
3. cvičeńı
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Př́ıklady

1.
lim

x→+∞

x3/2
(√

x+ 1 +
√
x− 1− 2

√
x
)

Řešeńı: Protože na rozv́ıjeńı v nekonečnu nemáme vztahy, provedeme substituci
y = 1

x a dostaneme

lim
x→+∞

x3/2
(√

x+ 1 +
√
x− 1− 2

√
x
)

= lim
y→0+

y−3/2

(
√

1

y
+ 1 +

√

1

y
− 1− 2

√

1

y

)

=

= lim
y→0+

y−2
(

√

1 + y +
√

1− y − 2
)

=

a nyńı rozvineme obě odmocniny do druhého řádu

= lim
y→0+

y−2

(

(1 +
1

2
y +

1
2 · (−1

2)

2!
y2 + o(y2)) + (1−

1

2
y +

1
2 · (−1

2)

2!
y2 + o(y2))− 2

)

=

= lim
y→0+

(

−
1

8
−

1

8
+ o(1)

)

= −
1

2
+ 0 = −

1

4
.

2.
lim

x→+∞

6
√

x6 + x5 − 6
√

x6 − x5

Řešeńı:

Provedeme substituci y = 1
x .

lim
x→+∞

6
√

x6 + x5− 6
√

x6 − x5 = lim
x→+∞

x
6

√

1 +
1

x
−x

6

√

1−
1

x
= lim

y→0+

6
√
1 + y − 6

√
1− y

y
=

a nyńı rozvineme odmocniny v čitateli, stač́ı do prvńıho řádu

= lim
y→0+

(1 + 1
6y + o(y)− (1− 1

6y + o(y))

y
=

1

3
+ lim

y→0+

o(y)

y
=

1

3
+ 0 =

1

3
.

3.
lim

x→+∞

[(

x3 − x2 +
x

2

)

e1/x −
√

x6 + 1
]

Řešeńı: Provedeme substituci y = 1
x .

lim
x→+∞

[(

x3 − x2 +
x

2

)

e1/x −
√

x6 + 1
]

= lim
y→0+

[

(

1− y + 1
2y

2
)

ey −
√

1 + y6
]

y3
=

1



a nyńı rozvineme exponencielu a odmocninu v čitateli do třet́ıho řádu

= lim
y→0+

(

1− y + 1
2y

2
)

(1 + y + y2

2 + y3

6 + o(y3))− 1 + o(y6)

y3
=

= lim
y→0+

(1− y + 1
2y

2) + (y − y2 + 1
2y

3) + y2

2 − y3

2 + y3

6 + o(y3)− 1

y3
=

= lim
y→0+

y3

6 + o(y3)

y3
=

1

6
+ lim

y→0+

o(y3)

y3
=

1

6
.

4.

lim
x→+∞

[

x− x2 ln

(

1 +
1

x

)]

Řešeńı: Provedeme substituci y = 1
x .

lim
x→+∞

[

x− x2 ln

(

1 +
1

x

)]

= lim
y→0+

[

1

y
−

1

y2
ln (1 + y)

]

=

a nyńı rozvineme logaritmus do druhého řádu

= lim
y→0+

[

1

y
−

1

y2

(

y −
y2

2
+ o(y2)

)]

=

= lim
y→0+

[

1

y
−

1

y
+

1

2
+ o(1)

]

=
1

2
.

5.

lim
x→0

√
1 + tg x−

√
1 + sinx

x3

Řešeńı:

Protože jmenovatel je třet́ıho řádu, budeme hledat rozvoj čitatele do třet́ıho řádu.
Je

tg x = x+
x3

3
+ o(x3)

odkud vyplývá

√

1 + tg x = 1 +
1

2
tg x+

1
2(

1
2 − 1)

2!
tg 2x+

1
2(

1
2 − 1)(12 − 2)

3!
tg 3x+ o(x3) =

= 1 +
1

2
x+

1

6
x3 −

1

8
x2 +

1

16
x3 + o(x3)

Na druhou stranu

√
1 + sinx = 1 +

1

2
sinx+

1
2(

1
2 − 1)

2!
sin2 x+

1
2(

1
2 − 1)(12 − 2)

3!
sin3 x+ o(x3) =

2



= 1 +
1

2
x−

1

12
x3 −

1

8
x2 +

1

16
x3 + o(x3)

odkud vyplývá, že

√

1 + tg x−
√
1 + sinx =

(

1

6
+

1

12

)

x3 + o(x3) =
1

4
x3 + o(x3),

a tedy

lim
x→0

√
1 + tg x−

√
1 + sinx

x3
=

1

4
.

6.

lim
x→0

cos(xex)− cos(xe−x)

x3

Řešeńı: Zřejmě stač́ı rozvést čitatel do třet́ıho řádu.

lim
x→0

cos(xex)− cos(xe−x)

x3
= lim

x→0

1− 1
2x

2e2x − (1− 1
2x

2e−2x) + o(x3)

x3
=

= lim
x→0

(

e−2x − e2x

2x
+

o(x3)

x3

)

= −2 + 0 = −2.

