10. cviceni - substituce
http://www.karlin.mff.cuni.cz/~kuncova/, kunckbam@natur.cuni.cz

Teorie

Véta 1 (prvni véta o substituci). Necht a,b, o, 3 € R*, a < b, a < 3. Necht F je
primitivn{ funkce k f na (a,b). Necht ¢ je funkce definovand na intervalu (a,3) s
hodnotami v (a,b), kterd ma v kazdém bodé («, B) vlastni derivaci. Pak

/ fe@)¢' (@) dz € F(p(x), = € (a,B).

Piiklady

Urcete primitivni funkei k funkei f(z) na oteviené podmnoziné jejtho defini¢niho oboru,
kde primitivni funkce existuje.

T
1. =—
Reseni: Pouzijeme substituci y = 3 — 222, Potom dy = —4x dz a plati
x 1 fdyc 1 1 2
——de=— | = =—-1 =—In[3-2
/3—2332 SRR B gyl =—g 3 =227
x
2. f(x) = —
0=
Reseni: Pouzijeme substituci y = 1 — z2. Pak dy = —2z dz a plati
Via? 2] vy V
3. f(x) = ze "
Reseni: Pouzijeme substituci y = —z2. Potom dy = —2z dz a plati
1 1 1
/:Ee @ dr = —/ey dy € _—ev=_ ¢
2 2
x
4. =——

Reseni: Pouzijeme substituci y = 1 + 22. Potom dy = 2z dx a plati

T 1 fdyc 11 1 1
7(11‘:7 _— = ——_— = ——
(1+ 22)? 2/ y? 2y 21+ 22
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10.

11.

. flz) = %sin;

- f(@) =

- [flx)

- f(@) =

1

Reseni: Pouzijeme substituci y = % Potom dy = —I—IQ dx a plati

1.1 . c 1
—sin—dr = — [ sinydy = cosy = cos —
x x T

In?z

x
Reseni: Pouzijeme substituci y = Inz. Pak dy = % dx a plati

In? 2 cy? InPz
dx = 2dy =2 =~
/a: . /y T3 T3

Reseni: Pouzijeme substituci y = sinz. Pak dy = cosz dz a plati

f(z) = sin® z cos z.

6

6 .
/sin5:zcosxdx:/y5dyg %: SH; *

el’

T2 + e
Reseni: Pouzijeme substituci y = e®. Potom dy = e® dz a plati

e® dy ¢
dr= | —2— =1n|2 =1In(2+¢”
/2+6x x /2+y n|2+y| =In(2+e*)

arctan x
1422
Reseni: Pouzijeme substituci y = arctan z, potom dy = ﬁ dx a plati

arctan x C y2 arctan 2x

1+ 22 2
flz) =tgx
Reseni: Pouzijeme substituci y = cosz. Potom dy = —sinz dz a plati
i d
/tg rdr = / ST gp=— [ E —In|y| = —In|cosz|
cos Yy
1

f) = zlnzIn(lnz)
Reseni: Pouzijeme substituci y = In(Inz). Potom dy = Iﬁm dzx a plati

1 1
/da::/ydygln\y] = In(|In(Inz)|)

zlnzIn(lnz)
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Reseni: Pouzijeme substituci y = 2. Potom dy = 2z dz a plati

/ T 1/ dy 1/ dy c 1 con Y 1 . z?
7 dr== =- | ———=—— = —arctan = = —arctan —
4+ 4 2) 4+y*> 8) 1+ (y/2)? 4 2 4 2

