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b o
4,47. Doknite, 2e _/ ™% . sin bx dr = —> pro |b]<a .
a%s wn

4,45,

Bud p € (0,400 ), poten 1_

J
o\.\.'«lipe _B.uuu_aku..ﬂ s
L x

-
[ 3
u\..\»“_.o_m_..”;.n.uvnkn x

’
nuln N I.n
\u\. log. = dx = —"7,
§ 1-2 X 6p
-1 1
a/ = Hommauu |¥.|m
1+ xP 12p°

m Priklady a,b/ Jsou analogické k piifkladfia 4,24; 4,25 ,
pPikiady c¢,d/ lehko odvodite rozvojea funke! —2 i L

1-xP 1+xP

Viz t6E pF. 4,33, 4,34 /subntituce x¥ 3 £ I / anobo pF. 6,67 I

¢y46.

Dokaite, Ze
e ']
a% 4
n\.u\._.omnwusumuu..lwl.
o0
v\\._.ow:ilkumku l_.ﬂMI )
n\(\:wnﬁmr!ll nuu..*

[/ swotituet o=+
an 4,33 & 4,34,

11/ Priklad 8/ Pedts pomoci rogvoje finkce log(l-e™™) a Leviho vity,
piiklad b/ pozoc! rozvoje funkce log{l+e™ ) a Lebssgusovy vity

8 koaeén? pffklad ¢/ pomoci rozwoje finkoe log Mllnlnm (viz obdob~
1+e™
oy prfllad 4,43) a Leviho vity.

III/ V pA{¥ladu o/ poulijte téz

= —a % - -
vztahu log w.ﬂu. log{l-e™™) - logll+e nuull_w

m 1/ Jako cvideni ukalte, Ze Integrdl Xonverguje pro s € (0,400},
2/ Poulljte rozvoje funkce ain v J. “

prevedte dané integrdly na integrdly 2 pilila-

%

ﬁ%ﬁev

W&@-

o
nuqum pro ialdé y €5, ,
o 2k+1
(bx)
te e ™% | gip bx = o78% {-1)%
" m (2x+1)1

Ddle poulljte Lebesgusovu vitu, odhadneme EdsteZné soudty, "hrubym® odha-
den doatdvize

_ ¥ ur.

2k
- luiniin T glx), kde

k=0 {2k+1) !
o0 2k+l
glx) = o722 M bl pro x E (0,+c0 ) ,
-0 {2x+1) !
Pou2i jte Adle vztehd
oo
Hnnw\.o..wn.kunk-.ﬂ.-tnblw. mon|-.r.
dontévdme
-]
2k
Kwnu_ ax A_I+ wus ?_..n_:v (ovirtal),
tedy g € _N__s_....._uu s prévE kdyf |b|<¢ a (proz1).
¥ tomtn phipadd
.\1 ax m B2
8 " . sin bx dx = ¥y Im.|l .
2 a k=g PO

PFL tomto zplscbu vypoftu integrdlu byloe napXijemné ozezent ma “ <a .

3/ Integrdl té2 apoZtite Jjako Newtondy poaoel dvojndeobné integrace
per partes, jedind podafnka na parasetry a,b bude pFi tomtd spd-
s0bu vypodtu podainks a ) O .

.t_ Poruate se také spofitat integrdl pomosi néaledujicito poatupu:

—-ax 4 o x(-a+id) & 4
.u\.- .u._u.on&ﬂ1»ﬂ.-\\u dx Hu.w...__..c.......dv m

Dokaite, %o N
\”llknoadﬂnnnj pro [Bvi<a 1

L] a +b

= Yolte ate jnj postup .“wwu v oipulém R.H.nwmnmu.lh_

4,49,

2

oo
inbx
DokaZte, is \\.njwn : .wlil dx = aretg 7 »ro  [dl<
e

~93 =




2/ Integrdl spoltéte té% pomoci Leviho véty, vztahu

hacd
dogx 2. %" . log x pro x € (0,1)

1l =-x N=0

a pFfikladu 4,32 ;_u

4,34.| DokaZte, Ze
X.log :
a/ / . & T

1l -x
xz log H 2
RN oS 1
b/ 1 ~ x dx 3 1 5L
log 72
¢ o 1 *.x 12 ’
fx.log% rt
a/ —— S e —
o 1l + x 12 !
F
2 1 2
x .log 3 T 1
—— g ® e &) R
3 1% -1 2"

4,35. DokaZte, %e

r—l/ Integrdl spodtdte jako NewtonQv - per partes.
2/ PouZijte téZ Leviho v&tu a vztah

o n

1 ; x
. log i--:-; ==-1log (1 - x) = ;r e pro x €(0,1).

