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Piiklady
7.
lim 232 (Vz+1+vz—1-2/z)

F—-too

ReZeni: ProtoZe na rozvijenf v nekonefnu nemdrme vztahy, provedeme substituci
Y= % a dostaneme

lim 33/2(\/m+1+\/$— —2\/E)= lim y—3/2(\/1+1+\/1_1_2\/1)=
x—¥-|-oo y—0+ Y Y Yy
= 1im v (VIity+vI—y-2) =

y—0+
a nyni rozgvineme obé& odmocniny do druhého fidu

= lim vy | (1+ ly + ) (_%)f +o(y*)) + (1 - Lyt 29 (_%)13 +oy*))-2) =
y—0+ 2 2! 2 2!
1 1
= li —— 1} ) =—= =—=
y—l)0+( g ol )) 0=
8.
lim /a6 4 25 — v/ab — 28
r—+
Reseni:
Provedeme substituci y = 1.
; 1 1 & — 1=
lim /28 + 25— /26 — 25 = lim m\l’/1+——m\ﬁ/1——= lim +Y y
T—+00 T—400 T x y—04+ Y
a nyn{ rozvineme odmocniny v &itateli, sta&l do prvniho fadu
I+2y+o)—(1—3y+o 1 1 1
_ ol EFEto) - (-gytoly) 1ol 1, 1
y—0-+ Y 3 y=0+ oy 3 3
9.

lim [(553 —2y f) VT b 4 1
=400 2

Resenf: Provedeme substituci y = é

lim [(m3—12+§)61/“’— m:5+1]= lim L —

=400



10.

11.

a nyni rozvineme exponencielu a odmocninu v &itateli do tfetiho fadu

2 3
. (I-y+ 5 1 +y+5 + % +0(y®) — 1+ oy
y—0- Y

2 3 3
O C ek b /00 ik il el 1 0 el i 0
_y—%l-i- 3

Hm [z —z%In (1 + l)]
T—r4o0 T

Reseni: Provedeme substituci y = 1.

lim [x—m2ln(1+-1-)] = lim [l—élé-ln(l-%-y)] =

T—00 T y—=0+ | ¥

a nyni rozvineme logaritmus do druhého fadu

y=0+ |y y? 2

1 1 1
=l - — = - = -
[ ow] =

lim Vi+igz —+1+sinz

=0 73
Reseni:
ProtoZe jmenovatel je tietiho fadu, budeme hledat rozvoj Eitatele do tietiho Fadu.
Je
x? 3
tg‘3;=w+?+o(a: )
odkud vyplyva
1 el 4 el 1yl_2
Vvittga=1+ Etga:-%- 2—(—22‘—)tg 2m+2’(23—)|(2)tg3m+0(;c3) =
— 1 la_ Yo 1 4 3
=1+ 2w+6$ e + 6F + o(z”)

Na druhou stranu

1-1) M- -2)

1 i
\/1+sin33=1—i——2—sinm+%sin2w+2 T sin®z + o(z?) =



12.

13.

14.

odkud vy

plyva, Ze

1 1
V1+igz~V1+sing = (—+-—-)m3+o(ax3)=

a tedy
l1+tgx—+/1+sinz 1
lim vitte vi+ = -
z—0 w3
cos{ze™} —cos{ze™ x
z—(0 &
Reseni: Zfejma stadl rozvést Gitatel do tfetiho Fadu.
. cos{ze®) —cos(ze~z) . 1—3x%e®® — (1 - $22e72) + o(z®)
lim 3 = lim 3 =
z—0 I z—+Q x©
-2z 2z 3
. e —¢ oz
= lim + (2°) = =24 0= -2,
20 2x 3
632-!-534 _ 63:2—3z‘1
im
z—0 (cosz — 1){cosh £ — 1)
Reseni:

Protoze plati

cosz—1 1 ) coshm—l_l

im ———— = —=, lim ———ee— =

z—0 22 2 z—0 12

pak, existuje-li limita napravo, plat{

ea:2+5:r:4 _ 63:2—31:4 ea:z+5a:4 _
= lim —4

2_am4
&% 3T

i
bt (cosz — 1) (coshz — 1) =z-0 z4

staéi tedy rozvést citatel do étvrtého stupné. Tak dostaneme

= lim —4
z-0

ResSenti:

(1422 52 + ) — (L+22 - 32* + ) + o(z)

T4

o sinh (tg z) — =
x—0 a3

= lim —
0

48:1:‘l + ofz?)

