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Teorie
tan®? t+1 = ———
+ cos?t
Priklady
Najdéte primitivni funkce na nejvétsim mozném intervalu:
L () f@)= g
. (a )= —=
(xQ + 1)3

Reseni: Zlomek jiz mame piipraven ve tvaru vhodném k integraci. Pouzijeme
substituci x = tg t. Dostaneme, zZe

| @y

d / 1 dt
xr =
(tg 2t + 1) cos? t

1 2t 1 2t
:/cos4tdt:/ +C208 +C20$ de

= i/(l—i—Qcoth—i—cosQQt)dt: i/ <1+2C082t+1—’—c2084t> dt
:1/(3+4c082t+cos4t)d §15—F1s1n27§+ism47§
8 8 4 32
= §IH—lsintcost—kisin2t(2coth—1)
8 2 16
3 z 2
B e P 16x2+1 <w2—|—1 >
§aulrctan T+ - i lx(l _1:2) = § arctan r + 1M
8 277+1 B@@+12 8 8 (22 +1)2
(b) f(z) = 2?4+ 3z —2
(x —1D)(22+z+1)?
Reseni: Rozklad na parcialni zlomky hleddme ve tvaru
2?4+ 3z —2 A Bx+C de+ FE
(:L‘—l)(x2—|—x+1)2_:U—1+x2+w+1 (242 +1)2

Pfenasobenim jmenovatelem dostaneme vztah

2?43z -2=A@?+2+1)°+(Bx+C)2?+z+1)(z—1)+ (dz+E)(z—1)

Roznasobenim pravé strany mame

22432—2 = A—C—E+2Ax—Bx—Dax+Ex+3Ax*+Da?+2A23+Ca®+ Ax* + Ba*



odkud porovndnim koeficientu dostaneme, ze

2 2 4 1 8
A—§,B——§,C——§,D—§,E—§

Hledany rozklad ma tedy tvar

2+ 3z —2 _ 21 2 z+2 1 T+ 8
(z—D(z2+x+1)2 9x—1 9224+z+1 3(z2+x+1)2

Jednotlivé zlomky budeme integrovat zvlast. Plati, ze

2 1 2
/ dnglnpc—l]

9x —1 9

2 x+2 1 2c+1 1 1
S [ T e N S
9 ) 2242x+1 9) 22+x+1 3) 2242x+1
C

1 2 2 1
= —§ln(ac2 + 2+ 1) — —=arctan vt

33 V3

1o

a nakonec

1/ T+ 8 d 1/ 2z +1 d +5/ 1 d
— S — €T = — _— €T — —_—mm Tr =
3) (x24+2x+1)2 6/ (2242x+1)2 2) (22+x+1)2

(Druhy integréal poc¢itdme prevedenim jmenovatele na kanonicky tvar (x +
)2+ 2 = 3[(2£)2 1 1] a substitucf 22 = tg t.)

Q

V3 3
cbH 2zx+1 n 10 ¢ 2z +1
== arctan
6224+x+1 33 V3
Dohromady dostaneme po uprave
/ x? + 3z — 2 d cl bx+2 N 8 " 2 +1 (x —1)2
x == arctan n
(x —1)(x2+x+1)2 3x2+x+1 33 V3 ?2+r+1

22 +1
(©) 1) = e

Reseni: Jmenovatel lze rozlozit na souéin kvadratickych trojélent
(*+ 22+ 12 =@ +z+1)%(2? — 2+ 1)?
7 toho vyplyva, ze rozklad na parcialni zlomky hleddme ve tvaru

241 Ax + B Cx+ D Kr+ L Mz + N

(zt+224+1)2 2242+1 (@24z+1)2 22—2+1 (22 -2+ 1)2

Napiiklad metodou neurcitych koeficientti dostaneme, ze

A=B=C=D:L:N:ia K:M:_i



Integraci jednotlivych zlomku dostaneme po tpravédch

e &
422+ x+1 4/3 V3
2z

1 1 1 2 1 1
/ T dz £ arctan vt +§ln(x2+x+1)

/1 r+1 q 1 ¢ + n 1 z-1
——————— dr = ——=arctan —
4 (x> +x+1)2 63 V3 12224+ 241

1 -1 1 20 -1 1
/ ’ dz £ arctan — —gln(mQ—x—i—l)

[a—

1Q

42— p 41 m_4\/§ V3

/ 1 r—1 d c 1 ¢ 2z — 1 1 r+1
————————— do = ——=arctan - —
4 (22 —x+1)2 6v/3 V3 1222 —z+1

Sectenim a Upravami dostaneme, ze

/de

(xt 4+ 2241)2

¢ 5 2¢ + 1 5 2r—1 1. 2°4+z+1 1 22241

:T\/garctanw—i—marctan 73 +§1 FR—1 6x4+x2+1
1

d - -
(@) 1@) = ey
Vysledny zlomek médme piimo ve tvaru rozkladu na parcialni

Reseni:
Provedeme jej prevedenim

zlomky, budeme tedy primo pocitat integral.
jmenovatele na Ctverec a goniometrickou substituci.

