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Teorie

Véta 1 (Integrace per partes). Necht I je neprdzdny otevieny interval a funkce f je
spojitéd na I. Necht F je primitivni funkce k f na I a G je primitivni funkce ke g na I.
Pak plati

/g(ﬂf)F(ﬂf)diﬂ =G(x)F(x) — /G(x)f(:n)dx na I.

Piiklady

1.

flx)=ze™®

Reseni: Per partes: v/ = e~

/we_x de = [—ze "] — /—e_”C e

Tu=——eT v=qav =1

. f(z) =xcosx

Reseni: Per partes: v/ = cosz, u =sinz, v =x, v/ = 1.

. . C .
/:ccos:cdx: [« sin z] —/smxdac:xsmx—kcosa:

. f(z) =Inz

Reseni:
Polozme v/ = 1, v = Inz. Potom u = [1dz =z av' = (Inz)’ = 1 a pouzitim

vztahu pro integraci per partes dostdvame

1
/lnxdx:[xlnx]—/x'dnglnx—x

T

. f(z) =sinzIn(tg x)

Reseni: Per partes: v/ = sinz, u = —cosz, v = In(tg z), v/ = tg%cosl% =

1

sinxcosx’

1
/sinmln(tg x)dr = —coszIn(tg x) +/ — dz & —coszIn(tg =) + In ‘tg g‘
sin x

. f(z) = arctan x

ResSeni:



1

Per partes: v’ =1, u = z, v = arctan z, v’ = 7.

x

T2 ?=

/1 -arctan x dx = [rarctan z] — /
Substituce y = 1 + 2.

1 /1 1 1
= rarctan z — 3 / —dy € rarctan z — 3 In |y| = zarctan x — 5 In(1 + z?)
)

. flz) = xPe™

Reseni:
Prvnf per partes: v/ = e 2%, u = —%6*29”, v=2a% v =2z
_ 1, _ _
/xQe 2 Jy = [—29026 2l 4 | pe 2 dy =
Druhé per partes: v/ = e 2%, u = —%6_2:0, v=uxz,v =1
1 B 1 1 _ c 1 _ 1 1 _
:*5562 2m+ Zre 2x + e 2xd v 515‘2 2 re 2r e 2x
_ 2
. f(z) = x*sin 2z
ResSeni:
Prvni per partes: ' = sin2x, u = —% cos2z, v =2, v = 2.

1
/x2 sin 2z dx = [—2962 C082$:| +/x(3032w =

Druhé per partes: u' = cos 2z, u = %Sin 2z, v=umx, v = 1.

= L cosaut | asinge| = 2 [sin2ede € —La? cos 204 Tarsin 224+ cos 2
= —g cos2e+ | pasin2e| — o [ sin2wdr = —5a” cos 2+ jwsin2r+ 7 cos 2
. f(z) = arcsin z

Reseni:

Per partes: v/ =1, u = x, v = arcsin z, v/ =

1—a2’

/ 1. arcsin = dz = [zarcsin x] / T4
- arcsin r axr = |rarcsin r| — — AT =
V1—22

Substituce y = 1 — 2.

: 1 / 1 c : :
= rarcsin ¥ + ~ [ — dy = zarcsin x + /y = zarcsin x + /1 — 2
2] u vy



10.

11.

12.

13.

. f(z) = arctan /z

ResSeni: Per partes: v/ =1, u = z + 1 (mnohem vyhodnéjsi nez mechanické ),
_ r_ 11
v = arctan \/z, v/ = o5/

/arctan Vadx = [(x + 1)arctan v/z] — / 2\1/5 dz € (x + 1)arctan /x — /z

fx)=a2"Inz, n # —1
Reseni:

Polozme v’ = 2", v = Inz. Potom u = 2"t /n+1av = % Integrace per partes

dava
n+1 n n+1 n+1
/x”lnxdx:x lnx—/ v d:rgw lnx—xi
n+1 n+1 n+1 (n+1)2

flx) = zie
Reseni:

Provedeme substituci y = 22. Pak dy = 2z dx a plati

1
/;1936_”2 dx = 2/y6_y dy =

Nyni aplikujeme per partes: v/ = e Y, u=—e Y, v=y,v = 1.

2 2

= [—ye Y] + /ey dy g —ye ¥ —e V=gl —e "

f(z) = Valn?a
2

» PN ., ¢ o _ 3/2 12 /_ 1
ResSeni: Prvni per partes: v’ = /z, u = 5T 12 =1z, v = 2Inz .

/ﬁln2xdx— [§m3/21n2x} —/§$1/21n1‘d23_

1/2

Druhé per partes: v’ = %$ , U= %m3/2, v=Inz, v =1/x.

2 4 4 2 4
= 2232 m22| — | 2232 n2| + / “2l 2 dy ¢ 22322 — 23 2o+ §x3/2
3 9 9 3 9 27

f(x) = zarctan z

2

Reseni: Per partes: v =2, u= %, v =arctan =, v’ =

1 1 2 1 1 241-1
/xarctan xdr = ~z’arctan z—= / _r dr = —x’arctan z—— / L dr =
2 2] 1422 2 2

1 1 1 1 1 1
= —z?arctan x — / 1-— dx ¢ —z?arctan © — —x + —arctan z
2 2 1+ 22 2 2

[\)



14. f(x) = z*arccos x

- , 3
Reseni: Per partes: v/ =22, u =%, v = arccos z, v/ = —

1
V1i—z2®

3 1 $3
/xzarccos rdr = x—arccos x| + = / ——dzr =
3 3 m

Substituce y = 1 — 22, odkud plyne dy = —2zdr a 2 =1 —y.

