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Teorie

Věta 1 (Integrace per partes). Necht’ I je neprázdný otevřený interval a funkce f je
spojitá na I. Necht’ F je primitivńı funkce k f na I a G je primitivńı funkce ke g na I.
Pak plat́ı ∫

g(x)F (x) dx = G(x)F (x)−
∫

G(x)f(x) dx na I.

Poznámka 2. Objevuje se i v podobě:∫
u′(x)v(x) dx = u(x)v(x)−

∫
u(x)v′(x) dx na I.

Poznámka 3. Necht’ P (x) znač́ı polynom. V následuj́ıćıch tabulkách je pak nápověda,
jak zvolit v per partes. (Jako každá nápověda, funguje to často, ale ne nutně vždycky.)

v(x) u’(x)

P (x) · ekx P (x) ekx

P (x) · akx P (x) akx

P (x) · sin(kx) P (x) sin(kx)
P (x) · cos(kx) P (x) cos(kx)

v(x) u’(x)

P (x) · lnn x lnn x P (x)
P (x) · arcsin (kx) arcsin (kx) P (x)
P (x) · arccos (kx) arccos (kx) P (x)
P (x) · arctan (kx) arctan (kx) P (x)
P (x) · arcctg (kx) arcctg (kx) P (x)

Př́ıklady

Určete primitivńı funkci k funkci f(x) na otevřené podmnožině jej́ıho definičńıho oboru,
kde primitivńı funkce existuje.

1. f(x) = xe−x

Řešeńı: Per partes: u′ = e−x, u = −e−x, v = x, v′ = 1.∫
xe−x dx =

[
−xe−x

]
−
∫
−e−x dx C

= −xe−x − e−x

2. f(x) = x cosx

Řešeńı: Per partes: u′ = cosx, u = sinx, v = x, v′ = 1.∫
x cosx dx = [x sinx]−

∫
sinx dx

C
= x sinx + cosx

3. f(x) = lnx

Řešeńı:
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Položme u′ = 1, v = lnx. Potom u =
∫

1 dx = x a v′ = (lnx)′ = 1
x a použit́ım

vztahu pro integraci per partes dostáváme∫
lnx dx = [x lnx]−

∫
x · 1

x
dx

C
= x lnx− x

4. f(x) = sinx ln(tg x)

Řešeńı: Per partes: u′ = sinx, u = − cosx, v = ln(tg x), v′ = 1
tg x

1
cos2 x

=
1

sinx cosx .∫
sinx ln(tg x) dx = − cosx ln(tg x) +

∫
1

sinx
dx

C
= − cosx ln(tg x) + ln

∣∣∣tg x

2

∣∣∣
5. f(x) = arctan x

Řešeńı:

Per partes: u′ = 1, u = x, v = arctan x, v′ = 1
1+x2 .∫

1 · arctan x dx = [xarctan x]−
∫

x

1 + x2
dx =

Substituce y = 1 + x2.

= xarctan x− 1

2

∫
1

y
dy

C
= xarctan x− 1

2
ln |y| = xarctan x− 1

2
ln(1 + x2)

6. f(x) = x2e−2x

Řešeńı:

Prvńı per partes: u′ = e−2x, u = −1
2e
−2x, v = x2, v′ = 2x.∫

x2e−2x dx =

[
−1

2
x2e−2x

]
+

∫
xe−2x dx =

Druhé per partes: u′ = e−2x, u = −1
2e
−2x, v = x, v′ = 1.

= −1

2
x2e−2x +

[
−1

2
xe−2x

]
+

1

2

∫
e−2x dx

C
= −1

2
x2e−2x − 1

2
xe−2x − 1

4

∫
e−2x

7. f(x) = x2 sin 2x

Řešeńı:

Prvńı per partes: u′ = sin 2x, u = −1
2 cos 2x, v = x2, v′ = 2x.∫

x2 sin 2x dx =

[
−1

2
x2 cos 2x

]
+

∫
x cos 2x =

Druhé per partes: u′ = cos 2x, u = 1
2 sin 2x, v = x, v′ = 1.

= −1

2
x2 cos 2x+

[
1

2
x sin 2x

]
− 1

2

∫
sin 2x dx

C
= −1

2
x2 cos 2x+

1

2
x sin 2x+

1

4
cos 2x
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8. f(x) = arcsin x

Řešeńı:

Per partes: u′ = 1, u = x, v = arcsin x, v′ = 1√
1−x2

.∫
1 · arcsin x dx = [xarcsin x]−

∫
x√

1− x2
dx =

Substituce y = 1− x2.

