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1. Introduction

1.1. Time-to-event data

Consider a non-negative random variable T > 0, which can be interpreted as the
moment when a certain event occurs, or a waiting time for the event. There are nu-
merous examples of such random variables in various applications in different fields:

e The event is the death of a person; T is the time of death or the survival time.

e The event is an occurrence of a disease in a previously healthy person; T is the
time of diagnosis.

e The event is the failure of a machine or device; T is time to failure.
e The event is the repair of a broken machine; T is duration of maintenance.
¢ The event is the default of a debtor; T is time to default.

e The event is an occurrence of an insurance claim; T is the time when the
claim is made.

e The event terminates the payment of a pension (e.g. the death of the pen-
sioner); T is the total amount paid on the pension. (In this example, time is
money.)

In all examples, there is some time scale involved, and time 0 must be appropri-
ately defined.

The theory of time-to-event analysis bears various names depending on the
field of application: it is called survival analysis* in biomedical applications, life ta-
bles' in demographics and life insurance, reliability theory® in technical applications,
credit riskS and insurance risk? in financial applications and non-life insurance. We
usually use the term ‘censored data analysis’l because it is application-neutral. The
term “censoring” is introduced in the next section.

* Cesky analyza preziti 1 Cesky umrtnostni tabulky * Cesky teorie spolehlivosti S Cesky kreditni
riziko Y Cesky pojistné riziko | Cesky analyza censorovanych dat



1. Introduction

1.2. Censoring

Standard statistical methods for estimation and testing could be used for the analysis
of time-to-event data if event times could be observed on all participating subjects.
However, this is usually not the case. Events such as default on a debt or diagnosis
of a specific disease may not occur at all for some subjects. Even if the event does
eventually occur, it may take so long to develop that it would not be observed. Thus,
time-to-event data are usually incompletely observed and require specialized analy-
sis methods.

In practice, event times are recorded through an observation process. Time 0 is
the time when the observation starts. We wait for the event to occur starting at time
0. If the observation ends before the event occurs, the event is never observed. This
feature can be formally handled by the probabilistic model by considering two latent
random variables for each subject: T > 0 is the time to event” (failure time, survival
time) and C > 0 is the censoring time', which expresses the duration of observation of
the subject. If the duration of observation is shorter than the failure time, the failure
time is not available. Thus, the pair (7, C) generates the following two cases:

o If T < C, T is observed and C is not observed.

e IfC < T, Cisobserved and T is not observed.

The possibility that the event may not occur at all can be expressed by setting T
to a very large value or even taking T = .

Notation. Let A be a random event, define 1(A) = 1 if A occurs and 1(A) = 0 if A does
not occur. The random variable 1(A) is called the indicator of A.

Notation. Let s, ¢ be real numbers. Denote s A r = min(s, t).

Let X = T A C be called the censored failure time* and let 5 = 1(T < C) be called
the failure indicator®. These two random variables capture what can be actually ob-
served in censored data problems. The analysis methods must be modified to work
with the partial information contained in (X, ).

Consider latent failure and censoring times (73, Cy), .. ., (T,, C,,) generated for n in-
dependent subjects. If we could observe T, ..., T,,, we could perform standard statis-
tical procedures on this random sample. However, we only observe censored failure
times and failure indicators (X1, 61), ..., (X,, §,). Such censored data requires special-
ized methods of statistical analysis.

In general, the censoring variables Cj,...,C, are considered random variables
with certain distributions (in principle, each C; may have a different distribution func-
tion). This is called the random censorship model. There are two special case of this

* Cesky doba do uddlosti 1 Cesky cas censorovdni * Cesky censorovand doba do uddlosti S Cesky
indikdtor uddlosti



1. Introduction

general model that acquired their own names:

Type | censoring All censoring variables are equal to a pre-specified constant 7 that
expresses the common maximal duration of observation, i.e., C; = 7 for all i
almost surely’.

Type Il censoring All remaining observations are censored when the k-th failure occurs
(where k € {1, ..., n} is pre-specified), i.e., C; = T() for all i, Ty, is the k-th order
statistic of the random sample 11, ..., T,'.