4

= —-32.



Citatel musime rozvést do tfetiho fédu. Plati, ze

) T _etEz 1+tgm+§g¥+’—’g¥+o(w3)—(l—tgw+Egzﬁ—Eg—;£+o($3))
sinh (tg z) = 5 = 5 —

3
:tgm+tg6—$+o(m3)

dostavame tak

3
inh (t - tg z+ B F — g+ of2? tg z — ltegd 3
sinh (tg z) T i U8 5 ( )=1im gz—z, . ltg $+limo(m)=
T—0 z &—0 z3 0 33 =06 3  aob oz
A dale plati, Ze
by = sing _ m—zi/3!+o(:ﬂ:) _
cosz  1—x2/2+ o(z?)
3 w2
g 4 ol 3yyk
=(z—p+ol@”)- ) (5 +olz))" =
k=0
3 3
T x 1
=m—F+E+o(m3)=w+§$3+o(m3)
a proto dostaneme, Ze
_ 3 3
T Sk NS AP0
£—0 x =06 x—0 T
L3 3 3 3
_nogeitole) o ltgle L ofe®) 1 1 _1
:il—% x3 +:11:1—r06 z3 +al:1—IE1 3 “3+6+0—2'

T~ (a+bcosz)sinz
zd -

0.

. Najdéte a,b € R tak, aby lim
x—0

Reseni:

Plati

3 3
z—asine —bsinzcosz=z—a (:1:— %—+o(m4)> - % (22— (2:) +o(m4)) =

=z aw+am3 bm+4bx3
B 6 6

Aby limita byla nulovi, musi byt pro kaZzdé « z ngjakého okeli nuly (a tedy vsude)

+ ofz").

zT—ar—br=0 = 1—a—-0=0

3 4 3
%—1—%”:0 — a+4b=0

Odtud médme a = —4bal+4b—b=0,tedy b=-3 aa=1%.
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16.

17.

T —
im (1+x)*-1
z—0 x

ReZeni:

Je (1 + z)® = e*1{1+2) 4 rozvoj je
. 3
P In(1+a) _ em(z—%+o(z2)) — e:c2—w“/2+o(x3) =1+g%— % +G(:I:3) — 1+$2 +0($2)’

tudiz
(1+z)f*-1= e:cln(1+:c) -] =2 +O($2),

hledané n je rovno dvéma a plati

1 T _ 2 2
lim(_w=ﬁmm__’__o(_$)=1_

T+ x z—0 x2

2 oy 12 .
lim In%(1 + sinz) — In*(1 + arcsin z)

—0 n

Reseni:
Porovndme rozvoje funkci sinz a arcsin z a zjistime prvni len, kde se ligi. Ten
bude uréujict.

3 3

z z
sinm::c—€+o($3), a,rcsin.'n=$+-6—+o(m3').

Odtud vidime, Ze pravdépodobné budeme muset rozvijet do tietiho fadu. Je

2,3

(L +y) =y - 5+ %+ o),
a proto
1n(1+m:|:x—+o(:r:3)) —{z+> + o{z®) |--{z & T r oz®) ) +-{z S o(z%) ] +o(z*) =

6 6 2 6 3 6
3

=x— %wz + %— + 3:1:3 + o(z"),

z tehoZ vyplyva, Ze
3 4
In*(1+z+ % +o(z®) =22 — 2 + i—a:“ + %— + o(z*).

Nenf tteba pokradovat do vy&sich mocnin, hledali jsme prvni ¢len, kde se rozvoje
budou ligit. Odtud vyplyvd

3 3
In%(1+sin z)—In?(1+aresin z) = In?(1+z— %+0(:{:3))—]n2(1+$+%+o($3)) =



24 4
= (.’172 -z 4 -}4-3:4 - % + o($4)) —(3:2 -1+ irf:‘i + % + o(a:4)) = —§m4+o(m4).

