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Teorie

Véta 1 (Integrace per partes). Necht I je neprazdny otevieny interval a funkce f je
spojitd na I. Nechtf F' je primitivni funkce k f na I a G je primitivni funkce ke g na I.

Pak plati
/g(x)F(x)d:c =G(x)F(x) — /G(m)f(:c)da: na /.
Priklady
1. f(x)=ze™"
Reseni: Per partes: v =e %, u=—e %, v=ux v = 1.
/xe_m dr = [—xe_w] — /—e_m dr € —ge® — @
2. f(x) =zcosx

Reseni: Per partes: v’ = cosx, u =sinxz, v =z, v = 1.

. . C .
/accosacdm: [« sin z] —/Slnxdx:xsma:—l—cosw

. f(z)=Inz

Reseni:
Polozme v/ = 1, v = Inz. Potom u = [1dz =z av' = (Inz)’ = 1 a pouzitim
vztahu pro integraci per partes dostavame

1
/lnxd:n: [xlnm]—/w-dnglnx—x

X

. f(z) =sinzIn(tg =)

~ ., . A _ _ !/ 1 1 _
ResSeni: Per partes: v’ = sinz, u = —cosz, v = In(tg x), v = tg vcoslz
1

sinzcosx”

/sinxln(tg x)dr = —coszIn(tg ) —|—/ dz € — coszIn(tg =) + In ‘tg g‘

sin x

. f(z) = arctan x

Reseni:



_1
1+x2°

/1 -arctan x dr = [rarctan z] — /

Per partes: ' =1, u = z, v = arctan x, v’ =

x
1+ 22

dr =
Substituce y = 1 + 2.

1 /1 1 1
= zarctan r — 5 / —dy € rarctan x — 3 In|y| = zarctan x — 5 In(1 + 2?)
Y

C fz) = 2?e ™

Reseni:
Prvni per partes: v/ = 6_2:0, U= —%6_27”, v = 932, v = 2z.
2 _—2x 1 2 _—2x 2x
e dr = —5515'6 + | we dr =
Druhé per partes: v/ = e 2%, u = —%6_2“@, v=ux,v =1.
I 9 9 g 1 —2z c 14 | 1 -2
=—z-x'e T+ |—cwe +- [ e dr=—=xe ™ — —xe T —— [ e
2 2 2 2 2 4
. f(z) = 2®sin 2z
Resenti:
Prvni per partes: v’ =sin2z, u = —2 cos 2z, v = 2%, v = 2x.

2
2 . 1,
z°sin 2 dox = —5:1: cos2x| + [ xcos2x =

Druhé per partes: v’ = cos 2z, u = %sin 20, v =z, v = 1.

1 1 1 1 1 1
= —ixz cos 2x + {233 sin 24 ~5 /sin 9z da £ —5332 cos 2x + 5% sin 2x + 1 cos 2x
. f(z) = arcsin x

Reseni:

Per partes: v =1, u = x, v = arcsin z, v/ = -
—T

/1 in xdx = [zarcsi ]/ L4
-arcsin z dz = [zarcsin 2] — [ ——— dz =
V1 — 22

Substituce y = 1 — 2.

. 1 / 1 c . )
= garcsin  + = | — dy = zarcsin x + /y = zarcsin x + /1 — 22
2] VY



10.

11.

12.

13.

. f(z) = arctan /z

ResSeni: Per partes: ' =1, u = z + 1 (mnohem vyhodnéjsi nez mechanické z),
_ r_ 1 1
v = arctan \/z, v/ = Tz 2y

1
/arctan Vadz = [(z + 1)arctan /x| — / ﬁdx g (x + 1)arctan v/z — /z
f(z)=2"Inz, n# -1
Resen:

Polozme v’ = 2", v = Inz. Potom v = 2" /n+1av = % Integrace per partes

dava
n+1 n n+1 n+1
/x"ln:pdaz:x lna:—/ T da:gx lnx—xi
n+1 n+1 n+1 (n+1)2

flx) = zle
Resenti:

Provedeme substituci y = 2. Pak dy = 2z dx a plati

1
/:c?’exz do = 3 /yey dy =

Nyni aplikujeme per partes: v/ =e ¥, u=—e Y, v=y, v = 1.

2 2

= [—ye Y] + /e_y dy £ —ye ¥ —e ¥ =~z —e77

f(2) = Valn?a

R eSeni: 7 c ol — _2.3/2 1.2 ’_ 1
Reseni: Prvni per partes: ' = /x, u = g:c/ ,v=In"x, v =2Inx.

/ﬁIDQxdx: [§x3/21n2:ﬁ} —/gxl/anzL‘d:z::

/2, _ %x3/2

Druhé per partes: v’ = %x U y,v=Inz, v =1/x.

2 327 2 4 39 4 172, C2 39, 9 4 30 8 372
|:3.’E n-Tr 92[,' nr| + 91’ dx 3$ n-x 9.’E nx + 27$

f(z) = xarctan x

22

Reseni: Per partes: v/ =z, u = %, v = arctan x, v/ = —L

2 122"
1 1 2 1 1 241-1
/:Uarctan rdr = iwzarctan 3:—2/ T f_ > dr = §x2arctan x—§ / xl—i_T dx =
1 1 1 1 1 1
= §x2arctan xr — 2/ <1 — M) dzx g §x2arctan T — 5:): + §arctan x



14. f(z) = z%arccos

1
1—x

2 _ oz _ I _
, U= 5, U =arccos r, v’ = —

Reseni: Per partes: v = x >.