/ 1 q / 1 q 16 1 q
_—— dx = —_— A = — — = aAr =
(a2 +z+1)2 (= + )2 + 312 9 J (B2 +1)2

Nyni pouzijeme substituci 2”\”/%1 = tg ¢ a dostaneme, Ze

16V3 1 dt 8\[/ 2rdr € 4\[(t+smtcost)

T 9 2 ) (tg241)2 cos?t

4/3 2c+1 43 2z + 1 V3
Tarctan + 9

\/233—|—1 (v/3)2 \/(295—1—1)2—1—(\/3)2
43 2r4+1 1 2241

- t i
9 arctan V3 3x24+2x+1

(e) flz) = m
Reseni: Plati, ze
B 4l=(+1)(2? -z +1)
Rozklad tedy musime hledat ve tvaru
1 A B Cx+D n Ex+ F

(:U3—|—1)2:x+1+(x+1)2+x2—x+1 (22 —x +1)2

3



Pfenasobenim jmenovatelem dostaneme

1=A(z+1)(2®> —2+1)? + B(z? —z + 1)?
+(Cz+ D)(z+1)*(z* =2+ 1) + (Bx + F)(2* — x + 1)?

Roznasobenim pravé strany mame
1 = A4+B+D+F—Ar—2Bx+Ca+Dz+2F 2+ Ex+Ax* +3Br*+Co* + Fa? +2Ex* +

+Ax® —2Bx® + D3 + Ex® — Ax* + Ba* + Cx* + Da* + Az® + Cx®

odkud sestavime porovndnim koeficientui soustavu rovnic

= A+B+D+F

= —-A-2B+C+ D+ E+2F
= A+3B+C+F+2FE
A-2B+D+FE
-A+B+C+D

= A+C

c oo o o =
I

jejiz reseni je
2 1 2 1 1 1
A=—-, B=—-,C=—, D=, E=——, F=—
9 9 9 3 3 3
a hledany rozklad tedy ma tvar
1 21 +1 1 1 2z-3 1 x—1
(@3 +1)2 9z+1 9(x+1)2 922—ax+1 3(z2—x+1)2

Budeme integrovat zvlast jednotlivé zlomky. Plati, Ze

2 1 2
/ dxg§1n|x+1|

9x+1
/1 1L e 11
9@ +1)2 T 9+t
1 22-3 1 2z-—-1 2
—— dz = — dz
922 —z 41 9:172—13—1—1 9z —IL‘—|—1
C]- 2 4
= —In(z® —z+1) — —=arctan



Zbyly integral vypocteme takto:

/1 1 q /116 1 q
_—_—— €r = —_—— xr =
R 69 [(gx_l)ﬁlr

V3
nyni aplikujeme substituci tg t = 2%1, pricemz mame, ze ﬁ dt = % dz,
a proto
1 8 1 1 4 1 4
I dt — 4 ¢ dt = 2¢de
/ 6 3v/3 (tg 2t + 1)2 cos?t / 9Vv3 08 st / 9v3 oo
c 4 t+sintcost 2 2¢ — 1 2 20— 1 V3
= = arctan +
9v3 2 9v3 V3 93 /(2e —1)2+3/(2c —1)2+3
2 ; 2x—1+1 2z —1)
= ——arctan —
9V3 V3 1822 —x+1
Déame-li jednotlivé vysledky dohromady, dostavame
1 cl.  (z+1)? 1 2 2r—1 1 z+1
—— dr==1 — t — =
/(:c3+1)2 TR a1 et ) 33T T T —a gt
1, (z+1)? 2 20 -1 1 =z
=-1 t -
e ey BV S Y - S P
3 1
f -2 -
Reseni: Integrujeme pomoci substituce z = tg t.
3 1 3 2 C 3 .
/_16(xz+1)2 dz = ~1¢ | cos tdt = —ﬁ(t—i-smtcost)
3 3 =z 1 1 1
= —arctan 7 — — —= de = —< trdt =
g2 32x2+1/ 8@+ 1P 8/COS