1

(arcsin x)2V1 —x

13. f(x) = >

Reseni: Pouzijeme substituci y = arcsin z, potom dy = \/1%7 dx a plati

/ 1 d dy ¢ 1 1
€T = —_ == -
(arcsin x)2v1 — 22 y? Yy arcsin x

14. f(x) =cos’z

Reseni: Pouzijeme substituci y = sinz. Potom dy = cosz dz a plati

3 3
/cosgxdw—/(1—sin2w)cosxdm—/(1—y2)dygy—3{3—sinx—SH;I

1
(1+a)Ve

Reseni: Pouzijeme substituci y = Vz. Potom 3% =z, dy = 2f dx a plati

15. f(x) =

1 1 dx 1
/(1+95)\/JE ) /1+m2\/:? 1+42 y £ 2arctan y = 2arctan \/z

sinz + coszx
Vsinz — cosx

Reseni: Pouzijeme substituce y = sinz — cos z. Potom dy = cosz + sin z a plati

16. f(x) =

sinx 4 cosx dy ¢ 3 23 = 3.~ 5 33 .
sinx —cosz)* = =+ 1 —sin2x
/\S/Sin:v—cos:c /1/3 2Y 2\/( ) 2\/
1
17. f(x):7ef—|—e—r

Reseni: Vztah upravime a pouzijeme substituci y = e*, dy = e® dx

1 v d
L dr= | S = Y_ 2 arctan y = arctan e
e? e e +1 1+ y?

sin x
18. f(x) = :
(=) Veos? z
Reseni: Pouzijeme substituci y = cosz. Pak dy = —sinz dz a plati

sin x do — dy c2 “1/2 2

VeosSz a V3 - Jcosx
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1
xVr?+1
Reseni: Pouzijeme substituci y = V22 + 1. Potom dy =
a plati

/ L /1 r / L / 1 o 1, 14y
—_—ar = —_—— Ar = —_— — —_— = ——1nN— =
a1 2 a1 1" -y T2 Ty

19. f(x) =

\/Iﬁﬁdxaf—lzaﬂ

1 | I1+va?+1
_p—_LVve -
2 1-va?+1
20. =
f(@) sin
Reseni: Pouzijeme substituci y = cosz. Potom dy = — sinz dz a plati
1 i i d 1 1
J PR S VR I W T
sinx sin® 1—cos?x 1—12 21—y
1 1 1. |cos?Z
=—In _cosw =—;ln|l— 2 :ln‘tg f‘
2 1 —cosz 2 sin® 5 2
21. () 1
fl) = ————
sin? z /cotg x
Reseni:
Pouzijeme substituci y = cotg . Potom dy = —Sm —dx a plati
1 dy ¢4 4 4 _ 44
/sian{‘/cotg T / A= 3% T3 g’
1
22. f(z) = —/———
f(z) )

Reseni: Pouzijeme substituci y = VZ. Potom 4% = x, dy = \f dx a plati

/ / / dy € 2arcsin y = 2arcsin \/z
\/ﬁ Vi—z 2f J1

1

V1+e2

Reseni: Nejprve pouzijeme substituci y = e*, dy = e* dx

23. f(x) =

/ 1 d / e’ dx dy c
—_—adxr = = =
1/1_|_62:/1c ecc,/1+623: y 1+y2

a poté postupujeme jako v piikladu (?7?)

c 1 1+y?2+1 11 1+ +Ve?+1

1—VPZ+1 2 1-emti1
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24. f(z) = cotg x

Reseni: Pouzijeme substituci y = sinz. Potom dy = cosz dz a plati

d
/cotg xdmz/cosxdac: —ygln]y\ = In |sin z|
Y

sinx
1
25. =
1 (@) cos T
Reseni: Pouzijeme substituci y = sinz. Potom dy = cosz dz a plati
1 d 1 1
/ dm:/cosxdx:/(m,”;dx:/ Y _C |-y
cos ¥ cos? x 1 —sin®z 1—y2 2 |1—y
1 1+sinz T 0w
=—In|l—| =1 ’t = —‘
t 1 —sinz te 2 + 4

Reseni: Pouzijeme substituci y = sinz. Pak plati

3 2 22
cos’ x COS“ T cosT 1 —sin“x
- dr = ——dzx = wi)cosxdx:
sin x sin x sinx
2

1— 2 1 2 :
:/ y dy:/dy—/ydyglnw]—y:ln\sinx|—smm
Y Y 2 2
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