3 1 .iU3
/anrccos rdr = x—arccos | + = / ——dx =
3 3 ) V1= 2

Substituce y = 1 — 22, odkud plyne dy = —2zdx a 22> =1 —y.

3 1 —1 3 1 1
:%arccosx%—f ydy:xarccosx—i—/(\f—) dyg

6J vy 3 6 VY
3 1 1 3 1 1
g %arccos x+ §y3/2 - gyl/Z = %arccos x + §(1 — 2?32 — g(l — )2
arcsin x

SP Py o1 _ 1 . r_ 1
Reseni: Per partes: u' = -5, u = —2, v =arcsin z, v' = it

/arcsin T d 1 . +/ 1 1 d
—————dx = |——arcsin z ———dx =
x2 x x m

Substituce y = v/1 — 22. Potom dy = \/1%7 dr a z? =1—y>.

1 . _'_/ 1 1 d 1 . +/ 1 d C

= ——arcsin z ————dx = ——arcsin z =
T /1 — 12 x 1—92 Y
¢ 1 . 1Lo14y 1 1. 14++V1—22
= ——arcsinz + = In =——arcsinzx+ —Iln ————

2 1-y x 2 1-vV1-—2a?

16. f(z) =1In(x + V1 +2?)
Reseni: Per partes: o/ =1, u =z, v =In(z + 1+ 22), v/ =

1+x2°

/1-ln(x+ 1+:r2> de = [:L‘ln(x—l— 1+x2)}—/\/ﬁjdmgmln(a}+\/l+m2>—\/l+x2

Poslednf integral lze pocitat napt. substituci y = 1 4 2.

14z
17. =zl
f(z) zln—
Reseni: Per partes: u’:x,u:xg,vzln%_—i, U’:ljx2
1+z 1, 14z 1 x? 1o 142 1 f22-1+1
/“‘1— S Sl g 2/1—2:” 9 M 2/ 122




18. f(x) =sin(Inz)

Reseni: Pouzijeme integraci per partes, polozme v' = 1, u = sin(lnz). Potom
v=uxau =cos(Inz)- 1. Dostaneme, ze

/ 1-sin(lnz) = zsin(lnzx) — /cos(ln x)dx =
Nyni pouzijeme jesté jednou per partes na v/ =1 a u = cos(Inz) a dostaneme
/ 1-sin(Inz) = zsin(lnzx) — / cos(Inz) dx = zsin(lnx) —z cos(lnz) — / sin(In x)
Prevedenim integrdlu napravo na levou stranu dostaneme, ze

2/1 -sin(In ) g zsin(Inz) — z cos(Inx)

/sin(ln x) < %x(sin(ln x) — cos(lnz))

19. f(x) = cos(Inx)

ResSeni: Pouzijeme integraci per partes, polozme v' = 1, u = cos(lnz). Potom
v=zau = —sin(lnz)- L. Dostaneme, ze

/1 -sin(lnz) = zcos(Inx) + /sin(ln x)dx =
Nynf pouzijeme jesté jednou per partes na v' =1 a u = sin(Inz) a dostaneme
/ 1-sin(lnz) = x cos(Inx) + / sin(lnz) de = x cos(lnz)+xsin(lnx) — / cos(Inx)
Prevedenim integrdlu napravo na levou stranu dostaneme, ze

2 / 1-cos(lnx) ¢ zcos(Inz) + zsin(lnx)

/ cos(lnz) £

Reseni: http://is.muni.cz/do/sci/UMS/el/analyza/pages/zakladni-integracni-metody.html
¢. 330

x(cos(Inx) + sin(ln x))

N |

20. e*sinx

21. f(x) = e* cosbx
Resent:
Proa=b=0je [€" cos(0x) dz = [1 dz € 1.



22.

Nyni predpokladejme, ze a # 0, b # 0. Pouzijeme nadvakrat integraci per partes,
exponencielu budeme derivovat a goniometrickou funkci integrovat. Plati

1 1 2
/eax cosbr doz = geax sin bx—Z/e‘w sinbx dz = —e** sin bac—i—g

b b b2

Odtud vyplyva, ze
14+ aj /e‘” cos bx dzx ¢ le‘” sin bx + ge‘” cos bz
b2 b b2

ax

C . a .
/ e cosbr do = e sinbr+—5———=e"" cosbr = bsin bz + a cos bx)
a

s
+ b2 a? + b2
Lehko se ovéri, ze vysledek plati i pro b = 0, pokud a # 0, a také pro a = 0, pokud
b # 0.
f(x) = e*sinbx
Resenti:
Pro b =0 je [e*sin(0z) dz = [0 dx .

Nyni predpoklddejme, ze a # 0, b # 0. Pouzijeme nadvakrat integraci per partes,
exponencielu budeme derivovat a goniometrickou funkci integrovat. Plati

a? + b?

1 1 2
/ea‘” sinbx dz = —ge‘” cos bx+% /e‘“ cosbx dx = —gea‘” cos bx+%eax sin bx—Z—z / e sin bx dz.

Odtud vyplyva, ze

2
1
<1 + ZZ> /eax sin bz dz € —ge“m cos bz + l%em sin bx

/e‘” sin bz dz £ —Le‘” cos bx—l—Le‘“ sin br = e (
a? + b? a? + b? a? + b2

asinbx — bcos bx)

Lehko se ovéri, ze vysledek plati i pro a = 0, pokud b # 0.

a
5 e cosbrz——= [ e* cosbx dz.