These two censoring schemes are used primarily in technical applications. They are
unrealistic for most biomedical and financial applications.

We will only deal with Type I and Type II censoring in the first part of the course.
The rest of the course will consider the general random censorship model.

Think:

A standard task in classical statistics is the estimation of the expectation from
the random sample. If we observe i.i.d. random variables Ty, ..., T,, we can
estimate the expectation ET; by the arithmetic mean T, = %Z?:l T;. By the
weak law of large numbers, this estimator is consistent as long as the expec-
tation exists and is finite.

With censored data, we could only use the observations (X;, §;) for the estima-
tion. Is there any obvious and easy way to modify the arithmetic mean to this
data so that we end up with a consistent estimator of the expectation?

1.3. Survival function, hazard function

The distribution of a non-negative random variable T is usually described by its dis-
tribution function F(t) = P[T < ] or a density f(¢) with respect to a o-finite measure
u, a function such that F(z) = fot F(s)du(s).

When working with censored failure time data, it is of advantage to work with
survival functions instead of distribution functions.

Definition 1.1. The function S(t) = 1 — F(tr) = P[T > ¢] is called the survival function of
a random variable T with distribution function F(z). \%

Notation. Let f be a right-continuous function. Define f(t—) = lim,\ o f(¢t — h) (if the
limit exists). This is a left-continuous function.

Note. Let S(¢) be the survival function of a non-negative random variable T with dis-
tribution function F(¢). Then it is known that:

* Cesky censorovdni typu I, censorovdni casem T Cesky censorovdni typu II., censorovdni poruchou



1. Introduction

e S(r) is non-increasing right-continuous function.
* 5(0)=1-P[T =0], lim;,e S(¢) = 0.

e If T is continuous with density f(t) w.r.t. the Lebesgue measure then f(t) =
-8'(¢)and S(¢) = [ f(s) ds.

e If T is discrete with values #,»,... and p; = P[T = ¢;] then p; = S(t—) — S(¢t) and
S(t) = Z{i:ti>t} pi-

Frequently, we assume that P [T = 0] = 0 (the failure cannot occur at the time 0).
Then S(0) = 1.

Relationship between survival function and expectation

The expectation of a non-negative random variable is defined as ET = fooo t dF(t).
The following lemma shows that the expectation can be obtained by integrating the
survival function.

Lemmall LetT >0 a.s. andET < co. Then

ET = /mS(t)dt.
0

Proof. The proof will use integration by parts for Lebesgue-Stieltjes integral, see The-
orem A.l in the Appendix. We take G(s) = s, F(s) = P[T < s]. The Theorem gives us
the equality

F(s)s—0= /OS F(t—-)dt + /OS t dF(t).

Hence

/OS tdF(t) = F(s)s — /OS F(t-)dt.

We subtract s from the right-hand side and add it back realizing that s can be written
as [’ 1dt. We get

/S tdF(t) =[F(s) - 1]s + /s[l — F(t-)]dt
0 0

= [F(s) - 1]s + /0 S(t) dt.

Now take the limit as s — oo on both sides. The left-hand side converges to ET and
the right hand side to fow S(t)dt, as long as lim;_, s[1 — F(s)] = 0.



1. Introduction

It remains to be shown that the limit of the superfluous term is really zero. We
assume that E T is finite. Thus, for any 0 < s < oo,

ET:/OootdF(t):/OstdF(t)+/sootdF(t)

2/0 tdF(t)+s/S dF(t):/O tdF(t) + s[1 — F(s)].

Hence S
0Ss[l—F(s)]SET—/tdF(t)—>0 as s — oo,
0

because E T = lim,_., [ ¢ dF(t). The proof is finished. O

This result can be easily generalized to random variables that can attain negative
values and to higher moments.

Corollary. Let X be a random variable such that E |X|* < c. Then

E |X|* = a/ “IP[|X]| > ] dt.
0

Lemma 1.1 is useful for estimation of the expectation from censored data. It is
unclear how to generalize the arithmetic mean to censored data. However, if there is
an estimator S(r) of the survival function, which is consistent over the whole interval
(0, ), the expectation could be consistently estimated by fooo S(r) dr.

