 + x2
(1)

Př́ıklady

Najděte primitivńı funkce na největš́ım možném intervalu:

1. f(x) = − 3

16

1

(x2 + 1)2

Řešeńı: Integrujeme pomoćı substituce x = tg t.∫
− 3

16

1

(x2 + 1)2
dx = − 3

16

∫
cos2 t dt

C
= − 3

32
(t + sin t cos t)

= − 3

32
arctan x− 3

32

x

x2 + 1

2. f(x) =
1

(x2 + x + 1)2

Řešeńı: Výsledný zlomek máme př́ımo ve tvaru rozkladu na parciálńı zlomky,
budeme tedy př́ımo poč́ıtat integrál. Provedeme jej převedeńım jmenovatele na
čtverec a goniometrickou substitućı.∫

1

(x2 + x + 1)2
dx =

∫
1

[(x + 1
2)2 + 3

4 ]2
dx =

16

9

∫
1

[(2x+1√
3

)2 + 1]2
dx =

Nyńı použijeme substituci 2x+1√
3

= tg t a dostaneme, že

=
16

9

√
3

2

∫
1

(tg 2 + 1)2
dt

cos2 t
=

8
√

3

9

∫
cos2 t dt

C
=

4
√

3

9
(t + sin t cos t)

=
4
√

3

9
arctan

2x + 1√
3

+
4
√

3

9

2x + 1√
(2x + 1)2 + (

√
3)2

√
3√

(2x + 1)2 + (
√

3)2

=
4
√

3

9
arctan

2x + 1√
3

+
1

3

2x + 1

x2 + x + 1

3. f(x) =
x2

(x2 + 2x + 2)2

Řešeńı:
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Hledejme rozklad ve tvaru

x2

(x2 + 2x + 2)2
=

Ax + B

x2 + 2x + 2
+

Cx + D

(x2 + 2x + 2)2

Přenásobeńım jmenovatelem a roznásobeńım dostaneme

x2 = (Ax + B)(x2 + 2x + 2) + (Cx + D)

x2 = Ax3 + 2Ax2 + 2Ax + Bx2 + 2Bx + 2B + Cx + D

odkud vyplývá, že A = 0, B = 1, C = −2 a D = −2. Hledaný rozklad má tvar

x2

(x2 + 2x + 2)2
=

1

x2 + 2x + 2
− 2x + 2

(x2 + 2x + 2)2

Plat́ı, že ∫
1

x2 + 2x + 2
dx =

∫
1

(x + 1)2 + 1
dx

C
= arctan (x + 1)

−
∫

2x + 2

(x2 + 2x + 2)2
dx

C
=

1

x2 + 2x + 2

odkud máme, že∫
x2

(x2 + 2x + 2)2
dx = arctan (x + 1) +

1

x2 + 2x + 2

4. f(x) =
1

(x2 + 1)3

Řešeńı: Zlomek již máme připraven ve tvaru vhodném k integraci. Použijeme
substituci x = tg t. Dostaneme, že∫

1

(x2 + 1)3
dx =

∫
1

(tg 2t + 1)3
dt

cos2 t
=

∫
cos4 t dt =

∫
1 + cos 2t

2

1 + cos 2t

2
dt

=
1

4

∫
(1 + 2 cos 2t + cos2 2t) dt =

1

4

∫ (
1 + 2 cos 2t +

1 + cos 4t

2

)
dt

=
1

8

∫
(3 + 4 cos 2t + cos 4t) dt

C
=

3

8
t +

1

4
sin 2t +

1

32
sin 4t

=
3

8
t +

1

2
sin t cos t +

1

16
sin 2t(2 cos2 t− 1)

=
3

8
arctan x +

1

2

x

x2 + 1
+

1

16

x

x2 + 1

(
2

x2 + 1
− 1

)
=

3

8
arctan x +

1

2

x

x2 + 1
+

1

8

x(1− x2)

(x2 + 1)2
=

3

8
arctan x +

1

8

3x3 + 5x

(x2 + 1)2
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5. f(x) =
x2 + 3x− 2

(x− 1)(x2 + x + 1)2

Řešeńı: Rozklad na parciálńı zlomky hledáme ve tvaru

x2 + 3x− 2

(x− 1)(x2 + x + 1)2
=

A

x− 1
+

Bx + C

x2 + x + 1
+

Dx + E

(x2 + x + 1)2

Přenásobeńım jmenovatelem dostaneme vztah

x2 + 3x− 2 = A(x2 + x + 1)2 + (Bx + C)(x2 + x + 1)(x− 1) + (Dx + E)(x− 1)

