EXAMPLE 2 Find the sums of the following series:

1 1 1 1 1 1 1 1
—_ L S = D == 1— 4+ = —Z 4 = —
@ 1-S+3-7+¢ (b) st 77F5
SOLUTION
(a) Recall that
' T x T T
.’L‘—E-I-E—Z'Fg— - = In{l +z).
Substituting in & = 1 yields
1 1 1 1
1—§+§"—1+5— —111(2).
{b) Recall that
T E_ZL 2 !
r-gtr Tty tan~"{x).
Substituting in z = 1 yields
1 1 1 1 -1 I
— = - - = = = —,
375777y (1) = 3
This is known as the Gregory-Leibniz formula for 7. |

Limits Using Power Series

When taking a limit as z — 0, you can often simplify things by substituting in a power series that
you know.

EXAMPLE 3 Evaluate 1irr(1) M.

3

SOLUTION  We simply plug in the Taylor series for sin z:

. sinz—x , 3! 51 7!
lim ——— = lim
z—0 :[:3 ] :L'S
1 3, 1 5 7
~= + =T - =z +
— lim 3! 5! - 7!
0 T



. $263:
EXAMPLE 4 Evaluate lim

a—bcosz — 1

SOLUTION We simply plug in the Taylor series for e” and cos

x2(1+z+1m2+---)

. 12e” . 2
lmt]l cosx —1 = lm(]) 1 1 1
r— -_ L=t _ 2 - d__ 6__' _
(1 5% +4!m Pk ) 1
2 3, 1 4
r+z+ x4
= lim
=01y 1 4 6
I
1 4
= lim = = —2 [ |

Sometimes a limit will involve a more complicated function, and you must determine the Taylor
series:

EXAMPLE 5 Evaluate lim "oos®).

o—{ €T
SOLUTION Using the Taylor series formula, the first few terms of the Taylor series for
In{cos z) are:

1
In(cosz) = ——§$2 - 11.2.;34 4o

(Really, we only need that first term.) Therefore,

Lo Loy
. In{cos z) .27 T 19 R S 1
lim—"2— = In pe> = lm—5 - @'+ = -5 u

Limits as z — a can be obtained using a Taylor series centered at z = a:

EXAMPLE 6 Evaluate lin} x—h-l_il

SOLUTION Recall that

Inz = (x—1) — %(3—1)2 4 %(3;_1)3 s



Plugging this in gives

1 2, 1 3
| (E=1) = @1 + ~(z—1)° = ---
BT _ Jim 2 3

1m
—=1igo;—1 o—1 r—1

. 1 1 2 _
}Ggl}(l—g(wml)+§(w-1) +) =1 n

Taylor Polynomials

A partial sum of a Taylor series is called a Taylor polynomial. For example, the Taylor
polynomials for e* are:

To(z) =1
Ty(z) = 1+=z

1
Ty(z) = 1+ + 53:2

1
Ta(z) = 1+ x + =2 + 22

You can approximate any function f{x) by its Taylor pelynomial:
f(z) = Tn(z)

If you use the Taylor polynomial centered at a, then the approximation will be particularly good
near t = a.

TAYLOR POLYNOMIALS

Let f(x) be a function. The Taylor polynomials for f(z) centered at z = a are;

To(z) = f(a)
Ti(z) = f(a) + (@) (z )
L(z) = £(a) + fla)w—a) + LDz oy

You can approximate f(x) using a Taylor polynomial.




6 Applications

The first application of Taylor polynornials is to the calculation of limits of functions and sequences.
Through limit comparison for improper integrals and series and the root/ratio test, Taylor poly-
nomials become a very powerful tool to study the convergence of improper integrals and series.

Example 6.1. We start from the motivating example of the first section:

sinz—z+2c | 2+0@)-z+22°
lim ——————— = lim = lim
z—0 2 z—0 2 z—0

O(z?) + 229
EACH bk 42z = I —777
5 lﬂ;mO(l) 2z al:m%] Q(1) =777

We have ended up with an O(1), this means that the precision doesn’t suffice. We try to take a
better approximation of sinx:
sinz — z + 228 z— % +0(z*) — z + 22°

. . C0@EY+ %923
lim ——— = lim 3 = lim —
-0 T x—0 T z—0 T

11
=z 2 —I =
—alclrrbO(I}+6:L 0

Note that in the previous example we could have used de I'Hépital twice and get the same
result:
. sing — z + 2% . cosx—1+62 . —sinz+6
lim ————— = lim ——————— = lim ————— =0
z—0 z2 z—0 2z z—0 2

