10. cviceni - per partes
http://www.karlin.mff.cuni.cz/~kuncova/, kunckbam@natur.cuni.cz

Teorie

Véta 1 (Integrace per partes). Nechf I je neprdzdny otevieny interval a funkce f je
spojitd na I. Necht F je primitivni funkce k f na I a G je primitivni funkce ke g na I.
Pak plati

/g(x)F(x) dz = G(z)F(x) — /G(x)f(w) dz na I.
Poznamka 2. Objevuje se i v podobé:
/u'(w)v(w) dz = u(x)v(z) — /u(x)v’(:n) dz na I.

Poznamka 3. Nechf P(x) znaéi polynom. V nésledujicich tabulkéch je pak ndpovéda,
jak zvolit v per partes. (Jako kazdd napovéda, funguje to ¢asto, ale ne nutné vzdycky.)

v(x) | u'(x) v(x u’(x)
P(z) - e P(x) ke P(z) -In"x In" z P(x)
P(z) - ak* P(x) ak® P(x) - arcsin (kx) | arcsin (kz) | P(x)
P(z) -sin(kz) | P(x) | sin(kx) P(z) - arccos (kx) | arccos (kz) | P(x)
P(x) - cos(kx) | P(x) | cos(kx) P(x) - arctan (kx) | arctan (kx) | P(x)
P(z) - arcctg (kz) | arcctg (kz) | P(x)

Priklady

Urcete primitivni funkei k funkci f(x) na oteviené podmnoziné jejiho defini¢niho oboru,
kde primitivni funkce existuje.

1. f(z)=ze™"

Reseni: Per partes: v’ = e~

/me_gc dxr = [—xe_””] — /—e_m dx ¢ —pet _e®

Tu=—eT v=ao v =1.

2. f(x) =zcosx

Reseni: Per partes: v/ = cosxz, u =sinxz, v =z, v = 1.

. . C .
/xcoswdm- [« sin z] —/smxdm-xsmx—i—cosm

3. f(z) =Inzx

Reseni:
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Polozme v/ = 1, v = Inz. Potom u = [1dz =z a v’ = (Inz) = % a pouzitim
vztahu pro integraci per partes dostavame

1
/mxda:: [:cln:c]—/x-d:chlnx—x

X

4. f(x) =sinzIn(tg x)
5 .. o . _ ro_ 1 1 _
ResSeni: Per partes: v’ = sinz, u = —cosz, v = In(tg x), v = tg zcoslz
1
sinxcosx*

1
/sinxln(tg x)dxr = —coszIn(tg =) +/ -

S x

da £ —coszIn(tg ) + In ’tg g‘

5. f(z) = arctan x

Reseni:
1
1422°

/1 -arctan z dr = [rarctan x] — /

Substituce y = 1 + 2.

Per partes: v/ =1, u = x, v = arctan z, v/ =

X

1+x2dm:

1 1
= zarctan z — 3 / —dy € rarctan z — 3 In |y| = zarctan = — 3 In(1 + 2?)
Y

6. f(z) =%

Resenti:
Prvnf per partes: v/ = e 2%, u = —%6*2:’5, v=2a% v =2z
2 —2«x 1 2 _—2x 2z
e dr = —ixe + [ xe dr =
Druhé per partes: v = e 2%, u = —%e_%, v=ux,v =1.
1 o _op I oy 1/—2x c 14 5 I 1/—2
= ——z"€¢ ——ze — [ e dr = —=z“e " — —xe=F — - | e **
2 + 2 * 2 2 2 4
7. f(x) = 2®sin 2z
Reseni:
Prvnf per partes: v’ = sin2z, u = —% cos2x, v =2, v = 2.

1
/:v2 sin 2z dx = [—2x2 COSQCL‘:| —{—/x0052$ =

Druhé per partes: v’ = cos 2z, u = %sin 20, v =z, v = 1.

1 1 1 1 1 1
= —5332 cos 2x + [23: sin 29:} ~3 /sin 2x dx ¢ —5302 cos 2x + §x sin 2z + 1 cos 2x
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8. f(z) = arcsin x

Reseni:

1
V1—z22"

Per partes: v/ =1, u =z, v = arcsin z, v/ =

/1 arcsin z d [xarcsin ] / S
-arcsin x dx = [zarcsin 2] — [ ——=dx =
V1—2?