= xarcsin x +
1

2

∫
1
√
y
dy

C
= xarcsin x +

√
y = xarcsin x +

√
1− x2

9. f(x) = arctan
√
x

Řešeńı: Per partes: u′ = 1, u = x + 1 (mnohem výhodněǰśı než mechanické x),
v = arctan

√
x, v′ = 1

1+x
1

2
√
x
.∫

arctan
√
x dx =

[
(x + 1)arctan

√
x
]
−
∫

1

2
√
x
dx

C
= (x + 1)arctan

√
x−
√
x

10. f(x) = xn lnx, n 6= −1

Řešeńı:

Položme u′ = xn, v = lnx. Potom u = xn+1/n + 1 a v′ = 1
x . Integrace per partes

dává ∫
xn lnx dx =

xn+1

n + 1
lnx−

∫
xn

n + 1
dx

C
=

xn+1

n + 1
lnx− xn+1

(n + 1)2

11. f(x) = x3e−x
2

Řešeńı:

Provedeme substituci y = x2. Pak dy = 2x dx a plat́ı∫
x3e−x

2
dx =

1

2

∫
ye−y dy =

Nyńı aplikujeme per partes: u′ = e−y, u = −e−y, v = y, v′ = 1.

=
[
−ye−y

]
+

∫
e−y dy

C
= −ye−y − e−y = −x2e−x2 − e−x

2

12. f(x) =
√
x ln2 x

Řešeńı: Prvńı per partes: u′ =
√
x, u = 2

3x
3/2, v = ln2 x, v′ = 2 lnx 1

x .∫ √
x ln2 x dx =

[
2

3
x3/2 ln2 x

]
−
∫

2

3
x1/2 lnx dx =

Druhé per partes: u′ = 2
3x

1/2, u = 4
9x

3/2, v = lnx, v′ = 1/x.

=

[
2

3
x3/2 ln2 x

]
−
[

4

9
x3/2 lnx

]
+

∫
4

9
x1/2 dx

C
=

2

3
x3/2 ln2 x− 4

9
x3/2 lnx +

8

27
x3/2
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13. f(x) = xarctan x

Řešeńı: Per partes: u′ = x, u = x2

2 , v = arctan x, v′ = 1
1+x2 .∫

xarctan x dx =
1

2
x2arctan x−1

2

∫
x2

1 + x2
dx =

1

2
x2arctan x−1

2

∫
x2 + 1− 1

1 + x2
dx =

=
1

2
x2arctan x− 1

2

∫ (
1− 1

1 + x2

)
dx

C
=

1

2
x2arctan x− 1

2
x +

1

2
arctan x

14. f(x) = x2arccos x

Řešeńı: Per partes: u′ = x2, u = x3

3 , v = arccos x, v′ = − 1√
1−x2

.∫
x2arccos x dx =

[
x3

3
arccos x

]
+

1

3

∫
x3√

1− x2
dx =

Substituce y = 1− x2, odkud plyne dy = −2x dx a x2 = 1− y.

=
x3

3
arccos x +

1

6

∫
y − 1
√
y

dy =
x3

3
arccos x +

1

6

∫ (
√
y − 1
√
y

)
dy

C
=

C
=

x3

3
arccos x +

1

9
y3/2 − 1

3
y1/2 =

x3

3
arccos x +

1

9
(1− x2)3/2 − 1

3
(1− x2)1/2

15. f(x) =
arcsin x

x2

Řešeńı: Per partes: u′ = 1
x2 , u = − 1

x , v = arcsin x, v′ = 1√
1−x2

.∫
arcsin x

x2
dx =

[
−1

x
arcsin x

]
+

∫
1

x

1√
1− x2

dx =

Substituce y =
√

1− x2. Potom dy = x√
1−x2

dx a x2 = 1− y2.

= −1

x
arcsin x +

∫
1

x

1√
1− x2

dx = −1

x
arcsin x +

∫
1

1− y2
dy

C
=

C
= −1

x
arcsin x +

1

2
ln

1 + y

1− y
= −1

x
arcsin x +

1

2
ln

1 +
√

1− x2

1−
√

1− x2

16. f(x) = ln(x +
√

1 + x2)

Řešeńı: Per partes: u′ = 1, u = x, v = ln(x +
√

1 + x2), v′ = 1√
1+x2

.∫
1 · ln

(
x +

√
1 + x2

)
dx =

[
x ln

(
x +

√
1 + x2

)]
−
∫

x√
1 + x2

dx
C
=

x ln
(
x +

√
1 + x2

)
−
√

1 + x2

Posledńı integrál lze poč́ıtat např. substitućı y = 1 + x2.
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17. f(x) = x ln
1 + x