Pouzitim vztahti cos?t = (1 + cos2t) a cos? 2t = (1 + cos 4t) dostaneme,

ze
L (34 dcos2t + cosat) dt € — L (3t 1 2sin2t 4+ Lsinat
= —— co cos = —— in —gin =
64 i 64 ’ 1
3 1 1
:—&t—Esintcost—@sintcost(QCOSQt—1)
. T 1 x 1—2°
=——arctan r — — —&—— — 5 5 - =
64 1622 +1 6422 +122+1
; 1 323 + bx
=——arctan r — —————
64 64 (22 +1)2



79

(g) flz)= (xlo + 225 + 2)2'
Resenti:
Proved'me substituci t = z°.

/ z’ dx_l/fdt_l/%dt_

(104225 +2)2 77 5 ) (2+2t+2)2 10/ (t+1)2+1

1 2t+2—2 1 2t +2 t_1/ 1 4 —
10/ ((t+1)2+1)° 10/ ((t+1)2+1)° 5) (t+1)2+1)°

Na prvni integral pouzijeme substituci u = (t+1)?+1, na druhy t +1 = tg y
a s pfihlédnutim ke vztahum

1 1
27:c0s2y, dt = ——dy
tg 2y +1 cos?y
dostaneme, ze
du 1/ 11 1y+sinycosy
cos ydy—————f—
10 5 10u 5 2
1 1

11
N . S S =
0(¢+12+1 107 10 Bycos’y =

11 1 1 tgy
e actan(f41)— ——BY
o0z a2 1ot CHD - 5es T

1 1 - (25 4 1) 1 2°+1
=————————— — —arctan - =
10210 1225 +2 10000\ 10 210 1 225 + 2

1 242 1 5
== T2 _ _ arct 1).
10210y 225 72 ooretan (@7 +1)

Reseni: Budeme substituovat ¢ = 2. Dostaneme

T 1 1
/xB—ldx_/2t4—1dt_

a nyni pouzijeme rozklad

/1 1 +1 1 vl 1—t+1 ot — 11 1—:c2+ I
— _ — = —In —arctant=-—-In|—= —arctan x
412 -1 42 +1 8 |1+t| 4 8 |1+a2| 4

3

€T
b =
(b) f(o) =

Reseni: Budeme substituovat t = z*. Dostaneme, ze
4

/ﬁdm_l/dtc 1 ——arctan — 1 arctanx—
B+3 7 4] 243 43 \f 44/3 V3



1'2 T
(© fa)= S5t

Reseni: Budeme integrovat zvlast

2+ x2 T
A= | —— d —d
/a;6+1 o /:r6+1 x+/x6+1 o

Na prvni zlomek pouzijeme substituci ¢t = z a dostaneme, ze

/ z? 4 /1 dt gl s
T = ————— = —arctan t = —-arctan r
a6 +1 3t2+1 3 3

Na druhy zlomek pouzijeme substituci ¢ = 22 a dostaneme, ze

/x dx_/ldt _1/ dt B
+1 7 S 23+1 2 ¢+ —-t+1)

a nyni pouzijeme rozklad na parcialni zlomky.

1 A N Bt+C
B+1 t+1 2—t+1

l=A(t* —t+1)+ (Bt +C)(t+1)
1=A? —At+ A+ Bt*+Bt+Ct+C

odkud vyplyvéd, ze A+ C =1, B+ C - A =0a A+ B = 0, a tedy
A:—B:%:%,takie

1 1 " 1/ t—2
6] t+1 6] 2—t+1

e Lo - —
T 6) t+1 12) 2—t+1 42 —t+1

c1 1 9 1 2t —1
=—-In|t+1|—=In(t* —t+1) + —=arctan =
1 1 1 222 — 1
“lnlz? 41— Zln(z* — 22+ 1) + arctan

Dohromady dostaneme

, . ) 1 1 222 — 1
/26 :::316 dz € garctan m3+6 In |x2+1\—6 ln(x47$2+1)+2farctan x\f
4
z* —3
d =
Resenti:



Integrujme zv1ast
3

zt -3 x?
/ dz :/ dz —/ dz
z(x® + 32t + 2) z(x® + 3zt + 2) z(x® + 3zt + 2)

Na prvni zlomek aplikujeme substituci t = 2 a dostaneme (po zkrécen)