Roznásobeńım pravé strany máme

x2+3x−2 = A−C−E+2Ax−Bx−Dx+Ex+3Ax2+Dx2+2Ax3+Cx3+Ax4+Bx4

odkud porovnáńım koeficient̊u dostaneme, že

A =
2

9
, B = −2

9
, C = −4

9
, D =

1

3
, E =

8

3

Hledaný rozklad má tedy tvar

x2 + 3x− 2

(x− 1)(x2 + x + 1)2
=

2

9

1

x− 1
− 2

9

x + 2

x2 + x + 1
+

1

3

x + 8

(x2 + x + 1)2

Jednotlivé zlomky budeme integrovat zvlášt’. Plat́ı, že∫
2

9

1

x− 1
dx

C
=

2

9
ln |x− 1|

−2

9

∫
x + 2

x2 + x + 1
dx = −1

9

∫
2x + 1

x2 + x + 1
dx− 1

3

∫
1

x2 + x + 1
dx

C
=

C
= −1

9
ln(x2 + x + 1)− 2

3
√

3
arctan

2x + 1√
3

a nakonec

1

3

∫
x + 8

(x2 + x + 1)2
dx =

1

6

∫
2x + 1

(x2 + x + 1)2
dx +

5

2

∫
1

(x2 + x + 1)2
dx

C
=

(Druhý integrál poč́ıtáme převedeńım jmenovatele na kanonický tvar (x+ 1
2)2+ 3

4 =
3
4 [(2x+1√

3
)2 + 1] a substitućı 2x+1√

3
= tg t.)

C
=
−1

6

1

x2 + x + 1
+

5

6

2x + 1

x2 + x + 1
+

10

3
√

3
arctan

2x + 1√
3

Dohromady dostaneme po úpravě∫
x2 + 3x− 2

(x− 1)(x2 + x + 1)2
dx

C
=

1

3

5x + 2

x2 + x + 1
+

8

3
√

3
arctan

2x + 1√
3

+
1

9
ln

(x− 1)2

x2 + x + 1
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6. f(x) =
x2 + 1

(x4 + x2 + 1)2

Řešeńı: Jmenovatel lze rozložit na součin kvadratických trojčlen̊u

(x4 + x2 + 1)2 = (x2 + x + 1)2(x2 − x + 1)2

Z toho vyplývá, že rozklad na parciálńı zlomky hledáme ve tvaru

x2 + 1

(x4 + x2 + 1)2
=

Ax + B

x2 + x + 1
+

Cx + D

(x2 + x + 1)2
+

Kx + L

x2 − x + 1
+

Mx + N

(x2 − x + 1)2

Např́ıklad metodou neurčitých koeficient̊u dostaneme, že

A = B = C = D = L = N =
1

4
, K = M = −1

4

Integraćı jednotlivých zlomk̊u dostaneme po úpravách∫
1

4

x + 1

x2 + x + 1
dx

C
=

1

4
√

3
arctan

2x + 1√
3

+
1

8
ln(x2 + x + 1)∫

1

4

x + 1

(x2 + x + 1)2
dx

C
=

1

6
√

3
arctan

2x + 1√
3

+
1

12

x− 1

x2 + x + 1∫
−1

4

x− 1

x2 − x + 1
dx

C
=

1

4
√

3
arctan

2x− 1√
3
− 1

8
ln(x2 − x + 1)∫

−1

4

x− 1

(x2 − x + 1)2
dx

C
=

1

6
√

3
arctan

2x− 1√
3
− 1

12

x + 1

x2 − x + 1

Sečteńım a úpravami dostaneme, že∫
x2 + 1

(x4 + x2 + 1)2
dx

C
=

5

12
√

3
arctan

2x + 1√
3

+
5

12
√

3
arctan

2x− 1√
3

+
1

8
ln

x2 + x + 1

x2 − x + 1
− 1

6

2x2 + 1

x4 + x2 + 1

7. f(x) =
1

(x3 + 1)2

Řešeńı: Plat́ı, že
x3 + 1 = (x + 1)(x2 − x + 1)

Rozklad tedy muśıme hledat ve tvaru

1

(x3 + 1)2
=

A

x + 1
+

B

(x + 1)2
+

Cx + D

x2 − x + 1
+

Ex + F

(x2 − x + 1)2

Přenásobeńım jmenovatelem dostaneme

1 = A(x + 1)(x2 − x + 1)2 + B(x2 − x + 1)2

+ (Cx + D)(x + 1)2(x2 − x + 1) + (Ex + F )(x2 − x + 1)2
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Roznásobeńım pravé strany máme

