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Problem 2. If f € L}(R), prove that

T

lim i | fdx=0.

n—oo 2N f_,

Give an example to show that this result need not be true if f is not integrable
on R.

Solution.

o Let 1

fn = %X{—n,'n]f:

where X|_n n) is the characteristic function of the interval [—n,n]. Then

/fnda:=%[:fdx.

e We have f,(z) — 0 as n — oo whenever f(z) # too, so f, — 0
pointwise a.e. on R. Also, for n > 1,

11l < 31f1 € L'(R)

e The Lebesgue dominated convergence theorem implies that

linlffndxzjlinl fﬂd:r:/[}d:r:[},

which proves the result

e If f=1, then

In this case the sequence

1
fn — %X[—ﬂ,n]

converges pointwise (and even uniformly) to 0 on R as n — oo, but the
integrals do not. Note that the convergence is not monotone and the
sequence (f,,) is not dominated by any integrable function.
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Jako piiklad na rozmyslenou: Mdme posloupnost nezdpornych integrovatelnych
funkci a lze zaménit limitu a integral, existuje integrovatelnd majoranta?
Protipriklad je tfeba toto:

-z ) .
Necht fn(w) = ;e wdz. Potom fn — 0 a [° fn = o — 0. Necht g je
majoranta. Potom
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