/ a3 d 1/ 1 & 1/ 1 &

—_—mm xr = — —_— = — _— —

8 + 3zt + 2 4 ) 2 4+3t+2 4] (t+1)(t+2)
1' t+1 1’1 x4+1‘

TS T

e - - - n
4 t+1 t+42 417 t4+2] 4| 2t 42
Na druhy zlomek aplikujeme tutéz substituci. Je totiz
/ 3 q / 33 des 3 / 423 4
xr = xr = — Tr =

z(x8 4 3zt + 2) x4 (28 + 32t + 2) 4 ) x4 (2® + 3zt + 2)

a po substituci rozkladem na parcidlni zlomky dostaneme

3 dt 3 dt c
_/t(t2+3t+2) _4/t(t+1)(t—|—2) -

4
3 3
|JJ’—Z In \(1—|—:E4)|+§ In |(2+a:4)]

I

<

DO o
—

g3

1 1
( In|t| —In|3(1+1)| + 3 In|3(2 +t)]>

Dohromady dostaneme po upraveé

x4 —3 c 3 5
dr = —=21 In(1+z%) — Z1In(2 + z*
/x(:v8+3m4+2) . 2 nlef+1In(l+27) 8 n(2+2)
2711
© 10 =g
4

ResSeni: Pouzijeme substituci t = x*.

11 1 8.43 1 t2
/ < dz:/de:/d
28+ 31+ 2 4 ) t24+3t+2

8 + 3xt + 2 4

1 24+3t+2)—(3t+2 1 1 t+2
/( +3t+2) (3+)dt—/1dt—/3+ t=
4 ) t24+3t+2

! 2 43t + 2 4
1 3 2%+ 3 5 1 cl 3 ., t4+1
15 | sty | mpoarg S gt gl st n
4 8/t2+3t+2 +8/t2+3t+2 g g3t |+ ‘t+2’
1 3 5 2t +1
,x4—fln]a: + 327 —&-2\4— 4+ '
+2

4



3.

1
(f) f(z) = m-

Reseni: Pouzijeme substituci ¢t = 2°. Protoze dt = 5z* dz a plati, ze

1 _ 5a*
(210 +2)  5ad ((2)2 +2)’

mame, ze

1 1 1
— = de== [ dt.
/m(w10+2) v 5/t(t2+2)

Nyni pouzijeme rozklad na parcidlni zlomky, ktery budeme hledat ve tvaru

1 A Bt4C

t(t2 +2) RECET
Odtud vyplyva, ze

1=A{t*+2)+ (Bt +CO)t

1=2A+Ct+ (A+ B)t?

a tudiz 1 !
A=—- C=0 B=-A=—-.
2’ ’ 2

Nyni se vypocet snadno dokonéi.

1 1 1 1 1 2
/dt: L
5) t{t2+2) 10/ \t 2242

c 1 1 1 t 1 xP

= _—Inlt|l— —InvVt2+2=—1 =_—In|——|.
ol = gl v 10“‘ t2+2’ 10“‘\/79510”’
.,E2n71

Reseni: Pouzijeme substituci ¢t = . Potom s pfihlédnutim ke vztahu
dt = na"! dz

dostaneme, ze

2n—1 1 n ., n—1 1 t 1 1
/”” dx:/mdx: dt:/ 1——— ) dt
"+ 1 n zh4+1 nJ t+1 n t+1

c lt—lln\t—i—l] _ 2" —In|z™ + 1
n o n )
m311—1



Reseni: Pouzijeme substituci t = 2™. Potom dt = nz"~! dz a

3n—1 1 n—1,.2n 1 t2 1 t2 1-1
/x dx:/mw dx:/dt:/+dt:
(27 +1)2 n (z?" +1)2 n) (t2+1)2 n) (t?+1)?
a po roztrzeni zlomku na dva s¢itance pouzijeme na druhy z integrala sub-
stituci tg y = t. Dostaneme

1 1 1 1 1 1
== ———dt—= [ ———— dt = —arctan t — — 2yd
n/t2+1 n/(tQ—i-l)2 poreran n/COS v

1 1 i 1 1t
g —arctan (flfn) — fy—i_su’lw — —arctan (l’n) _ i _ 7#
n n 2 n 2n  2ntg“y+1

n n

arctan (z") 1 =z _arctan (z") 1 oz
2n 2n w2 41 2n 2n a2 +1°

= Zarct n
—arctan (")
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