Substituce y = 1 — 2.
. n 1 / 1 gy & . 7 . 1 D)
= zarcsin z + = | — dy = zvarcsin x y = zarcsin T -
2 VY
9. f(z) = arctan vz

Reseni: Per partes:
v = arctan \/z, v/ =

1, u =z + 1 (mnohem vyhodnéjsi nez mechanické z),

L
+

a\H

1
/arctan vV dz = [(z+ 1)arctan /x| — / de g (x + 1l)arctan \/z — /z
T
10. f(z) =2"lnz, n# —1
Reseni:
Polozme v’ = 2", v = Inz. Potom v = 2"t /n+1av = % Integrace per partes

dava
n+1 n n+1 n+1
/w”lnxd:ﬁzm lnx—/ ac dxgx lnx—xi
n+1 n+1 n+1 (n+1)2

11. f(x) = ze™
Reseni:

Provedeme substituci y = 2%. Pak dy = 2z dx a plati

1
/$3e_$2 dr = 3 /ye_y dy =

Nyni aplikujeme per partes: v/ =e ¥, u=—e ¥, v=y,v = 1.

2 2

= [—ye_y] + /e_y dy ¢ —ye Y —e V=g —e®

12. f(z) = zln’z

ResSeni: Prvni per partes: v’ = /z, u =

/\/Elnzxdx: {§x3/21n2x} —/gxl/zlna:dac:

4333/2

%mg/Q, v=1In%z, v =2Inzl.
X

Druhé per partes: u' = 3 212 4=

2 2322z — 3/21n:c +/ I/dec 2 2322y — x3/2ln$+iaj3/2
3 9 9 3 9 27

,v=Inz, v =1/x.
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13. f(x) = zarctan z

Reseni: Per partes: v/ =z, u = %2 = arctan z, v = 1:962.
1 1 1 1 241-1
/xarctan rdr = -z arctan m—/ = —g?arctan z—— / rri-l dx =
2 1+ £U2 2 2 1+ 22
1 1 1 1 1 1
= §x2arctan xr — 2/ <1 — 1%—:52) dzx g ixZarctan €T — ix + §arctan x

14. f(z) = zarccos z

R oSeni: oo — 22 _ oz r_ 1
Reseni: Per partes: ' = z*, u = %5, v = arccos x, v ==

3 1 373
/anrccos rdr = x—arccos |+ ¢ / ——dz
3 3 ) V1= 2

Substituce y = 1 — 22, odkud plyne dy = —2zdx a 22> =1 —y.

3 1 —-1 3 1 1
— T arccos z —|— = dy = T arccos x + = / Vy—— 1| dy <
3 f 3 6 VY
3 1 1 3 1 1
g %arccos x+ §y3/2 - gyl/Q = %arccos x + §(1 — %)%/ - 5(1 — a)/?
arcsin x

1 1

Reseni: Per partes: v/ = -, u=—-, 1
X X

Vi—z2’

arcsin x 1 . 1 1
T daj‘ = —;aI'CSIH x| + ;\/17_7 Cl{[,‘ =

v = arcsin x, v/ =

3 _ _ 2 _ T 2 _ 1 _ .2
Substituce y = v/1 — z2. Potom dy = Vi draz®=1-—y".
1 , +/ 1 d . 1 C
= ——arcsin x ————dxr = ——arcsin x =
x /1 — 22 x 1—9y2

L+y 1. 1+ V1 — a2

C . 1
= ——arcsinz + = In = ——arcsin  + — ln

z 2 11—y z 271 -1 =22

16. f(z) =In(z 4+ V1 + 2?)
Reseni: Per partes: v/ = 1, u =z, v = In(z + /1 + 22), ¢/

\/1+ac

/1~1n(m+ 1+x2)dx:[mln(a:+ 1—1—3:2”—/\/1_’_73:2
xln(x+\/1+a:2>—\/1+x2

Posledni integral lze pocitat napt. substituci y = 1 4 2.
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17.