7.

lim
x→0

ex
2+5x4 − ex

2
−3x4

(cosx− 1)(cosh x− 1)

Řešeńı:

Protože plat́ı

lim
x→0

cosx− 1

x2
= −

1

2
, lim

x→0

cosh x− 1

x2
=

1

2
,

pak, existuje-li limita napravo, plat́ı

lim
x→0

ex
2+5x4 − ex

2
−3x4

(cosx− 1)(cosh x− 1)
= lim

x→0
−4

ex
2+5x4 − ex

2
−3x4

x4
=

stač́ı tedy rozvést čitatel do čtvrtého stupně. Tak dostaneme

= lim
x→0

−4
(1 + x2 + 5x4 + x4

2 )− (1 + x2 − 3x4 + x4

2 ) + o(x4)

x4
= lim

x→0
−4

8x4 + o(x4)

x4
= −32.

8.

lim
x→0

sinh (tg x)− x

x3

Řešeńı:

3



Čitatel muśıme rozvést do třet́ıho řádu. Plat́ı, že

sinh (tg x) =
etg x − e−tg x

2

=
1 + tg x+ tg 2x

2 + tg 3x
6 + o(x3)− (1− tg x+ tg 2x

2 − tg 3x
6 + o(x3))

2
=

= tg x+
tg 3x

6
+ o(x3)

dostáváme tak

lim
x→0

sinh (tg x)− x

x3
= lim

x→0

tg x+ tg 3x
6 − x+ o(x3)

x3
= lim

x→0

tg x− x

x3
+lim

x→0

1

6

tg 3x

x3
+lim

x→0

o(x3)

x3
=

A dále plat́ı, že

tg x =
sinx

cosx
=

x− x3/3! + o(x4)

1− x2/2 + o(x3)
=

= (x−
x3

3!
+ o(x4)) ·

∞
∑

k=0

(
x2

2
+ o(x3))k =

= x−
x3

6
+

x3

2
+ o(x3) = x+

1

3
x3 + o(x3)

a proto dostaneme, že

= lim
x→0

tg x− x

x3
+ lim

x→0

1

6

tg 3x

x3
+ lim

x→0

o(x3)

x3
=

= lim
x→0

1
3x

3 + o(x3)

x3
+ lim

x→0

1

6

tg 3x

x3
+ lim

x→0

o(x3)

x3
=

1

3
+

1

6
+ 0 =

1

2
.

9. Najděte a, b ∈ R tak, aby lim
x→0

x− (a+ b cosx) sinx

x4
= 0.

Řešeńı:

Plat́ı

x− a sinx− b sinx cosx = x− a

(

x−
x3

6
+ o(x4)

)

−
b

2

(

2x−
(2x)3

6
+ o(x4)

)

=

= x− ax+
ax3

6
− bx+

4bx3

6
+ o(x4).

Aby limita byla nulová, muśı být pro každé x z nějakého okoĺı nuly (a tedy všude)

x− ax− bx = 0 =⇒ 1− a− b = 0

ax3

6
+

4bx3

6
= 0 =⇒ a+ 4b = 0

Odtud máme a = −4b a 1 + 4b− b = 0, tedy b = −1
3 a a = 4

3 .

4



10.

lim
x→0

(1 + x)x − 1

xn

Řešeńı: Je (1 + x)x = ex ln(1+x) a rozvoj je

ex ln(1+x) = ex(x−
x
2

2
+o(x2)) = ex

2
−x3/2+o(x3) = 1+x2−

x3

2
+o(x3) = 1+x2+o(x2),

tud́ıž
(1 + x)x − 1 = ex ln(1+x) − 1 = x2 + o(x2),

hledané n je rovno dvěma a plat́ı

lim
x→0

(1 + x)x − 1

x2
= lim

x→0

x2 + o(x2)

x2
= 1.

11.

lim
x→0

ln2(1 + sinx)− ln2(1 + arcsin x)

xn

(Najděte takové n ∈ N, aby limita byla konečná a r̊uzná od nuly.)

Řešeńı: Porovnáme rozvoje funkćı sinx a arcsin x a zjist́ıme prvńı člen, kde se
lǐśı. Ten bude určuj́ıćı.

sinx = x−
x3

6
+ o(x3), arcsin x = x+

x3

6
+ o(x3).

Odtud vid́ıme, že pravděpodobně budeme muset rozv́ıjet do třet́ıho řádu. Je

ln(1 + y) = y −
y2

2
+

y3

3
+ o(y3),

a proto

ln(1+x±
x3

6
+o(x3)) =

(

x±
x3

6
+ o(x3)

)

−
1

2

(

x±
x3

6
+ o(x3)

)2

+
1

3

(

x±
x3

6
+ o(x3)

)3

+o(x3) =

= x−
1

2
x2 ±

x3

6
+

1

3
x3 + o(x3),

z čehož vyplývá, že

ln2(1 + x±
x3

6
+ o(x3)) = x2 − x3 +

1

4
x4 ±

x4

3
+ o(x4).

Neńı třeba pokračovat do vyšš́ıch mocnin, hledali jsme prvńı člen, kde se rozvoje
budou lǐsit. Odtud vyplývá

ln2(1+sinx)−ln2(1+arcsin x) = ln2(1+x−
x3

6
+o(x3))−ln2(1+x+

x3

6
+o(x3)) =

5



=

(

x2 − x3 +
1

4
x4 −

x4

3
+ o(x4)

)

−
(

x2 − x3 +
1

4
x4 +

x4

3
+ o(x4)

)

= −
2

3
x4+o(x4).

Odtud vyplývá, že hledané n = 4 a plat́ı

lim
x→0

ln2(1 + sinx)− ln2(1 + arcsin x)

x4
= lim

x→0

−2
3x

4 + o(x4)

x4
= −

2

3
.
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