Sometimes, however, the method of de I'Hopital will lead to very complicated formulas. The
following example illustrates this:

Example 6.2. Consider the limit

tim cos(z) sin(z In{1 + x))

z—0 2

The derivative of the numerator alone is:

—sin(z) sin{z In(1 + z)) + cos(z) cos(z n(1 + z)) (ln(l +z)+ Hiﬂ)
and this still tends to 0 as z approaches 0. So to compute the original limit we would have to
differentiate the above formula once more, making it very easy to do mistakes. Instead, we can use
the big O notation as follows:

cos(z) sin(z In(1 + x)) = (1 + O(z?)) (zIn(l + =) + O(z*n3(1 +2))) =

(1+0(z%) (2(z + O@z?)) + 0(z%)) = (1 +0(z"))(e* + O(z*)) = 2® + O(=%),
50 we obtain: 2, O3
T ) 2(“’ )~ lim 14 0() = 1.
z—0 T z—0
Caveat: expanding a composition of functions can be tricky. In the previous example we had
to calculate sin(z In(1 + z)). In the example we have decided to expand sine first, and then log.
In general it is faster to expand the inner function first, but it's also more delicate. Suppose we
wanted to expand sin(In(1 + z)) up to O(z*):

sin{In{1 + z)) = sin(z + O(z?)) =z + O(z®) + ...

10



no metter how much you expand sine you cannot improve O(z?). To reach the precision of O(z?)
we first need to expand log up to O{z?):

. : z? | z? 4 22 z? o 1 72 B RE
sm(ln(1+w))_.sm(1:~—2—+F—|~O(:ﬂ))—:c—?+—3—+0(:c)—E(m—?+—3—+0(m)) =
2

3
Cen T L Ot - 2o
=g 2—}—3—t~0(m) &%

In the expansion of sine we cannot stop at the first order, we have to calculate any order that

contributes monomials up to degree four. In this specific case we need to calculate the third order
but we don’t need to take any higher order.

Example 6.3.
. log(l + zarctanz) — e +1
lim

z—0 V1itat-1

We can try to solve the limit just by taking Taylor polynomials of length 1:

log(1+ z(z + O(&®)) -1 -2 + Oz*) +1 _

=25 1zt + O(28)
— lim log(1 + 2% + 0(z?))) -2 + O(z*) _
e 374+ 0(28) B
240 + 02+ 0(x*)?) — 2 + 0
= lim 1 =
x—0 sod + O(z?)

R CIC.) M T L)

. S S— —_— =777
z—+0 %az‘i +0(z8) =20 14+ 0(z?)

The calculation is-inconclusive because we have O(1) at the numerator. This means that we have
to increase the precision of the numerator:

log(1 + z(z — §a® + O(z%))) - 2% - 3zt + O(2°)

= Tii+ 0(z®) N

— lim % — %m‘l + O(«8) - %(mz - %w‘l + O(2%))% + O(z8) — 22 — %:r:4 + O(z®) _
0 Lot + 0(«?)

— lm izt~ 52t — gzt + () _
@0 1zt + O(«8)

_ o 3O 8
2=0 &+ O(z%) 3

In the calculation we have used the following expansions:
arctanz = x — %w:" + O(z%)
e =1+22+ %m‘* +0(z®
log(l+z)=2— %xz +0(z%)
Vidzt=1+4 %m4+0(m8)

11



4. cviceni
http://www.karlin.mff.cuni.cz/~kuncova/
kytaristka@gmail.com

Piiklady
7.

lim x3/2(\/:17—|—1+\/x—1—2f)

T—+00

Reseni: Protoze na rozvijeni v nekoneé¢nu nemame vztahy, provedeme substituci
Yy = % a dostaneme

1 1 1
lim x3/2(\/x+1—|—\/a:—1—2f)— lim y —3/2 (\/4—1—1-\/—1—2\/») =
T—+00 y—0+ Y Y Y

= lim y~ (\/1+y+\/1— —2)

a nyni rozvineme obé odmocniny do druhého rfadu

= lim 1+t JFMQJFO(Q)HQ—1 +M 24 o(y?) -2
yﬁo+y 2Y T 2Y or Y
1 1
Zyﬁ%h(‘s‘g“(”)—‘*o—u
8.
lim /26 + 2% — /26 — 25
T—+00
Reseni:

Provedeme substituci y = %

1 1 61 — 1=
lim V26 + 25— /26 — 25 = lim x§/1+—x€/1—: lim Vity—-Vi-y _
X

T—+00 T—>+00 x y—0+4 Yy

a nyni rozvineme odmocniny v Citateli, sta¢i do prvniho fadu

1+ 1 1—Ly+ 1 1 1
~ im (1+gy+oly) — (1 —gy+oly )):7+hm o(y) _ 1
y—0+ Y 3 y—=0+ y 3 3

lim Ka:g — 22+ g) et \/ab + 1}

T—+00
Reseni: Provedeme substituci y = %
(1—y+502) e — VIT ]

lim [(mS—xQ—l—{) el/r xﬁ—i—l} = lim 3 =
x—400 2 y—0+ Y




10.

11.

a nyni rozvineme exponencielu a odmocninu v ¢itateli do tietiho fadu

2 3
(1—y+%y2) (1+y+%+%+o(y3))—1+0(y6)

= lim 3 =
y—0+ Yy
2 3 3
o Uy A ) - S o) -1
a y—0+ y5 N
y® 3 3
. +o(y’) 1 . oy’) 1
0t y3 6 + YO y3 6

1
lim [.T—J,’an (14—)}
Tr——+00 €T

Reseni: Provedeme substituci y = %

1 1 1
lim [m—x21n<1+>] = lim [—an(l—i—y)] =
T—r+00 €T y—0+ |y Yy

a nyni rozvineme logaritmus do druhého fadu

. VI+tgxr — 1 +sinx
lim 3
x—0 x

Reseni:

Protoze jmenovatel je tietiho fadu, budeme hledat rozvoj ¢itatele do tfetiho fadu.
Je
3 3
tg:c:x+§+o(:c )
odkud vyplyva

1 Ll 4 Lel 1yl _9
\/1+tgx:1+2tgm+2(22| )tg Zr+ 2(2 3)'(2 )tg 32+ o(x®) =
1 1 1 1
:1+§x+6x3—§x2+ﬁx3+0(x3)
Na druhou stranu

1 sG=1D o 3G-DGE-2) 4 3
\/1+sinx:1—|—§sinx+Tsin x+ i sin® z + o(z”) =



12.

13.

14.

odkud vyplyva, ze
1

6 12

1
V1+tgz —V1+sine = (+> S 4o(xd) =23+ o(x

a tedy

lim Vi+ttgzr —+/1+sinz 1

x—0 3

o~ _
lim cos(ze®) ;os(xe x)
z—0 x

Reseni: Ziejmé staci rozvést citatel do tietiho Fadu.

_cos(ze®) —cos(ze~x) .. 1—3x2e® — (1 — 32%e72®) + o(2?)
lim = lim =
z—0 3 z—0 x3
—2x 2x 3
e —e o(z
= lim + (z°) =-240=-2.
z—0 2x x3
eac2+5ac4 o eac2—3:v4
lim
2—0 (cosx — 1)(cosh  — 1)
Reseni:
Protoze plati
cosx — 1 1 . coshx—1 1
im —— = ——, lim ———— = -,
z—0 x2 z—0 2 2
pak, existuje-li limita napravo, plati
ex2+5x4 _ 630273234 e:rz+514 _ 61273904
lim = lim —4 7 =
20 (cosx — 1)(cosh z — 1)  2—0 x

staci tedy rozvést Citatel do ¢tvrtého stupné. Tak dostaneme

, (14224524 +2) — (1+22 =3t + L) 4 o(a?)
= lim — 7} = lim —4
z—0 X z—0
lim sinh (tggx) —x
x—0 T
Reseni:

8zt + o(x?)

x4

= —32.



Citatel musime rozvést do tetiho Fadu. Plati, ze

2 3 2 3
etgz_e—tgm:1+tg$+tg2m+tg6x+o(x3)_(1_tgx+tg2x_tg6:v_|_0(x3))