18.

19.

l1+=x

=zl
fl@)=zln—
Reseni: Per partes: u'zx,uz%,vzln%, ’U/:l_lxm
l+z 1, 14z 1 2 1, 14z 1/x2—1+1
1 dr = 2?1 —= dr = 271 -5 dzx =
/wn I R s 2/1—x2 Tt M e T
1, 14z 1 1 cl, 1+z 11 14z
Z221 - = -1 dr = —x°1 —x—1
9" M1 2/< +1—x2> o M1z 21 M T4
f(z) = sin(lnz)

ResSeni: Pouzijeme integraci per partes, polozme v = 1, u = sin(lnx). Potom
v=uxau =cos(lnz) L. Dostaneme, ze

/ 1-sin(lnz) = zsin(lnzx) — /cos(ln x)dx =
Nyni pouzijeme jesté jednou per partes na v/ =1 a u = cos(Inz) a dostaneme
/ 1-sin(Inz) = zsin(Inzx) — / cos(Inz) dx = zsin(lnx) —z cos(lnz) — / sin(In x)
Prevedenim integralu napravo na levou stranu dostaneme, ze

2/1 -sin(ln z) g zsin(lnz) — x cos(ln z)

/sin(lna:) g %m(sin(ln x) — cos(Inz))

f(x) = cos(Inz)

ResSeni: Pouzijeme integraci per partes, polozme v' = 1, u = cos(lnz). Potom
v=zau = —sin(Inz)- 1. Dostaneme, ze

/1 -sin(lnz) = x cos(lnx) + /sin(ln x)dr =
Nyni pouzijeme jesté jednou per partes na v’ =1 a v = sin(lnz) a dostaneme
/1-sin(ln x) =z cos(lnx) +/sin(ln x)dr = xcos(lnz)+zsin(Inz) —/cos(ln x)
Prevedenim integrdlu napravo na levou stranu dostaneme, ze

2/1 - cos(Inx) < zcos(Inz) + xsin(lnx)

/cos(ln x) < z(cos(Inx) + sin(ln x))

N
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20. e*sinx
Reseni: http://is.muni.cz/do/sci/UMS/el/analyza/pages/zakladni-integracni-metody.html
¢. 330

21. f(x) = e* cosbx
Resen:
Proa=>0b=0je [e"cos(0z) dz = [1 de € 2.

Nyni predpoklddejme, ze a # 0, b # 0. Pouzijeme nadvakrat integraci per partes,
exponencielu budeme derivovat a goniometrickou funkei integrovat. Plati

2

1 1
/eax cosbr doz = geax sin bx—Z/ea‘” sinbx dz = ge‘” sin b:c—i—l%eax cos bx—zz/eax cos bz dz.

Odtud vyplyva, ze
14+ aj /e‘” cosbz dz € le‘” sin bx + ge‘” cos bx
b2 b b2
axr

. a
e sinbx+——-—-=e* cosbxr =

ax c
/e cosba:dac—r%_b2 pra 7a2+b2(

bsin bz + a cos bx)
Lehko se ovéri, ze vysledek plati i pro b = 0, pokud a # 0, a také pro a = 0, pokud
b +# 0.

22. f(x) = e*sinbx
Reseni:
Pro b =0 je [e*sin(0z) dz = [0 dx .

Nyni predpokladejme, ze a # 0, b # 0. Pouzijeme nadvakrat integraci per partes,
exponencielu budeme derivovat a goniometrickou funkci integrovat. Plati

1 1 2
/e‘” sinbx dz = ——e%" cos baH—g /e“m cosbr dx = ——e*® cos bx+£e“$ sin b:v—a— / e sin bx dz.

b b b b2 b2
Odtud vyplyva, ze

1 + a/72 ar . b d g _} axr b + g axr _: b
72 e sinbxr dr = ;¢ cos bx ¢ sin bz

/e‘” sinbz dz € —Le‘” co8 b+ ——— €% sin by = e (asinbz — bcos bx)

a? + b? a? + b? a? + b2

Lehko se ovéri, ze vysledek plati i pro a = 0, pokud b # 0.
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