1− x

Řešeńı: Per partes: u′ = x, u = x2

2 , v = ln 1+x
1−x , v′ = 1

1−x2 .∫
x ln

1 + x

1− x
dx =

1

2
x2 ln

1 + x

1− x
−1

2

∫
x2

1− x2
dx =

1

2
x2 ln

1 + x

1− x
−1

2

∫
x2 − 1 + 1

1− x2
dx =

=
1

2
x2 ln

1 + x

1− x
− 1

2

∫ (
−1 +

1

1− x2

)
dx

C
=

1

2
x2 ln

1 + x

1− x
+

1

2
x

1

4
ln

1 + x

1− x

18. f(x) = sin(lnx)

Řešeńı: Použijeme integraci per partes, položme v′ = 1, u = sin(lnx). Potom
v = x a u′ = cos(lnx) · 1x . Dostaneme, že∫

1 · sin(lnx) = x sin(lnx)−
∫

cos(lnx) dx =

Nyńı použijeme ještě jednou per partes na v′ = 1 a u = cos(lnx) a dostaneme∫
1 · sin(lnx) = x sin(lnx)−

∫
cos(lnx) dx = x sin(lnx)−x cos(lnx)−

∫
sin(lnx)

Převedeńım integrálu napravo na levou stranu dostaneme, že

2

∫
1 · sin(lnx)

C
= x sin(lnx)− x cos(lnx)

∫
sin(lnx)

C
=

1

2
x(sin(lnx)− cos(lnx))

19. f(x) = cos(lnx)

Řešeńı: Použijeme integraci per partes, položme v′ = 1, u = cos(lnx). Potom
v = x a u′ = − sin(lnx) · 1x . Dostaneme, že∫

1 · sin(lnx) = x cos(lnx) +

∫
sin(lnx) dx =

Nyńı použijeme ještě jednou per partes na v′ = 1 a u = sin(lnx) a dostaneme∫
1 ·sin(lnx) = x cos(lnx)+

∫
sin(lnx) dx = x cos(lnx)+x sin(lnx)−

∫
cos(lnx)

Převedeńım integrálu napravo na levou stranu dostaneme, že

2

∫
1 · cos(lnx)

C
= x cos(lnx) + x sin(lnx)

∫
cos(lnx)

C
=

1

2
x(cos(lnx) + sin(lnx))
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20. ex sinx

Řešeńı: http://is.muni.cz/do/sci/UMS/el/analyza/pages/zakladni-integracni-metody.html

č. 330

21. f(x) = eax cos bx

Řešeńı:

Pro a = b = 0 je
∫
e0x cos(0x) dx =

∫
1 dx

C
= x.

Nyńı předpokládejme, že a 6= 0, b 6= 0. Použijeme nadvakrát integraci per partes,
exponencielu budeme derivovat a goniometrickou funkci integrovat. Plat́ı∫

eax cos bx dx =
1

b
eax sin bx−a

b

∫
eax sin bx dx =

1

b
eax sin bx+

a

b2
eax cos bx−a2

b2

∫
eax cos bx dx.

Odtud vyplývá, že(
1 +

a2

b2

)∫
eax cos bx dx

C
=

1

b
eax sin bx +

a

b2
eax cos bx

∫
eax cos bx dx

C
=

b

a2 + b2
eax sin bx+

a

a2 + b2
eax cos bx =

eax

a2 + b2
(b sin bx + a cos bx)

Lehko se ověř́ı, že výsledek plat́ı i pro b = 0, pokud a 6= 0, a také pro a = 0, pokud
b 6= 0.

22. f(x) = eax sin bx

Řešeńı:

Pro b = 0 je
∫
eax sin(0x) dx =

∫
0 dx

C
= 1.

Nyńı předpokládejme, že a 6= 0, b 6= 0. Použijeme nadvakrát integraci per partes,
exponencielu budeme derivovat a goniometrickou funkci integrovat. Plat́ı∫

eax sin bx dx = −1

b
eax cos bx+

a

b

∫
eax cos bx dx = −1

b
eax cos bx+

a

b2
eax sin bx−a2

b2

∫
eax sin bx dx.

Odtud vyplývá, že(
1 +

a2

b2

)∫
eax sin bx dx

C
= −1

b
eax cos bx +

a

b2
eax sin bx

∫
eax sin bx dx

C
= − b

a2 + b2
eax cos bx+

a

a2 + b2
eax sin bx =

eax

a2 + b2
(a sin bx− b cos bx)

Lehko se ověř́ı, že výsledek plat́ı i pro a = 0, pokud b 6= 0.
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