3 1 -1 3 1 1
:m—arccosm—i—f ydy:xarccosm—i—/(f—) dyg

3 6] vy 3 6 i
3 1 1 3 1 1
g %arccos x + §y3/2 - gyl/z = %arccos x + §(1 —2?)3/2 §(1 — )12
arcsin x
15. = —
) = 2
Reseni: Per partes: u/ = z%, u=—1v=arcsinz, v = ﬁ

arcsin 1 . 1 1
Tdm = —Earcsm T| + ;ﬁ dr =

Substituce y = v/1 — 22. Potom dy = \/1“77 dr a z? =1—y>.

1 c

1 . +/ 1 1 d 1 . +/ J
= —Tarcsin x - dr=—"arcsin x =
z /1 — 12 x 1 — 2 Y
1 1, 14y 1 1. 14+vV1—22

C . .
= ——arcsin z + = In = ——arcsin z + = In
T

2 1-y x 2 1-V1—2a?

16. f(z) =In(z 4+ V1 + 2?)

» PN 2, o _ _ 2 /I 1
ResSeni: Per partes: v/ =1, u =z, v=In(z+vV1+22), v = Nire=E

/Lln(x—i— 1+a?2) dr = [xln(x—l— 1+ 22 xg:cln<x+\/1+x2)—\/1+x2

It

Posledni integrél lze pocitat napi. substituci y = 1 4 22

1+
17. =zl
f(x) zln -—
- , 2
ResSeni: Per partes: u’:x,u:%,vzln%f—ﬁ,v’zl_lﬁ.
1 1 1 1 2 1 1 1 2_1+1
/mln +$d:v:fz:21n +x/xdazzx2ln —|—x/:v—|—dm:
1—=x 2 l—z 2 ) 1—22 2 1—2 2 1— 22
1, 14z 1 1 cl, 14z 11 14z
— 222 e dr € Za?1 S
R p— 2/< +1x2> PR I L R g



18. f(x) =sin(Inz)

ResSeni: Pouzijeme integraci per partes, polozme v' = 1, u = sin(Inz). Potom
v=uzau =cos(Inz)- L. Dostaneme, ze

/1 -sin(lnz) = zsin(lnzx) — /cos(ln x)dr =
Nyni pouzijeme jesté jednou per partes na v’ =1 a u = cos(Inz) a dostaneme
/ 1-sin(lnz) = zsin(lnz) — / cos(Inz) dx = zsin(lnx) —x cos(lnz) — / sin(In x)
Prevedenim integralu napravo na levou stranu dostaneme, ze

2/1 -sin(ln z) g zsin(lnz) — x cos(In )

/sin(ln x) g %x(sin(ln x) — cos(Inx))

19. f(x) = cos(Inx)

ResSeni: Pouzijeme integraci per partes, polozme v' = 1, u = cos(lnx). Potom
v=zau = —sin(lnz)- 1. Dostaneme, ze

/1 -sin(lnz) = z cos(lnx) + /sin(ln x)dr =
Nyni pouzijeme jesté jednou per partes na v’ =1 a v = sin(lnz) a dostaneme
/ 1-sin(lnz) = z cos(In z) —I—/ sin(lnz) de = z cos(lnz)+zsin(ln ) — / cos(In z)
Ptevedenim integralu napravo na levou stranu dostaneme, ze

2 / 1-cos(Inz) < zcos(Inz) + xsin(lnx)

/cos(ln x) g %x(cos(lnx) +sin(Inz))

20. e*sinx
Reseni: http://is.muni.cz/do/sci/UMS /el/analyza/pages/zakladni-integracni-metody.html
¢. 330
21. f(z) = e*® cosbx
Reseni:
Proa=0b=0je [e"cos(0z)dz = [1dz <.



22.

Nyni piredpokladejme, 7e a # 0, b # 0. Pouzijeme nadvakréat integraci per partes,
exponencielu budeme derivovat a goniometrickou funkci integrovat. Plati

1 2
/e“w cosbxr dr = =% sin bx—/ sin bx dz = —e** sin bx+£e“$ cos b:c—a— /e‘” cos bz dzx.

b b2 b2

Odtud vyplyva, ze

2
1
(1 + ;) /ea‘r cosbz dz € ge‘m sin bx + l%e“m cos bz

ax c b ax .: a azx _ et .
e cosbrdr = — ¢ sin br+—5— e cos br = ——5 T (bsin bz + a cos bx)
a a a

Lehko se ovéii, ze vysledek plati i pro b = 0, pokud a # 0, a také pro a = 0,
pokud b # 0.

f(x) = e**sinbx

Reseni:

Prob=0je [e*sin(0z)dz = [0dz cq.

Nyni predpoklddejme, ze a # 0, b # 0. Pouzijeme nadvakrat integraci per partes,
exponencielu budeme derivovat a goniometrickou funkci integrovat. Plati

1 a 1 a a?
/ e’ sinbx dx = ——e* cos b:H—E / e’ cosbr dr = ——e* cos bx+—= e sin bx— e

b b b2 ° b2

Odtud vyplyva, ze

a? c 1 a
1+ — 72 /e"ch sinbxrdz = —ge‘w cos bx + b—ze‘w sin bz

ax

e sinbr = asinbx — bcos bx)

. c b a
/e’”C sinbxr dx = —me‘” cos bx—l—m

Lehko se ovéri, ze vysledek plati i pro a = 0, pokud b # 0.

0L2+b2<

sin bz dx.