Odtud vyplyva, Ze hledané n = 4 a plati

In%(1 +sinz) — In?(1 +aresin ) . —3z* + o(z?)
lim 7} = lim Z =—=.
z—0 T z—0 x 3




EXAMPLE 2 Find the sums of the following series:

1 1 1 1 1 1 1 1
—_ L S = D == 1— 4+ = —Z 4 = —
@ 1-S+3-7+¢ (b) st 77F5
SOLUTION
(a) Recall that
' T x T T
.’L‘—E-I-E—Z'Fg— - = In{l +z).
Substituting in & = 1 yields
1 1 1 1
1—§+§"—1+5— —111(2).
{b) Recall that
T E_ZL 2 !
r-gtr Tty tan~"{x).
Substituting in z = 1 yields
1 1 1 1 -1 I
— = - - = = = —,
375777y (1) = 3
This is known as the Gregory-Leibniz formula for 7. |

Limits Using Power Series

When taking a limit as z — 0, you can often simplify things by substituting in a power series that
you know.

EXAMPLE 3 Evaluate 1irr(1) M.

3

SOLUTION  We simply plug in the Taylor series for sin z:

. sinz—x , 3! 51 7!
lim ——— = lim
z—0 :[:3 ] :L'S
1 3, 1 5 7
~= + =T - =z +
— lim 3! 5! - 7!
0 T



. $263:
EXAMPLE 4 Evaluate lim

a—bcosz — 1

SOLUTION We simply plug in the Taylor series for e” and cos

x2(1+z+1m2+---)

. 12e” . 2
lmt]l cosx —1 = lm(]) 1 1 1
r— -_ L=t _ 2 - d__ 6__' _
(1 5% +4!m Pk ) 1
2 3, 1 4
r+z+ x4
= lim
=01y 1 4 6
I
1 4
= lim = = —2 [ |

Sometimes a limit will involve a more complicated function, and you must determine the Taylor
series:

EXAMPLE 5 Evaluate lim "oos®).

o—{ €T
SOLUTION Using the Taylor series formula, the first few terms of the Taylor series for
In{cos z) are:

1
In(cosz) = ——§$2 - 11.2.;34 4o

(Really, we only need that first term.) Therefore,

Lo Loy
. In{cos z) .27 T 19 R S 1
lim—"2— = In pe> = lm—5 - @'+ = -5 u

Limits as z — a can be obtained using a Taylor series centered at z = a:

EXAMPLE 6 Evaluate lin} x—h-l_il

SOLUTION Recall that

Inz = (x—1) — %(3—1)2 4 %(3;_1)3 s



Plugging this in gives

1 2, 1 3
| (E=1) = @1 + ~(z—1)° = ---
BT _ Jim 2 3

1m
—=1igo;—1 o—1 r—1

. 1 1 2 _
}Ggl}(l—g(wml)+§(w-1) +) =1 n

Taylor Polynomials

A partial sum of a Taylor series is called a Taylor polynomial. For example, the Taylor
polynomials for e* are:

To(z) =1
Ty(z) = 1+=z

1
Ty(z) = 1+ + 53:2

1
Ta(z) = 1+ x + =2 + 22

You can approximate any function f{x) by its Taylor pelynomial:
f(z) = Tn(z)

If you use the Taylor polynomial centered at a, then the approximation will be particularly good
near t = a.

TAYLOR POLYNOMIALS

Let f(x) be a function. The Taylor polynomials for f(z) centered at z = a are;

To(z) = f(a)
Ti(z) = f(a) + (@) (z )
L(z) = £(a) + fla)w—a) + LDz oy

You can approximate f(x) using a Taylor polynomial.




6 Applications

The first application of Taylor polynornials is to the calculation of limits of functions and sequences.
Through limit comparison for improper integrals and series and the root/ratio test, Taylor poly-
nomials become a very powerful tool to study the convergence of improper integrals and series.