Hazard function

It is known that the distribution of a random variable can be described by density,
distribution function, survival function, quantile function or characteristic function.
However, there is another way to describe the distribution, called the hazard func-
tion’; it is especially useful for time-to-event data.

Definition 1.2. Let T be a continuous non-negative random variable. Then the hazard
function A(t) of T is defined as

1
A(t):Krg)EP[tsT<t+h|T2t].

Let T be discrete with values 0 < 1; < o < ---. Then the hazard function A(t) of T is

defined at 11,1, ... by
A(t) = A; =P[T = 4|T > 1;]. A%

" Cesky rizikovd funkce



1. Introduction

Loosely speaking, the hazard function measures the probability of having the
event at the time r (or shortly thereafter) given that the event had not occurred ear-
lier. Thus, it expresses the risk of having the event at r. The hazard function may have
different names in different application areas: in reliability theory, where the event
of interest is a failure of a machine, it is called failure rate® (or failure intensity); in
epidemiology, where the event of interest is occurrence of disease, it is called inci-
dence rate’ (or incidence function); in demography or insurance, where the event of
interest is death, it is called mortality rate*.

Note. Realize that the density f(r) of a continuous random variable can be written as
f(t) = lim 1P[t<T<t+h]
TNk - ’

So, the hazard function differs by adding the condition that T > ¢. The same is true
for discrete random variables.

Notation. The function A(¢) defined as

A(t) = /Ot A(s) ds

for continuous ¢, and

A= ) M)

{i:t; <t}

for discrete T, is called the cumulative hazard functi0n§.

The next theorem shows that the hazard function indeed characterizes the whole
distribution. It also reveals the relationship between the hazard function and the
density/the survival function.

Theorem 1.2. LetT be a non-negative random variable with hazard function A, density
f, distribution function F and survival function S =1 - F. Then

(i)
A(t):%.
(i)
' A= [ AF(S) L)
~Jo S(s-) '

* Cesky intenzita poruch t Cesky incidence choroby * Cesky timrtnost S Cesky kumulativni riziko
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1. Introduction

(iii) For continuous T,
S(r) = e ™M), 1.2)

For discrete T with values0 <1 <tp <---,

S(t) = ]—[ (1- 2. (1.3)

{izt;<t} o

Part (i) of the theorem shows how to calculate the hazard function from the den-
sity and the survival function. Part (iii) reverts the relationship and proves that the
survival function can be calculated from the hazard function. Hence, the hazard
function fully specifies the distribution of T.

Corollary. For continuous T,
f(0) = A@)e™™,

for discrete T with values 0 < <, < -+,

PIT=6]=2 [] (-2
}

{jitj<tl'

Notice thatP[T =t;] = (1-11)(1-22) - - - (1-2;-1)A4;. The probability of death at ¢; is
the product of conditional probabilities of surviving all the previous death opportu-
nities times the conditional probability of dying at ¢; (given that the subject survived
till then).

Proof (of Theorem 1.2).

(i) Suppose that T is continuous. Then

1 limy o Pt <T <t+h ¢
A(t):}li{r(l)ﬁP[tsT<t+h|th]: 10 [ I_/®

P[T > t] St
Now take a discrete T with values 0 < #; < 1, < ---. Obviously,
P[T=y] f()

At;) = P[T =1 |T > ti] = S(ti1)  S(ti-) v

(i) Denote u the measure with respect to which f is a density. Then

OO0
A0 [ 559 | TR

(iii) Consider a continuous T first. We have

_f 4
A(r) = S0 - @ log S(1).

11



1. Introduction

Hence
A(r) = —log S(t) + C.

Because A(0) = 0, C must be 0. Therefore
S(r) = e A0,

Now take a discrete T. Denote p; = P[T = t;] for ordered values 0 < t; <, < ---,
and, according to (*),

Aiza(mzz”ip i=1,2,... ()
j=i Fj

Note that 1, = p;. From this,

S(t)=P[T >¢] = Z P (k%) imi "

j>i

Also from (**), we get:

Ais1 (Z Pj — Pi) = Pi+1,

jzi

)y
/1i+1( ’”pj 1) Pisl

l+1(_ - 1) le

Fa-a s

z+1

From this, from (), and from the fact that p;/1; = 1, we get the desired result

jsi

which is equivalent to (1.3). This completes the proof. O

There is yet another way to characterize a failure time distribution, which is use-
ful especially in engineering, demographics and life insurance: mean residual life-
time.

