
6. cvičeńı
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Teorie

Podmı́nky Dobře definováno Nedefinováno

∀a ∈ {−∞} ∪ R

−∞+ a = a+ (−∞) = −∞
∞−∞

∀a ∈ {∞} ∪ R

∞+ a = a+∞ =∞
0

0

−(∞) = −∞

−(−∞) =∞

∞
∞

∀a ∈ (0,∞) ∪ {∞}
a · ∞ =∞ · a =∞ 0 · ∞

∀a ∈ (0,∞) ∪ {∞}

a · (−∞) = −∞ · a = −∞
00

∀a ∈ (−∞, 0) ∪ {−∞}
a · ∞ =∞ · a = −∞ 1∞

∀a ∈ (−∞, 0) ∪ {−∞}

a · (−∞) = (−∞) · a =∞
∞0

1/∞ = 0,

1/(−∞) = 0

1

0
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Definice 1. Necht’ {an} je posloupnost reálných č́ısel a A ∈ R. Řekneme, že A je vlastńı
limitou posloupnosti {an}, jestliže

∀ ε > 0 ∃ n0 ∈ N ∀n ≥ n0, n ∈ N : |an −A| < ε.

Znač́ıme limn→∞ an = A, lim an = A nebo an → A.
Řekneme, že posloupnost {an} má limitu rovnou ∞, jestliže

∀K ∈ R ∃n0 ∈ N ∀n ∈ N, n ≥ n0 : an > K.

Věta 2 (Aritmetika limit). Necht’ {an}n∈N a {bn}n∈N jsou dvě posloupnosti reálných
č́ısel a necht’ limn→∞ an = A ∈ R∗ a limn→∞ bn = B ∈ R∗. Pak plat́ı:

(a) limn→∞ (an + bn) = A+B,

(b) limn→∞ (an · bn) = A ·B,

(c) limn→∞
an
bn

= A
B , jsou-li pravé strany definovány.

Věta 3 (O dvou policajtech). Necht’ {an}n∈N, {bn}n∈N a {cn}n∈N jsou tři posloupnosti
reálných č́ısel, splňuj́ıćı

(i) ∃ n0 ∈ N ∀n ∈ N, n ≥ n0 : an ≤ cn ≤ bn,

(ii) limn→∞ an = lim bn = A ∈ R.

Pak
lim cn = A.

Věta 4 (O limitě součinu omezené a mizej́ıćı posloupnosti). Necht’ {an}n∈N a {bn}n∈N
jsou dvě posloupnosti reálných č́ısel, necht’ limn→∞ an = 0 a {bn} je omezená. Pak

lim
n→∞

(an · bn) = 0.

Hinty

A2 −B2 = (A−B)(A+B)

A3 −B3 = (A−B)(A2 +AB +B2)

An −Bn = (A−B)(An−1 +An−2B +An−3B2 + . . .+A2Bn−3 +ABn−2 +Bn−1)

(A+B)n = An +

(
n

1

)
An−1B

(
n

2

)
Am−2B2 + · · ·+Bn

1 + 2 + · · ·+ n = n(n+ 1)/2

12 + 22 + . . .+ n2 = n(n+ 1)(2n+ 1)
∞∑
n=0

an =
1

1− a

1

k(k + 1)
=

1

k
− 1

k + 1
1− 1

k2
=
k2 − 1

k2
=

(k − 1)(k + 1)

k2

lim
n→∞

1

2

3

4

5

6
· · · 2n− 1

2n
≤ 1√

2n+ 1
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Př́ıklady

1. Určete limity

(a)

lim
n→∞

n

(b)

lim
n→∞

n2

(c)

lim
n→∞

√
n

(d)

lim
n→∞

1

n

(e)

lim
n→∞

1

n2

(f)

lim
n→∞

1√
n

(g)

lim
n→∞

en

(h)

lim
n→∞

e−n

(i)

lim
n→∞

lnn

(j)

lim
n→∞

(
1

2

)n

(k)

lim
n→∞

2n

(l)

lim
n→∞

n!

2. Určete limity

(a)

(−1)n

(b)

(−1)nn

(c)

(−1)n
1

n

(d)

cos(πn)
√
n

3. Spočtěte limity

(a)

lim
n→∞

−n8 + 2n3 − 4

(b)

lim
n→∞

2n5 + 2n− 7

n5 − 6n2 + 4

(c)

lim
n→∞

5n3 + n− 5

n2 + 8

(d)

lim
n→∞

3
√
n2

n+ 1

4. Spočtěte limitu

(a)

lim
n→∞

√
n+ 2 +

√
n

(b)

lim
n→∞

√
n+ 2−

√
n

(c)

lim
n→∞

√
n2 + 1

n

(d)

lim
n→∞

√
n− 1−

√
n√

n2 − 3−
√

(n+ 2)2
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5. Spočtěte limity

(a)

lim
n→∞

{
1 + 2 + . . .+ n

n+ 2
− n

2

}
(b)

lim
n→∞

{
12 + 22 + . . .+ n2

n3

}

(c)

lim
n→∞

n∑
k=1

1

k(k + 1)

Bonus

6. Spočtěte limity

(a)

lim
n→∞

(n+ 4)100 − (n+ 3)100

(n+ 2)100 − n100

(b)

lim
n→∞

1 + a+ · · ·+ an

1 + b+ · · ·+ bn
, kde|a|, |b| < 1

(c)
lim
n→∞

3
√
n+ 1− 3

√
n

(d)

lim
n→∞

(−1)n
√
n(
√
n+ 1−

√
n)

(e)

lim
n→∞

3
√
n3 + 1−

√
n2 + 1

(f)

lim
n→∞

3
√
n2 + 7− 3

√
n2 + 1

3
√
n2 + 6− 3

√
n2

(g)

lim
n→∞

(
1− 1

22

)
·
(

1− 1

32

)
· · ·
(

1− 1

n2

)
(h)

lim
n→∞

1

2

3

4

5

6
· · · 2n− 1

2n
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