sinh (tg x) 5 5
tg 3
=tg x+ 8 T, o(z?)
dostavame tak
. tg 3 3
_ sinh (tgz) —z _ L te gL — 1+ o(z?) i BT 1tg 3x+hm o(z?3) _
z—0 3 z—0 x3 z—0 x3 z—0 6 3 z—0 3
A daéle plati, Ze
b o = sinz_ x — 23 /3! + o(x?) _
cosr 1 —a2/2+ o(z3)
3 © 2
x x
=@—5+ o(x")) - (5 + o(z*))* =
) k=0
3 3
1
:x—%+%+o(az3):x+§x3+o(m3)
a proto dostaneme, zZe
tg z — ltg? 3
— lim 2 T | gy~ Y ofz’)
z—0 3 =06 3 0 23
1.3 3 3 3
3x° + 1t 1 1
ST i B oe) 1 1 oL
z—0 3 =06 23 z—0 3 3 6 2
_ b i
. Najdéte a.b € R tak, aby lim >~ (2T ZOS‘T) ST,
z—0 T
Reseni:
Plati
3 b 2 3
x —asinx —bsinzcosx = —a <x — % +0(a:4)> —5 (23: _ ! ? + 0(x4)) =
3 4b 3
::c—aac—l—% —bm+%+o(m4).

Aby limita byla nulova, musi byt pro kazdé = z néjakého okoli nuly (a tedy vsude)
r—arx—br=0 = 1—a—-b=0

3 4b3
%—F%:O — a+4b=0

Odtudmémea:—4ba1+4b—b:0,tedyb:—%aa:

Ll

4



16.

17.

1 rT—1

lim %

z—0 xm

Resent:

Je (1 + x)* = e*(1+2) 4 rozvoj je

3

r(a=5 +o(a) — ga-a/2400%) — 1 402 T 4 008) = 1422 4 o(a?)
2 )

ezln(l—l-m) —e

tudiz
1+x)*—1= erIn(+2) _ 1 — 42 4 o(z?),

hledané n je rovno dvéma a plati

1 r—1
lim % = lim
x—0 .732 xz—0 1’2

lim In?(1 +sinz) — In?(1 + arcsin )

z—0 xh

Reseni:
Porovname rozvoje funkci sinx a arcsin x a zjistime prvni ¢len, kde se 1isi. Ten
bude uréujici.

z3 x3

Sinx:x—g+o(fn3), arcsin$:x+z+o(:v3).

Odtud vidime, ze pravdépodobné budeme muset rozvijet do tietiho fadu. Je

y2 ZJ3 3
ln(1+y)=y—5+§+0(y )

o 2t 1 3
:$—§ZC ﬂ:g‘Fgﬂf —|—0(.7}),
z ¢ehoz vyplyva, ze
3 1 4
In?(1 42+ % +o(x%) = 2% — 23 + Zx"‘ + % + o(x™).

Neni treba pokracovat do vyssich mocnin, hledali jsme prvni ¢len, kde se rozvoje
budou ligit. Odtud vyplyva

3 3
In?(1+sinz)—In?(1+arcsin z) = 1n2(1+x—%—i—o(wg))—ln2(1+m+%+o(x3)) =



4 3

1 4 1 4
= (:c2 B 0(m4)> - <:c2 — 23+ Zm‘l + % + o(m4)>

Odtud vyplyva, ze hledané n = 4 a plati

In?(1 4 sinz) — In?(1 + arcsin )

lim

z—0 $4

= lim
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Reseni pisemné zkousky z Matematické analyzy 1b (2)
LS 2008-09, 3.6. 2009

Reseni zde uwvddénd jsou pouze jakymsi podrobnéjsim ndvodem s mezivysledky. Doporucujeme
provést a rozmyslet si vSechny upravy a vypocty jako cviceni podrobne.

Priklad 1 : Dostaneme postupné tyto Taylorovy rozvoje:

rt 3 2d
exp(z®) =1+ 2>+ = +o(z?), 2 —0, sine =2 — — + —— +0(z%), z—0,

2 6 120
a proto

3 5 5 5

) 41
exp(z?)sinz =z — %+]_9670+$3_ %4— % + o(x°) :x+6x3+1—20$5+0(aﬁ5), x — 0.
Dale plati
: ? g, 2 6y _ 1 3 a3, 1 21\ 22\5
sin(ze® ) =z +x —1—5—1—0(36 )_6 (z 4+ 2 + o(z?)) +§0 (z 4+ o(z?))” + o((ze™)?), x — 0.
Plati lim,_o ze® /2 = 1 a miZzeme tedy psat o(z®) misto o((ze*”)®). Pak méme
5 5
Sin(xewz) =+ 61‘3 + %0 + O(SUS), xz — 0.
Dohromady:
25
exp(z?) sin z — sin(x exp(z?)) = 3 +o(z®), z—0,
a proto
5
70 $
Rozvojem jmenovatele dostaneme
z° ®
log(1 4 %) — sin(z?sinz) = 2> + o(z®) — sin <:c3 % + 0(x6)> =5 +o(z°%), z—0.
a tedy
2\ o : 2 z® 5
- 5 to(z
- exp(z?)sinz S{n(xex'p(:v ) _ lim -2 (x°) _s
2—0 log(l+ 23) — sin(z? sinx) 70 20 4 o(a5)

