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Př́ıklady

4. ∫
M
zdA

kde M := {[x, y, z] ∈ R3; x
2

4 + y2

9 + z2 ≤ 2z}
elipsoid, sférické s posunut́ım

5. ∫
M

√
x2 + y2dA

kde M := {[x, y, z] ∈ R3;x2 + y2 ≤ z ≤ 1}
paraboloid

6. ∫
M
x2 + y2 + z2dA

kde M := {[x, y, z] ∈ R3;x2 + y2 + z2 ≤ 2az, x2 + y2 ≤ 3z2}
kužel, sférické

7. Spočtěte mı́ru množiny M kde M := {[x, y, z] ∈ R3;−1 < x < 1, z > 0, y2 + z2 ≤
1}
položený válec

8. ∫
M
zdA

kde M := {[x, y, z] ∈ R3; 0 ≤ z ≤ 4− 2
√
x2 + y2}

kužel na podlaze

9. Spočtěte objem tělesa ohraničeného plochou (anuloid - torus) kde M := {[x, y, z] ∈
R3; (

√
x2 + y2 − a)2 + z2 = b2}, 0 < b < a.

anuloid, cylindrické

10. Spočtěte objem tělesa určeného vztahy kde M := {[x, y, z] ∈ R3;x2 + y2 ≤ z2, 1 ≤
x2 + y2 + z2 ≤ 4, z ≥ 0}
muffin, sférické



11. Spočtěte objem tělesa určeného vztahy

M := {[x, y, z] ∈ R3;x2 + y2 + z2 ≤ 16;x2 + y2 ≤ 4y}

Vivianiho okénko, cylindrické

12. Spočtěte objem tělesa určeného vztahy M := {[x, y, z] ∈ R3;
√
x2 + y2 ≤ z ≤

6− (x2 + y2)}
kornout se zmrzlinou

1. Určete objem tělesa ohraničeného plochami z = 2(x2 + y2), z2 = 16(x2 + y2).

2. Určete objem tělesa ohraničeného plochami (z − 2)2 = x2/3 + y2/2, z = 0.

3. Určete objem tělesa ohraničeného plochami z = x2 + y2 + 4, x − y = 2, x = 0,
y = 0, z = 0.

4. Určete obsah rovinného obrazce ohraničeného křivkou x3 + y3 = 3axy, a > 0.

5. Určete obsah rovinného obrazce ohraničeného asteroidou x2/3+y2/3 = a2/3, a > 0.

Výsledky

4. 8π;

pro x = 2r cos γ cosβ, y =
3r cos γ sinβ, z = 1 + r sin γ jest
0 < r < 1.

5. 4π/15;

cylindrické, 0 < r < 1, z ∈ (r2, 1)

6. 21πa5/10;

sférické, γ ∈ (π/6, π2 ), r ∈
(0, 2a sin γ)

7. π;

cylindrické, x = x, y = r cosα, z =
r sinα, −1 < x < 1, 0 < r < 1,
0 < α < π.

8. 16π/3;

cylindrické, r < 2, z ∈ (0, 4− 2r),

9. 2π2ab2;

cylindrické, α ∈ (0, 2π),
r ∈ (a − b, a + b), z ∈
(−
√
b2 − (r − a)2,

√
b2 − (r − a)2)

10. 7π(2−
√

2)/3;

sférické, r ∈ (1, 2), γ ∈ (0, π/4)

11. −256
3

(
2
3 −

π
2

)
;

cylindrické, α ∈ (0, π), r ∈ (0, sinα),
z ∈ (−

√
16− r2,

√
16− r2)

12. 32π/3;

cylindrické, r < 2, z ∈ (r, 6− r2)

1. 16π/3

cylindrické, 0 < r < 2, 2r2 < z < 4r

2. 8π
√

6/3

zobecněné cylindrické, x =√
3r cosα, y =

√
2r sinα, r < 2− z

3. 32/3

žádná substituce, 0 < x < 2, x− 2 <

y < 0, 0 < z < x2 + y2 + 4

4. 3a2/2

polárńı, 0 < α < π
2 , 0 < r <

3a cosα sinα
cos3 α+sin3 α

5. 3πa2/8;

x = r cos3 α, y = r3 sinα, J =
3r sinα cos2 α