Definition1.3. Let T > 0 a.s. The function r(t) = E[T — ¢|T > ¢] is called the mean
residual lifetime’. \Y

Clearly, r(0) =

" Cesky stredni zbytkovd doba Zivota
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1. Introduction

Theorem1.3. Let T be a non-negative random variable with survival function S and
mean residual lifetime r. Then

(i) The conditional survival function of T givenT > t isP[T > s|T > t| = S(s)/S(t-)
fors > t.

(i) The mean residual lifetime of T can be expressed as

*S(s)d
r(t) = —ft S(ti) -

(iii) For continuous T and anyt > 0,

ET U ds
S“):me"p{‘/o m}- o

The last point of this theorem proves that the mean residual lifetime as a function
defined on (0, o) completely specifies the failure time distributioon.

Independent study task:

Go through Appendix A.1. Notice the following facts:
* Properties of exponential distribution
* Relationship of exponential distribution to Weibull distribution
* Relationship of exponential and Weibull distribution to Gumbel distri-
bution
» Appreciate the memoryless property of exponential and geometric dis-
tributions and the relationship between those two distributions

1.4. Independent censoring

Suppose the failure time T is censored — instead of T, we observe the pair (X, ), where
X =min(7,C) =T AC,§ = I(T < C)and C is the censoring variable. We are interested
in the distribution of T, which can be described, e.g., by the survival function S(¢) =
P[T > r] or by the hazard function A(¢) = f(r)/S(t-). It is clear that the task requires
imposing certain conditions on the censoring variable C.

Suppose now that the random variables T and C are independent. We can only
observe X = T A C. Consider the survival function of X:

Sx(t)=P[X>¢t]=P[T >t,C>t]=St)P[C > t] < S(¢).

Clearly, it is hard to relate the survival function of X to the survival function of T,
unless we know the distribution of C.

13



1. Introduction

Next, consider the survival function of X when X is uncensored:
Plt<T <C]

Sx(0) = P[> ¢|r < €] = —pr—m

# S(t).

This is even less useful then Sy ().

Now suppose that T has a continuous distribution and consider its hazard func-
tion A(r)

1 . 1
A =lim =Pl <T<t+h|T>t] Clm=P[t <T <t +h|T >1,C>1]
N/ N0 h
1 (1.4)
=lim—P[t <T <t+h|X >1t],
r\0 h
where the equation (x) holds because of independence. Thus, the hazard function of
T can be recovered from censored data under certain conditions if we look at the oc-
currence of death among subjects who are alive and still uncensored at the particular
time of interest. This is the reason why the hazard function is so convenient tool for
the analysis of censored data.

Stochastic independence between T and C is a sufficient but not a necessary con-
dition for equation (1.4). Therefore we take that equation and make it a definition of
independent censoring.

Definition 1.4. Let T be continuous and let
o1
At)=lim —P[t < T <t +h|T > t]
N0 h
be its true hazard function (called the net hazard in this context). Let
1
APe)=lim=Plt<T<t+h|X>r
© =lim - P| X > 1]

be the hazard function of T in the presence of censoring (called the crude hazard).

The censoring variable C satisfies the independent censoring condition” if and
only if A(t) = A%(¢) a.e., that is, when the net and crude hazards are equal. \%

A generalization of the independent censoring condition to arbitrary failure time
distributions (which need not be continuous) will be considered in Chapter 3.

We will always assume that independent censoring condition holds. Below is a
rather trivial example where T and C are clearly not independent but the indepen-
dent censoring condition is still satisfied.

Example (Type Il censoring). Consider independent latent failure times 77, ..., T, and de-
fine C; = Ty forall i, 1 < k < n. Then C; is not independent of T; but the independent
censoring condition (1.4) holds for each i. A

" Cesky nezdvislé censorovdni

14



2. Parametric Models

In this chapter, we briefly discuss basic parametric models for censored data. The
most important result is the formation of the likelihood function for parametric mod-
els when T and C are independent in Section 2.1. Next, we develop some exact infer-
ence methods for the exponential model with Type II censoring. In the final section,
we present an easy method for analyzing regression models with censored exponen-
tially distributed response.