Priklad 2 : PouZijeme dvakrat Dirichletovo a potom Abelovo kritérium:

e Posloupnost {sinn}>°; ma omezené ¢astecné soucty; posloupnost % konverguje k nule a je
klesajici. Podle Dirichletova kritéria tedy fada

oo .
g S konverguje. (1)
n

n=1

e Posloupnost {cosn}2°; ma omezené ¢astecné soucty; posloupnost ﬁ konverguje k nule a

je klesajici. Podle Dirichletova kritéria tedy rada

o0
Z oS konverguje. (2)

vn

n=1
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Reseni pisemné zkousky z Matematické analyzy 1b (5)
LS 2008-09, 24.6. 2009

Reseni zde uwvddénd jsou pouze jakymsi podrobnéjsim ndvodem s mezivysledky. Doporucujeme
provést a rozmyslet si vSechny upravy a vypocty jako cviceni podrobne.

Priklad 1 : Plati

1 1
sinx:x—6x3+1—2()x5—|—o(x6), x — 0,
1 1
cosx—1:—§x2+ﬂx4+o(a:5), x — 0.
Odtud dostéavame
1 )
cos(sinz) — 1= —5332 + ﬂ$4 + o(z°), x—0,
1 1
sin (cosx — 1) = —5.%'2 + ﬂafl + o(z°), x — 0.
Tedy mame
1
cos(sinz) — 1 —sin (cosx — 1) = 61'4 + o(z%), x — 0,

a proto je

1
T0(x) = st
Jmenovatele je (za ucelem spocteni limity) mozno pocitat pouze s Peanovym tvarem zbytku

o(xz*),z — 0, pieme tedy

1 1 1
log(1+) =2 — —2® + —2° — ~a* + o(2?), z — 0,

2 3 4
2 1 1
cos < 3x> =1- ngQ + 5—4:704 + o(z%), x—0,
odkud
2 1 1
log (1 + ) - cos (\/;,U> =z §x2 - Eaz‘l +o(z'), x—0.
Déle dostaneme
1
cos (2z) =1 — 22 — Z2t 4+ o(z?), x — 0,

6
a proto po upraveé

2 1
log (1 + ) - cos <\/;a:> —y/cos (2z) —x + cosx = §x4 + o(2*), x — 0.

7 vyse uvedenych rozvoju plyne

lim f(z) — é
3

*Yog (14 ) - cos <\/gx) —y/cos (2x) — x + cosx
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Reseni pisemné zkousky z Matematické analyzy 1b (4)
LS 2008-09, 17.6. 2009

Reseni zde wvddénd jsou pouze jakymsi podrobnéjsim ndvodem s mezivysledky. Doporucujeme
provést a rozmyslet si vSechny upravy a viypocty jako cviceni podrobneé.

Priklad 1 : Plati

1 1
arctgx = x — gx?’ + 6x5 + o(z%), x — 0,
sin$:$—1x3+ix5+0(a§5) xr — 0.
6 120 ’
Odtud dostavame
3
arctg(sinz) =z — lx?’ + Lx‘r’ + o(2°) — E T — lm?’ +o(z?) ) + 1(a; + 0(z?))® + o(sin® z)
6 120 3 6 )
:x—lx3+§x5+o(az5) x—0
2 8 ’ ’
Déle mame
1,5 1 1\° 1 °
sin <:1: - xS) =z — gx?’ ~ 5 (x - 3x3> + 120 <:1: - 3x3) + o(x)
7
:x—§x3+zom5+o($5), z—0
Pak dostavame
T5f’0(x) = 2P
Dale plati
arcsinx = = + 11‘3 + i:Es + o(z?), x — 0,
6 40
1 1
coslef§x2+ﬁx4+o(x5), x — 0.
Pro jmenovatele dostavame
1
(arcsinz) - (cos ) — arctgx = —=z° + o(z®).
7 vyse uvedenych rozvoja plyne
i f(x) 6
im - =——.
x—0 (arcsinz) - (cos x) — arctg 5

