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Teorie

Definice 1. Necht’ k ∈ N, p1, . . . , pk ∈ R, pk 6= 0, a necht’ dále {an}∞n=1 je posloup-
nost reálných č́ısel. Lineárńı diferenčńı rovnićı k-tého řádu s konstantńımi koeficienty
budeme rozumět rovnici

y(n+ k) + p1y(n+ k − 1) + · · ·+ pky(n) = an, n ∈ N, (1)

kde neznámou je posloupnost {y(n)}∞n=1.
Řešeńım rovnice (1) rozumı́me každou posloupnost {y(n)}∞n=1 splňuj́ıćı (1) pro každé

n ∈ N. Pokud chceme, aby řešeńı rovnice (1) splňovalo podmı́nky

y(1) = y1, . . . , y(k) = yk, (2)

kde č́ısla y1, . . . , yk ∈ R, (tzv. počátečńı podmı́nky), pak hovoř́ıme o počátečńı úloze.

Definice 2. Homogenńı rovnićı rozumı́me rovnici

y(n+ k) + p1y(n+ k − 1) + · · ·+ pky(n) = 0, n ∈ N. (3)

Definice 3. Charakteristickým polynomem rovnice (3) budeme rozumět polynom

λ 7→ λk + p1λ
k−1 + · · ·+ pk−1λ+ pk.

Věta 4. Necht’ λ1, . . . , λs jsou všechny navzájem r̊uzné reálné kořeny charakteristického
polynomu rovnice (3) s násobnostmi r1, . . . , rs. Necht’ ξ1, . . . , ξl jsou všechny navzájem
r̊uzné kořeny charakteristického polynomu rovnice (3) s kladnou imaginárńı část́ı a
násobnostmi q1, . . . , ql, přičemž ξj = µj(cos νj + i sin νj), µj > 0, νj ∈ 〈0, 2π), j =
1, . . . , l. Pak následuj́ıćı posloupnosti tvoř́ı bázi prostoru řešeńı rovnice (3):

{λn1}, {nλn1}, . . . {nr1−1λn1},
...

{λns }, {nλns }, . . . {nrs−1λns },
{µn1 cos ν1n}, {nµn1 cos ν1n}, . . . {nq1−1µn1 cos ν1n},
{µn1 sin ν1n}, {nµn1 sin ν1n}, . . . {nq1−1µn1 sin ν1n},

...
{µnl cos νln}, {nµnl cos νln}, . . . {nql−1µnl cos νln},
{µnl sin νln}, {nµnl sin νln}, . . . {nql−1µnl sin νln}

Algoritmus

1. Sestav́ıme charakteristickou rovnici.

2. Najdeme kořeny.

3. Sestav́ıme FSŘ.

4. Př́ıpadně dopočteme konstanty z podmı́nek.

5. (Uděláme zkoušku.)

integrálu, 2018/19, Kristýna Kuncová 1



Př́ıklady

1. Najděte řešeńı diferenčńıch rovnic:

(a) y(n+ 2) = 8y(n+ 1)− 15y(n), y(0) = −1, y(1) = −1

(b) y(n+ 2) + 4y(n+ 1) + 4y(n) = 0

(c) y(n+ 2) + 16y(n) = 0

(d) y(n+ 2)− 4y(n) = 0, y(0) = 3, y(1) = 2

(e) y(n+ 2)− 16y(n) = 0

(f) 4y(n+ 2) + 25y(n) = 0, y(0) = 1, y(1) = 5

(g) y(n+ 2)− 3y(n+ 1) + 2y(n) = 0, y(0) = 1, y(1) = 2

(h) 9y(n+ 2) + 6y(n+ 1) + y(n) = 0, y(0) = 1, y(1) = 1

(i) y(n+ 2) = 4y(n+ 1)− 8y(n), y(0) = 1, y(1) = 0

(j) y(n+ 2) + 8y(n+ 1) + 16y(n) = 0, y(0) = 4, y(1) = 0

(k) y(n+ 2) + 4y(n) = 0, y(0) = 1, y(1) = −4

(l) y(n+ 2)− 6y(n+ 1) + 9y(n) = 0, y(0) = 0, y(1) = 3

(m) y(n+ 2) + y(n) = 0, y(0) = 3, y(1) = 4

(n) y(n+ 3)− 7y(n+ 2) + 16y(n+ 1)− 12y(n) = 0, y(0) = 0, y(1) = 1, y(2) = 2

2. (a) y(n+ 3) + y(n+ 2)− y(n+ 1)− y(n) = 0

(b) y(n+ 3) + 2y(n+ 2)− y(n+ 1)− 2y(n) = 0

(c) y(n+ 3) + 3y(n+ 2) + 3y(n+ 1) + y(n) = 0

(d) y(n+ 3)− 27y(n) = 0

(e) y(n+ 3)− y(n+ 2) + 9y(n+ 1)− 9y(n) = 0

(f) y(n+ 3) + 5y(n+ 2)− 6y(n) = 0

(g) y(n+ 1)− 11

6
y(n) + y(n− 1)− 1

6
y(n− 2) = 0, y(0) = 0, y(1) = 1, y(2) = 2

(h) 6y(n+ 4)− 5y(n+ 2) + y(n) = 0, y(0) = 0, y(1) = 1√
2
, y(2) = 1

2 , y(3) = 1
2
√
2

3. Bača má stádo o 20 ovćıch, které se každý rok zvětš́ı o 8%. Kolik bude ovćı za 10
let?

4. Jsou posloupnosti 5n, n5n a n25n lineárně závislé nebo nezávislé?

5. Napǐste diferenčńı rovnici, jej́ımž řešeńım je posloupnost

(a) 3,5,7,9,11 (b) 2,5,11,23,47 (c) 1,2,5,14,41
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