2.1. Parametric likelihood for arbitrary random censoring

Let (T1, Cy),...,(T,, C,) be independent, let X; = min(7;, C;) = T; A C; be the censored
failure times and 6; = 1(T; < C;) the failure indicators. The data consist of indepen-
dent pairs (X1,61), ..., (Xy, 6,).

LetTy,..., T, beidentically distributed with survival function S(x; 6), density f(x; 6),
and hazard function A(x; ), where 6 € O is a p-dimensional parameter vector. Sup-
pose the family of densities f(x;0) satisfies the regularity assumptions of the maxi-
mum likelihood theory.

Denote by G;(x) the survival function of the censoring variable C; and by g;(x) its
density. We are not assuming that the censoring times are equally distributed; arbi-
trary distributions are allowed for each of them. However, we will assume throughout
this section that T; and C; are stochastically independent.

The likelihood function is based on the product (over i) of joint densities of the
observations (X;, 6;).

Lemma 2.1. Let T; and C; be stochastically independent. Then the joint density of
(X;,0;) Is
B 1-5
gi(x,0) = [f(x;0)Gi(x—)]" [gi(x)S(x; )] . o

We include two proofs of Lemma 2.1. The first version assumes that the distribu-
tion of X; is continuous and it is relatively easy and straightforward. However, conti-
nuity of X; requires all C;’s to have continuous distributions. This is not true in many
real applications because censoring times often follow mixtures of discrete and con-
tinuous distributions. Therefore we also present a proof of the most general case,
when both T; and C; have discrete and continuous components.

15



2. Parametric Models

It is enough to understand the simpler proof with continuous X; (the first ver-
sion).

Proof (Version 1— continuous case). Assume that 7; and C; have continuous distributions
(in the proof, we ignore the parameter ). Hence, X; also has a continuous distribu-
tion. The joint density of (X;, §;) at the point (x, §p) can be calculated as

0
——P[X > x,6 =do].
ox
First, let 6o = 1. Then

P[X>x,6=1]=P[x<T<C]:/m[‘/mh(t,s)ds}dt,

N ———
¥(t)

where h(z, s) is the joint density of (T,C). Due to independence, h(t,s) = f(t)gi(s).
Next,

0 0 0 o0
P> mo=1]= o / W) de = y(x) = / F()gils) ds = F(X)Gi()

For 6y = 0, the proceeds in the same way and we obtain

/ £(5)gi(x) ds = gi(x)S(x).

Note: The fact that G; needs to be made left-continuous and S right-continuous follows
from the second version of the proof. Here, both are continuous. O

Proof (Version 2 —general case). Let S; = {x € R : P[T;=x] > 0} and S» = {x € R :
P[C; = x] > 0 for some i} be countable sets that include the possible discrete val-
ues of failure times and censoring times, respectively. Suppose the sets have at most
finitely many points within any bounded subset of R. Suppose the distributions of T;
and C; are all absolutely continuous with respect to the measure A + us,us,, where 4
is the Lebesgue measure and us,us, is the counting measure on the set S; U So. Then
there exists a density f(r) of T; such that S(¢) = f £.00) f(s)du(s), which can be written

(
down as f(t) = f*(t) + AS(t), where
ein 1 S() = S(t +h)
fr@)= }11{_‘% SEEEre—
and AS(t)=S(t-)-S()=P[T; =t].
Similarly, there exist densities g;(¢) of C; such that G;(r) = f( £.00) gi(s)du(s), which can
be written down as g;(t) = g/(t) + AG;(t), where

e 1 Gi(t) = Gi(t + h)
g (1) = }11{‘1(1) h
and AG;(t) = Gi(t—-) — Gi(t) = P[C; = ¢].

16



2. Parametric Models

Because T; and C; are independent, they have a joint density h;(t, s) with respect to
the product measure u ® u and h;(t, s) = f(t)gi(s).