Priklad 2 : PouZijeme Dirichletovo a potom Abelovo kritérium:

e Vime, zZe posloupnost {cosn}° ; méa omezené ¢astecné soucty.

e"—1
en+41

oo
e Ukézeme, ze posloupnost {log( )} . konverguje k nule a je rostouci: pro x > 0
n=

oznac¢me f(z) := log (2:11>, potom f'(x) = e&;fl > 0 (pro vSechna x > 0). Posloupnost



Reseni
Reseni zde uwvddénd jsou pouze jakymsi podrobnéjsim ndvodem s mezivysledky. Doporucujeme

provést a rozmyslet si vSechny upravy a vypocty jako cviceni podrobne.

Priklad 1 : Dostaneme postupné

1+arcsin(:p2):1+x2+o(az5), z — 0,
(1-+arcsin (o) =14 202~ Sat 40 (o), a0,
\/e(xQ):eé:1—1-%1'24-%364—1-0(:65), r—0,
2
%sm <$2> = éx2 +o0 (:175)

Odtud dostavame
. o\n\2/3 1 [2? 17 , 5
(1 + arcsin (z%))™" — Vel#®) —gsin{ o) =2 + o(z”), z — 0,

2 72
a tedy
17
T (x) = — ==t
5 (x) 72"
Dale plati
sin (z)sin (22) = (z — L3 + L5 +o(z°) ) (22— 4.8 + 2 +0(z°) ) =
6 120 3 15
)
=222 — Sat 4 o(ah), x— 0,
1 3 4 12
arcsin (x) arcsin (2 ) = (;U + 63:3 + Exs +o ($5)> . <2 x+ 5333 + €x5 +o (:U5)> =

)
:2x2+§m4+0(m5), x — 0.

Pro jmenovatele proto dostavame
10
(sinz)(sin 2x) — (arcsin z)(arcsin 2x) = —§x4 + o(z°).

7 vyse uvedenych rozvoju plyne
f(x) _ 17

li = —.
ey (sinz)(sin 2x) — (arcsinz)(arcsin2x) 240

Bodovéani pfi pouziti tohoto postupu pri vypoctu:

@ TOZVO ] [ ot 7 bodi

e rozvoj jmenovatele . ... 6 bodi

o vypocet Imity ... ..o 2 body
Bodové srazky za nespravna nebo zapomenutd odtvodnéni:

3 body

e chybny zapis Taylorova polynomu ........... ...,
Bodova srazka za num. chybu, kterd neméni charakter vypoctu, je podle zavaznosti 1-2 body.
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Reseni pisemné zkousky z Matematické analyzy 1b (7)
LS 2008-09, 16.9. 2009

Reseni zde uwvddénd jsou pouze jakymsi podrobnéjsim ndvodem s mezivysledky. Doporucujeme
provést a rozmyslet si vSéechny upravy a vypocty jako cviceni podrobne.

Priklad 1 : Dostaneme postupné

1 1 )
\/1+2x—1:x—§$2+§x3—§x4+0(:§4), x—0,
1 1 3
sin(vV1+2xr—1) =z — 51‘2 + §$3 - §x4 + o(x?), x—0,
3 7 v
(1+4x)1/4:1+x—§x2+§x3—§x4+0(x4), x—0,
cos(z?) = 1 + o(z?), x — 0.
Odtud dostavame 19 47
fz) = —gxg + 1954 +o(a), =z —0,
a tedy
19 37
T4f’0(:70) =—% z3 + Zafl
Dale plati
1
arcsin(arctgx) = x — 6303 + o(z3), x — 0.
Pro jmenovatele proto dostavame
arcsin(arctg z) — sin(z) + 2 = 23 + o(z?), x — 0.
7 vyse uvedenych rozvoja plyne
. f(x) 19
lim - - = ——
x—0 arcsin(arctg z) — sin(z) + =3 6

Bodovéani pfi pouziti tohoto postupu pii vypoctu:

@ TOZVO] [ ottt 7 bodi
® TOZVO] JMenovatele . .......... i 6 bodi
o vypocet Hmity ... ..o 2 body

Bodové srazky za nespravna nebo zapomenutd odtvodnéni:
e chybny zapis Taylorova polynomu ............. . .. .. 3 body
Bodova srazka za num. chybu, kterd neméni charakter vypoctu, je podle zavaznosti 1-2 body.




