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Teorie

Bud’ R(·, ·) racionálńı funkce dvou proměnných.

1. Jestliže R(sinx,− cosx) = −R(sinx, cosx), potom lze už́ıt substituci t = sinx.

2. Jestliže R(− sinx, cosx) = −R(sinx, cosx), potom lze už́ıt substituci t = cosx.

3. Jestliže R(− sinx,− cosx) = R(sinx, cosx), potom lze už́ıt substituci t = tg x,
je-li x ∈ (−π

2
+ kπ, π

2
+ kπ), kde k je celé č́ıslo. Transformačńı vztahy jsou

dx =
dt

t2 + 1
, sin2 x =

t2

1 + t2
, cos2 x =

1

1 + t2
, sinx cosx =

t

1 + t2

(1)

4. Vždy lze už́ıt substituci t = tg x

2
, , je-li x ∈ (−π + 2kπ, π + 2kπ), kde k je

celé č́ıslo. Pokud ale lze už́ıt některou z výše uvedených substitućı, dáváme j́ı
přednost. Transformačńı vztahy maj́ı podobu

dx =
2dt

1 + t2
, sinx =

2t

1 + t2
, cosx =

1− t2

1 + t2
. (2)

Př́ıklady

1. f(x) =
3 sin2 x+ cos2 x

sin2 x+ 3 cos2 x

Řešeńı:

Použijeme substituci t = tg x. Pak plat́ı, že

dt

dx
=

1

cos2 x
dx = (tg 2x+ 1) dx = (t2 + 1) dx =⇒ dx =

dt

t2 + 1

Dostáváme tak, že

∫

3 sin2 x+ cos2 x

sin2 x+ 3 cos2 x
dx =

∫

3t2 + 1

t2 + 3

1

t2 + 1
dt =

který dále řeš́ıme rozkladem na parciálńı zlomky. Ve zlomku

3t2 + 1

(t2 + 3)(t2 + 1)

formálně pǐsme y mı́sto t2. Pak podle věty o rozkladu na parciálńı zlomky máme,
že

3y + 1

(y + 3)(y + 1)
=

A

y + 3
+

B

y + 1

1



3y + 1 = A(y + 1) +B(y + 3)

a dosazeńım y = −1 dostaneme, že B = −1, dosazeńım y = −3 dostaneme, že
A = 4. Plat́ı tedy, že

3t2 + 1

(t2 + 3)(t2 + 1)
=

4

t2 + 3
− 1

t2 + 1

Nyńı dokonč́ıme integraci

=

∫

3t2 + 1

t2 + 3

1

t2 + 1
dt =

∫
(

4

t2 + 3
− 1

t2 + 1

)

dt
C
=

4√
3
arctan

t√
3
− arctan t

=
4√
3
arctan

tg x√
3

− x

2. f(x) = tg 5x

Řešeńı: Použijeme substituci t = tg x. Pak plat́ı, že

dt

dx
=

1

cos2 x
dx = (tg 2x+ 1) dx = (t2 + 1) dx =⇒ dx =

dt

t2 + 1

Dostáváme tak
∫

tg 5x dx =

∫

t5

t2 + 1
dt =

∫
(

t3 − t+
t

t2 + 1

)

dt
C
=

t4

4
− t2

2
+

1

2
ln(1 + t2)

=
1

4
tg 4x− 1

2
tg 2x+

1

2
ln(1 + tg 2x)

3. f(x) =
sinx

1 + sinx

Řešeńı: Použijeme substituci t = tg x

2
. Pak plat́ı, že

dt

dx
=

1

2

1

cos2 x

2

=
tg 2 x

2
+ 1

2
=

t2 + 1

2
=⇒ dx =

2 dt

t2 + 1

a dále plat́ı

sinx = 2 sin
x

2
cos

x

2
= 2tg

x

2
cos2

x

2
=

2tg x

2

1 + tg 2 x

2

=
2t

t2 + 1

Dostáváme tak, že

∫

sinx

1 + sinx
dx =

∫

2t

t2 + 1
· 1

1 + 2t

t2+1

· 2

t2 + 1
dt =

∫

4t

(t2 + 1)(t2 + 2t+ 1)
dt

=

∫

4t

(t2 + 1(t+ 1)2
dt =

2



a nyńı postupujeme rozkladem na parciálńı zlomky, který hledáme ve tvaru

4t

(t2 + 1)(t+ 1)2
=

A

t+ 1
+

B

(t+ 1)2
+

Ct+D

t2 + 1

Odkud přenásobeńım vyplývá

4t = A(t+ 1)(t2 + 1) +B(t2 + 1) + (Ct+D)(t+ 1)2

Dosazeńım t = −1 dostaneme, že B = −2. Dosazeńım t = i dostaneme

4i = (Ci+D)(1 + i)2 = (Ci+D) · 2i

2 = Ci+D

odkud plyne, že C = 0 a D = 2. Zpětným dosazeńım dostaneme

4t = A(t+ 1)(t2 + 1)− 2(t2 + 1) + 2(t+ 1)2

a porovnáńım absolutńım člen̊u vid́ıme, že 0 = A−2+2, tedy, že A = 0. Hledaný
rozklad má tedy tvar

4t

(t2 + 1)(t+ 1)2
= − 2

(t+ 1)2
+

2

t2 + 1

Dokončeme integraci.

=

∫

4t

(t2 + 1)(t+ 1)2
= −

∫

2

(t+ 1)2
dt+

∫

2

t2 + 1
dt

C
=

2

t+ 1
+2arctan t =

2

1 + tg x

2

+x

4. f(x) =
1

cosx sin3 x

Řešeńı: Protože f(sinx, cosx) = f(− sinx,− cosx), použijeme substituci t =
tg x. Protože

dx

cosx sin3 x
=

dx

cos2 x

1

tg x

1

sin2 x
=

dt

t

(

1 +
1

t2

)

=
t2 + 1

t3
dt

dostáváme
∫

dx

cosx sin3 x
=

∫

t2 + 1

t3
dt

C
= ln |t| − 1

2
t2 = ln |tg x| − 1

2tg 2x

Podotkněme, že plat́ı

cos2 x

2 sin2 x

C
=

cos2 x

2 sin2 x
+

1

2
=

cos2 x+ sin2 x

2 sin2 x
=

1

2 sin2 x
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5. f(x) =
sin3 x

1 + 4 cos2 x+ 3 sin2 x

Řešeńı:

http://is.muni.cz/do/sci/UMS/el/analyza/pages/specialni-integracni-metody.html
392

6. f(x) =
1

1 + sin2 x

Řešeńı:

393

7. f(x) =
1

2− cosx

Řešeńı: 396

8. f(x) =
sinx

sinx− cosx

Řešeńı: 399

9. f(x) =
2− sinx

2 + cosx

Řešeńı: 400

10. f(x) =
cos3 x

2− sinx

Řešeńı: 398
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