Example 6.1. We start from the motivating example of the first section:

sinz—z+2c | 2+0@)-z+22°
lim ——————— = lim = lim
z—0 2 z—0 2 z—0

O(z?) + 229
EACH bk 42z = I —777
5 lﬂ;mO(l) 2z al:m%] Q(1) =777

We have ended up with an O(1), this means that the precision doesn’t suffice. We try to take a
better approximation of sinx:
sinz — z + 228 z— % +0(z*) — z + 22°

. . C0@EY+ %923
lim ——— = lim 3 = lim —
-0 T x—0 T z—0 T

11
=z 2 —I =
—alclrrbO(I}+6:L 0

Note that in the previous example we could have used de I'Hépital twice and get the same
result:
. sing — z + 2% . cosx—1+62 . —sinz+6
lim ————— = lim ——————— = lim ————— =0
z—0 z2 z—0 2z z—0 2

Sometimes, however, the method of de I'Hopital will lead to very complicated formulas. The
following example illustrates this:

Example 6.2. Consider the limit

tim cos(z) sin(z In{1 + x))

z—0 2

The derivative of the numerator alone is:

—sin(z) sin{z In(1 + z)) + cos(z) cos(z n(1 + z)) (ln(l +z)+ Hiﬂ)
and this still tends to 0 as z approaches 0. So to compute the original limit we would have to
differentiate the above formula once more, making it very easy to do mistakes. Instead, we can use
the big O notation as follows:

cos(z) sin(z In(1 + x)) = (1 + O(z?)) (zIn(l + =) + O(z*n3(1 +2))) =

(1+0(z%) (2(z + O@z?)) + 0(z%)) = (1 +0(z"))(e* + O(z*)) = 2® + O(=%),
50 we obtain: 2, O3
T ) 2(“’ )~ lim 14 0() = 1.
z—0 T z—0
Caveat: expanding a composition of functions can be tricky. In the previous example we had
to calculate sin(z In(1 + z)). In the example we have decided to expand sine first, and then log.
In general it is faster to expand the inner function first, but it's also more delicate. Suppose we
wanted to expand sin(In(1 + z)) up to O(z*):

sin{In{1 + z)) = sin(z + O(z?)) =z + O(z®) + ...

10



no metter how much you expand sine you cannot improve O(z?). To reach the precision of O(z?)
we first need to expand log up to O{z?):

. : z? | z? 4 22 z? o 1 72 B RE
sm(ln(1+w))_.sm(1:~—2—+F—|~O(:ﬂ))—:c—?+—3—+0(:c)—E(m—?+—3—+0(m)) =
2

3
Cen T L Ot - 2o
=g 2—}—3—t~0(m) &%

In the expansion of sine we cannot stop at the first order, we have to calculate any order that

contributes monomials up to degree four. In this specific case we need to calculate the third order
but we don’t need to take any higher order.

Example 6.3.
. log(l + zarctanz) — e +1
lim

z—0 V1itat-1

We can try to solve the limit just by taking Taylor polynomials of length 1:

log(1+ z(z + O(&®)) -1 -2 + Oz*) +1 _

=25 1zt + O(28)
— lim log(1 + 2% + 0(z?))) -2 + O(z*) _
e 374+ 0(28) B
240 + 02+ 0(x*)?) — 2 + 0
= lim 1 =
x—0 sod + O(z?)

R CIC.) M T L)

. S S— —_— =777
z—+0 %az‘i +0(z8) =20 14+ 0(z?)

The calculation is-inconclusive because we have O(1) at the numerator. This means that we have
to increase the precision of the numerator:

log(1 + z(z — §a® + O(z%))) - 2% - 3zt + O(2°)

= Tii+ 0(z®) N

— lim % — %m‘l + O(«8) - %(mz - %w‘l + O(2%))% + O(z8) — 22 — %:r:4 + O(z®) _
0 Lot + 0(«?)

— lm izt~ 52t — gzt + () _
@0 1zt + O(«8)

_ o 3O 8
2=0 &+ O(z%) 3

In the calculation we have used the following expansions:
arctanz = x — %w:" + O(z%)
e =1+22+ %m‘* +0(z®
log(l+z)=2— %xz +0(z%)
Vidzt=1+4 %m4+0(m8)
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