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JPE, May 1998. Let A C [0,1] be a non-measurable set. Let B = {(z,0) €
R?: z € A}.

(a) Is B a Lebesgue measurable subset of R*?

(b) Can B be a closed subset of R? for some such A?

(a) Yes. The set B is a subset of a straight line (y = 0), so it has outer measure
zero. Thus it is Lebesgue measurable.

(b) No. If B was closed in R?, then A would be closed in [0, 1], and then it would
be measurable.

JPE, Sept 1997. For a measurable subset E C R", prove or disprove:

(a) If E has Lebesgue measure zero, then its closure has Lebesgue measure zero.
(b) I the closure of E has Lebesgue measure zero, then E has Lebesgue measure
ZEero.

(a) False. Example: E consists of points with all rational coordinates. E is count-
able, hence m(E) = 0. On the other hand, E is dense in R™, hence its closure is R™.

(b) True. Since F is a subset of its own closure, then E also has Lebesgue measure
Zero.

JPE, May 1993. Let r,, be an enumeration of rational numbers in R.
(a) Show that R\ U, (ry — -, 7 + 7) is never empty.
(b) Show that R\ US%,(rn — ,7n + 1) can be empty or non-empty, depending on

how the rationals are enumerated. )
(a) By the o-subadditivity of the Lebesgue measure

R 8
3?%1?:|:F§?+:P~dm MSQ? iﬂ__.M;.,_._.:Pudﬂ MW Aoo.
n=1 n=l

thus these intervals cannot cover the entire R.

(b) Now the above estimate gives 3 oo, 2 = 00, thus our previous argument would
not work. However presenting specific examples of enumeration so that the above
intervals cover (or do not cover) IR is not easy. Let us not get into these complica-
tions...

JPE, May 1990. Does there exist a measure space (X,9M, p) such that there is
no countable collection of subsets X,, € 9 satisfying (X,) < oo for all n and
X =U2 X,

Yes. Example: p is the counting measure on R with Borel o-algebra.

JPE, May 1989. Does there exist an open dense subset A C [0,1] x [0, 1] such
that its complement ([0,1) x [0,1]) \ A4 has positive Lebesgue measure?

Yes. The complement to a modified two-dimensional Cantor set.

2 Measurable functions

JPE, Sept 2011. Is the following true of false?
If f:[0,1] — R is continuous a.c., then f is measurable.

True. Let E C [0,1] be the set of points where f is discontinuous. We have
m(E) = 0. The restriction of f to E° = [0,1] £ is continuous, hence for any open
set U/ © R its preimege £~ (U/)N E* is open in E°, therefore f~(U) = (VNE)NEB
for some open set V' < [0,1] and some subset B C E. Any subset of the null set
E is measurable, hence f~'(U) is a measurable set.

; JPE, Sept 2011 and May 2005. Let f: [0,1] — R. Is it true that if the set

mﬁ {z €(0,1]: f(z) = c} is measurable for every ¢ € R, then [ is measurable?

False. Let A C [0,1] be a non-measurable set. Define f(z) = x on A and
f(z) = —z on [0,1] \ A. This function is injective, hence {z € [0,1]: f(z) = c}
is either empty or a one-point set (a singleton) for each ¢ € R; in either case it is
measurable. But f~1([0,1]) = A is a non-measurable set.

JPE, Sept 2009. Does there exist a sequence {fi} of Lebesgue measurable
functions such that f;, converges to 0 in measure on R but no subsequence converges
uniformly on any subset of positive measure?

No. In one of the homework exercises, we proved that if fi, converges in measure,
then there is a subsequence {f,, } that converges a.e. Now by Egorov’s theorem
the convergence must be uniform on a set of positive measure.

JPE, Sept 2007. Show that f,(z) = e~mil=sinal conyerges in measure to f(z) =0
on [a,b] C R.

We have

famFfl>e o eM=mdse o [1-sing| < W EW
Note that sinz = 1 whenever @ = % + 2k (k € N). Thus the above inequality
|1 —sinz| < L In? specifies a neighborhood of each point & = § + 2kw whose size
shrinks as n — oo. Note that there can only be finitely many points § + 2k7 in
any finite interval [a,b]. Thus the Lebesgue measure of the union of the above
neighborhoods of these points tends to zero as n — oo.

If we replace a finite interval [a, b] with an infinite interval, such as (a, oo) or
(—o0,b), then there would be infinitely many of the above points § + 2k7 and
their neighborhoods within the given interval, and then their union would have an



(iii) Note that a — e < f(z) < a+£ on the interval [ — 4, 1], thus
1 1 1
(a—e)k *dr < \ﬂ\ 2 f(x)dr < (a+e)k z* da.
1-4 1-6

1-3
Computing the integral
1 H\:.I&w.l
k
de = —————
\IH B
gives
(a—e)k " 1 (a+e)k :
1—(1—8F" <k k (1 _ skl
wiﬁ (1-8] <k T%i&%m S [1-(-a)*]

Taking the limit & — oo shows that the middle integral will be eventually *

‘squeczed”
between @ — ¢ and a + . Since € > 0 is arbitrary, Part (c) follows.

JPE, May 2009. Suppose that f, is a sequence of non-negative Lebesgue mea-
surable functions on {0, 10) such that f.(z) — f(x) for almost all z € (0,10). Let
F(z) = [ fdm and Fy(z) = [ fudm. Prove that

n—o0

10 10
\ (f + FYdm < liminf | (f. + F.)dm.
0 0
We apply Fatou's Lemma twice. First,
F(z) = ,\. fdm= \ liminf f, dm < lim Em\ fodm = liminf F,(z).
0 0 0

Second,

10 10
\ Q.TWESM\ (f +liminf F,,) dm
0 0

10
\ lim inf(f, + F,) dm
0
10
irint \ (fa + Fy) dm.
0

JPE, Sept 2008. Let f € L(0,00). Prove that there is a sequence z,, — 0o such
that lim, e T f(2s) = 0.

Denote ¢ = liminf, . 7|f(z)|. If ¢ = 0, then a sequence as above exists. If
¢ > 0, then there exists A > 0 such that | f(z)| > ¢/2 for all z > A. Then

L
[ itmz [ pflam> [T fde=ce,
Ji0,00) (A,00) 2z

A

11

which contradicts the assumption f € L*(0, 00).

JPE, May 2008 and Sept 2009. Is the following true or false?

There exists a sequence {f,} of functions in L'(0, co) such that | fu(x)] < 1 for all
7 and for all n, lim,_. fu(z) = 0 for all z, and

lim fodm = 1.

"% J(0,00)

True. An example: fr = n " X,

JPE, May 2003. Ts the following true or false?

There exists a sequence {f,} of functions in L'(0,1) such that f, — 0 pointwise
and yet ,:o.: fu dm — 0.

True. An example: f,, = n*x(n-1)-

JPE, May 2008 and Oct 1991. Is the following true or false?
There exists a sequence {g,} of functions on [0, 1] such that

lim gndm =10

=2 fl0,1]
but g, () converges for no z € [0, 1].

True. See “Amazing shrinking sliding rectangles” in the class notes. Note:
in the 1991 version, the functions g, must be continuous. This requires a slight
modification of the “sliding rectangles” example.

JPE, Sept 2004. Is the following true or false?

There are measurable functions f,, n = 1,2,..., and f on [0,1] such that f,(z) —
f(z) for every z € [0,1], but bﬂ_,__ fadm > fio ) f dm.

True. Example: f, = nx 1) and f=0

12