Nezapomente, %e

>

N=t n(n+1)

oo

1
; . n+1 )z_l'_u
L

4,36. Dokaite, %e

4 1 2

log = T

a/ “—‘—‘de = ——
/l—x B 1

¥
.1o z
b/ /x £z ax = L
? '1 24 ?
2
X «lo 1
e/ -/ & P4 dx = --”L -1 1
1 8
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[+ =] o o
+ fo"k+1.1og%dx=>___——-]-'——-—+ Z-—-—-—!'-—-—-— =

k=0 7 k"0 (3k+1)°  kwd (3k+2)2
s 3 B s = il X .3 XK
k=1 ¥ k1 (3B & T e

b/ Mi%ete pouZit rozvoje funkce 1—1;; s Lebesgueovu viétu a vysledku
bodu &8/, dostanete *

= 2 (_k & (.pk
‘/!lxlog:-lc'dx=>:(l} _Z ) -

RT K0 (3x+1)2 K0 (3x+2)?
k-1 <
i L
T A =7 (a2 e R
o 1+
4,43. DokaZte, Ze [103;:3&:: = 2 .log 2.,

" 1/ Integrdl spodt¥te metodou integrace per partes jako Newtondv.
2/ Ze vyztahd . ;
/
1+x 2
== = logl =0
[ 103 1-!] 1- ] ] g 1

—odvodte y &€

b 0 1
?/OZEWS log . == =2,
< 1-x kvo 2k+l

déle pousi jte [Leviho| vit, dostanete

2k i1
X 3

pro x € (-1,1) ;

V\{f.- Y o2 oo
QPULOU‘(‘ ‘[105_].'_-‘;5(1:‘=2.Z 1 = 2 Z (—-—1—— 1).:

1-x k=0 (2k+1)(2K+2)  Eep 21 2kw2
& nr -
=2 el =2 log 2 (viz pr. 4,29).
femt k . ¥ ' ——J
+
: 1 ! r?
4,44- DOk&ﬁtE, Ze ‘a/-i 108 E‘i dx = —4—-~ -

r +
1/ Pouzi jte rozvoj funkce log E v intervalu (0,1)
jako v pf. 4,43 aébeviho]vétu, dostanete

/ +
‘J, Y fed 3
({‘ / X o8 T7o %, (211*1}2 2 (viz pr. 4,85)
2/ Pou¥i jte vztahu
log %‘}E = log (1+x) - log(l-x)

a vysledkd pfikladd 4,33 , 4,34 au

- Q] =
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X

“ 1/ Ukaite, %e Zn —» 0 pro n —» + o0 na intervalu (0,l),
1+

ale nekonverguj{ tam ste jnomErné.
Posledn{ tvrzeni dokaite
a/ tim, fe ukétete O, =3 ,

b/ podrobné z ndsledujlcich vztahd:

)

< 1
1 1 =% # 0=1m (1im
‘n-j;]:n (.1(-9!2 1+x§n )73 X319 mew 5, 20

2/ PouZijte Lebesgueovu vétu:

"rychly", ale "hruby® odhad ddvd 0 S . x:n =1 v (0,1)
+x
anebo "leps{* odhad 0 = ;—% = —1-:55-— pro x €(0,1) , neN,
%
+ 3/ Pouzijte Leviho vétu . ||
o
4,6. DokaZte, fe lim | —>— dx =0 !

N00 1+x<D

“—1/ Vyuii jte odhadu

X < i i B 1
./ _/ & 5 —
0§f S dx ; r“clx+f XU dpmate == pRO nz 2.

o 1tx
%; £=0 jinde v (0, +00 ) .,

2/ Limitni funkece £ : f£(1) =
x
3/ UkaZte, Ze posloupnost j
' p P ;?ﬁ nekonverguje k f ste jnom®rné v inter-
valu (0, +00 )
(vyuZijte vysledku z p‘i";. 4,5 anebo negpojitosti funkce f i)

Kdyby nicmén# bylo :.-2“. = £ vlo, +00 ), nemohli bychom satejnd
1+x

pouZit vé&tu 20 (prod? ).

4/ Poufi jte Lebeagueovu vétu, vyjde

g B o ke
8( x) = "ﬁel? 1+x2n = 1+x2 y tedy g ? x(p’_‘_ o)
00

(Jo okamiitd vidét, Ze _[fl =+ 0 ), omezme se protona n 2 ,

n
otom sy - = —— £
F ,,g‘; 1+x2n 14% x(o,+oo) ’

V8e si podrobmné rozmyslete a provedte |

5/ FouZi jte Leviho vétu!_ﬂ

o dx
4,7. DokaZite, Ze limf = t

i %c}n ’ n,/x

-"“3_



P

\ T/ iz £ (x) = g o T dx =1,

2/ UkaZte, %e platf:
1

(aed . Px V= /=

(=]
IA

[
in

1 neN; x €(0,1) =

n=2, x€(,+0 ) = 1 = el

{ n n i
\ g (l+:1_c) .V x

n

= AL (1 - 2 }“1 4
= ) e -1 =y
[;.g(‘j) (n 5 [2‘ n. (n-1) ;l'z' . é
Poloiime-1i tedy g(x) ='——-1 pro x € (0,1) , glx) = —"2'4