1 = A+B+D+F−Ax−2Bx+Cx+Dx+2Fx+Ex+Ax2+3Bx2+Cx2+Fx2+2Ex2+

+Ax3 − 2Bx3 + Dx3 + Ex3 −Ax4 + Bx4 + Cx4 + Dx4 + Ax5 + Cx5

odkud sestav́ıme porovnáńım koeficient̊u soustavu rovnic

1 = A + B + D + F

0 = −A− 2B + C + D + E + 2F

0 = A + 3B + C + F + 2E

0 = A− 2B + D + E

0 = −A + B + C + D

0 = A + C

jej́ıž řešeńı je

A =
2

9
, B =

1

9
, C = −2

9
, D =

1

3
, E = −1

3
, F =

1

3

a hledaný rozklad tedy má tvar

1

(x3 + 1)2
=

2

9

1

x + 1
+

1

9

1

(x + 1)2
− 1

9

2x− 3

x2 − x + 1
− 1

3

x− 1

(x2 − x + 1)2

Budeme integrovat zvlášt’ jednotlivé zlomky. Plat́ı, že∫
2

9

1

x + 1
dx

C
=

2

9
ln |x + 1|∫

1

9

1

(x + 1)2
dx

C
= −1

9

1

x + 1∫
1

9

2x− 3

x2 − x + 1
dx =

∫
1

9

2x− 1

x2 − x + 1
dx−

∫
2

9

1

x2 − x + 1
dx

C
=

1

9
ln(x2 − x + 1)− 4

9
√

3
arctan

2x− 1√
3

a nakonec∫
1

3

x− 1

(x2 − x + 1)2
dx =

∫
1

6

2x− 1

(x2 − x + 1)2
dx−

∫
1

6

1

(x2 − x + 1)2
dx =

= −1

6

1

x2 − x + 1
−
∫

1

6

1

(x2 − x + 1)2
dx

Zbylý integrál vypočteme takto:∫
1

6

1

(x2 − x + 1)2
dx =

∫
1

6

16

9

1[(
2x−1√

3

)2
+ 1

]2 dx =
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nyńı aplikujeme substituci tg t = 2x−1√
3

, přičemž máme, že 1
cos2 t

dt = 2√
3

dx, a
proto

=

∫
1

6

8

3
√

3

1

(tg 2t + 1)2
1

cos2 t
dt =

∫
4

9
√

3
cos4 t

1

cos2 t
dt =

∫
4

9
√

3
cos2 t dt

C
=

4

9
√

3

t + sin t cos t

2
=

2

9
√

3
arctan

2x− 1√
3

+
2

9
√

3

2x− 1√
(2x− 1)2 + 3

√
3√

(2x− 1)2 + 3

=
2

9
√

3
arctan

2x− 1√
3

+
1

18

(2x− 1)

x2 − x + 1

Dáme-li jednotlivé výsledky dohromady, dostáváme∫
1

(x3 + 1)2
dx

C
=

1

9
ln

(x + 1)2

x2 − x + 1
− 1

9(x + 1)
+

2

3
√

3
arctan

2x− 1√
3

+
1

9

x + 1

x2 − x + 1
=

=
1

9
ln

(x + 1)2

x2 − x + 1
+

2

3
√

3
arctan

2x− 1√
3

+
1

3

x

x3 + 1

8. f(x) =
x9

(x10 + 2x5 + 2)2
.

Řešeńı:

Proved’me substituci t = x5.∫
x9

(x10 + 2x5 + 2)2
dx =

1

5

∫
t

(t2 + 2t + 2)2
dt =

1

10

∫
2t

(t + 1)2 + 1
dt =

=
1

10

∫
2t + 2− 2

((t + 1)2 + 1)2
dt ==

1

10

∫
2t + 2

((t + 1)2 + 1)2
dt− 1

5

∫
1

((t + 1)2 + 1)2
dt =

Na prvńı integrál použijeme substituci u = (t + 1)2 + 1, na druhý t + 1 = tg y a s
přihlédnut́ım ke vztah̊um

1

tg 2y + 1
= cos2 y, dt =

1

cos2 y
dy

dostaneme, že

=
1

10

∫
du

u2
− 1

5

∫
cos2 y dy

C
= − 1

10

1

u
− 1

5

y + sin y cos y

2
=

= − 1

10

1

(t + 1)2 + 1
− 1

10
y − 1

10
tg y cos2 y =

= − 1

10

1

t2 + 2t + 2
− 1

10
arctan (t + 1)− 1

10

tg y

tg 2y + 1
=

= − 1

10

1

x10 + 2x5 + 2
− 1

10
arctan (x5 + 1)− 1

10

x5 + 1

x10 + 2x5 + 2
=

= − 1

10

x5 + 2

x10 + 2x5 + 2
− 1

10
arctan (x5 + 1).
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