\ pro x € (U,+o0 ) , jest g € £(0+oo) (oddivodnéte | ) a miZeme
Lpouiit Lebesgueovu vétu . || '

7 log(x+n) i
4,8. Dokaite, Ze 1lim f e cog x dx = 0 !
H+00 n
“ 1/ Limitn{ funkce je rovne nule na (0, +o0 ).
2/ Pou¥i jte Lebesgueovu vitu a vyuil jte vztahid:
.
a/ n €N, x €(0, +00 ) = M‘_‘-)< En—né 1+ x
_ .
b/ e (1+x) € L 100y |-
A |Bx3
4,9. Bud 0< A ¢ + 00 , potom 1imf dx = 0 .
n400 - l+nx
ﬂ_l;ouﬁijte Lebesgueovu i Leviho viétu, vyuZijte vztahu
x EOA) , n € N = —— £ 9*35 :5(0‘) |
L+nx '
Ne vidy Jje pravda, Ze
f,— 7T na M ==)ff —-)/f
n n
A M
Uvedme piiklady .
4,10.| Definujme pro ka%dé n € N funkei £, na <O,1) takto:
- 1
f (x) = n sin (¥ nx) pro x €<0, ) ,
! - 1
£ (x) =0 pro X E€XE 1D,
Potom &/ f£—0 v <(0,1),
7 e
v/ r =2 i
R

Mize byt £ =30 v <0,1> ¢

- T4 =
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We have pointwise convergence

(—1)*n (—1)*
— as 1 — oo,
a+:au+HH~+H

And for all n > 1 our integrand has an upper bound

(—1)*n 7n 1
n+nz?+ 10~ 2241

which is an integrable function on X, because "~ Nu~+| < po. Thus the Lebesgue

1
Dominated Convergence applies and gives the result.

JPE, May 1993. Evaluate

o0 —ztfn
lim dx

n—ea f 1+ x2

For every # € R the sequence {e™*/"} monotonically increases and converges
to e” = 1. Thus by the Lebesgue Monotone Convergence

) oo mlhn____: L e
lim —dx = —— =tan" 'z =m.

8.—+H.m oom.THM —oa

JPE, Oct 1991. (1) Prove that f{t) = ;5 is a bounded function on (o0, o0).
(2) Let
ne
?Aﬁvna (zel0,1], n=1,2,...)
Then prove that f,(x) does not converge uniformly on [0, 1].
(8) Find limy, o f; fu(2)dz, if it exists.

(1) This a calculus exercise. Let us just denote the bound by C = max 5.

(2) For x = 1/n we have f,(z) = 1/2, thus there is no uniform convergence.

(3) We have pointwise convergence f,(z) — 0 for all = ¢ [0,1] and a common
upper bound f,(z) < C. Thus Lebesgue Dominated Convergence applies.

JPE, Oct 1991. Let
Jn=n XL 1y
where « is a constant, 1 < a < 2.
(i) Is there an integrable function ® on [0, 1] such that 0 < f,(z) < ®(z) for all n
and z € [0,1]?
(11) Find lim,, .. .mo_: Judm, if it exists.

28

(i) No. Even if we set

[EESRE

$(z) = sup fulz) = ) nox 11

then

o o oo
N ell_L 17| _ n 1 B
\_W_u_ﬁ&§.|M: :5+H.3:|M§+”—WM§+.—|8.

fm] n=1 n=1

{i1) The limit is zero:
q....DIu

dm =
jo.1] LP n+1

JPE, Oct 1991. (i) Let f be a step function on a bounded interval [a, 5. Then
prove that

— 0.

b
(*) lim .\. flz) sin({nz) dz.

T

(ii) Let f be a bounded measurable function on [a, bl. Then prove (¥).
(iii) Let f be an integrable function on (—oo,00). Then prove (*).

This problem is almost a research project... We only sketch the solution. First,
let f(x) = @xiq be a constant function on an interval {c, d). Then

d

Im (cos(nd) — cos{nc)),

c

'\&Zi sin{nz) dr = —2 cos(nz)

hence _

.\Ahau mEEHEH_.
[

Zaxﬁ.m:ﬁwmwmﬂmu?:ﬂmoa_;ms.ﬂH MH_,_H Q_x?.ﬁ_mbn_saq&z:mo:cﬁmg.

additivity.

ol _, .

n

1A

(i) If f is a bounded measurable function on [a, ], then f € L'(|a,b]). We can
approximate f by step functions (in the L' norm) and apply Part (i).

(i) The same strategy: approximate f by step functions (in the L' norm) and
apply Part (i).
JPE, May 1991. Let
qar___amln.na
falz) = Tia
{a) Prove that f, € LY(0,00).
(b) Find limy_.oc hﬁ.B_ fodm.