Since X; = T; AC;, the observation (X;, §;) has a joint density ¢;(x, §) with respect to
the product measure p ® uyo1). First, evaluate it at 6 = 1. It is a sum of a continuous
and a discrete component that can be obtained as

. P[Xl->x,6l~:1]—P[X,->x+h,6l~:1]
lim
r\,0 h

+P[X,' =Xx,0; = 1]

The continuous component can be also written as —Z—;P[Xi > x,0; = 1], where the
derivative is taken from the right. Calculate

P[X,'>x,6l~:1]=P[x<TiSCi]:‘/ d]/t(l')

(x,00)

/ hi(t,s)du(s)

(£,00)

=/ f(@) gi(S)du(S)du(t)=/ f(@)Gi(t-) du(t).
(x,00) (£,00) (x,00)

The right derivative of this expression with respect to x is f*(x)G;(x—), because AS(t) =
0 on (x, x + h) for h sufficiently small.

Next, calculate
PlX;=x,6;=1]=P[T; =x,C; > x] = P[T; = x] P[C; > x] = AS(x)Gi(x—).
Summing the two results, we get

qi(x, 1) = [f7(x) + AS(%)]Gi(x—) = f(x)Gi(x—).

For 6 = 0, we show by the same technique that

PIX > x6i=0]=Plx<C <T] = / gi(0)S(0) dp(t)

(x,00)

and P[X; = x,6; = 0] = AG;(x)S(x). This leads to the desired result. O

How to remember Lemma 2.1:
e Lets = 0. We observe a censoring time x. We know thatC = x and T > x.
Therefore the density is g(x)S(x).
e Let6 = 1. We observe a failure time x. We know thatT = x and C > x.
Therefore the density is f(x)G(x—).

Now we can use Lemma 2.1 to construct the likelihood for parametric models
with censored data. We recall that the distribution of T depends on a finite-dimensi-
onal parameter 6 to be estimated.

17



2. Parametric Models

Theorem 2.2. LetTy,..., T, be identically distributed with survival function S(x; 6), den-
sity f(x;0), and hazard function A(x;8), § € ® C RP. Let C; be independent of each
other and independent of T;, with an arbitrary survival function G;(x) and density

gi(x).
Then the likelihood function for 0 has the form

L(9) = c]_[ S(Xi=;0)

A(X;; 0
050 0)
When the distribution of T; is continuous,

] S(Xl'; 0)

1) = C [ [[2x;0)]"s(x;; 0), 2.1)
and the log-likelihood can be written as

+ C.

5(0)_2[5 log A(X;; 0) — / At; 0) dt

i=1

o
Thus, the likelihood does not depend on the censoring distributions — as long

as the censoring distributions do not involve the parameter 6. This requirement is
called uninformative censoring.

Proof. Using Lemma 2.1, we get:

1(0) = [ [£(Xi;0)Gi(x;-)] [ g:(X1)S (i3 0)]
i=1

- r[f(Xi;o)éiS(Xi;O)l_éi [l_[ Gi(Xi_)éigi(Xi)l_éi]
=1 i=1

=C

_ Tl 0° S(x—6) ’) 0

For continuous T;, we get S(X;—; 0) = S(X;; 0) and
Xi
S(X;;0) = exp{—-A(X;;0)} = exp{—/ A(t; 0) dt}. 0
0

Standard results of the maximum likelihood theory can be applied to obtain the
maximum likelihood estimator of 6 and its asymptotic distribution. For most failure
time distributions, however, the score function and the information matrix are not
easy to calculate. In the next two sections, we consider two special cases involving
the exponential failure time distribution, which is the easiest to handle.
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2. Parametric Models

2.2. Exponential distribution with Type Il censoring

LetT,..., T, be identically distributed with exponential distribution Exp(1). The den-
sity and survival function of T; is

f(; ) =2e and S@; 1) =e Y,

respectively. The hazard function is A(¢) = A.

In this section, we derive some useful results about the estimation and testing
of the parameter A under Type II censoring. We have a fixed k € {1,...,n} and set
Ci = Ty, for all i, where T, is the k-th order statistic of the random sample Ty, ..., T,.
The independent censoring condition introduced in Definition 1.4 is fulfilled but the
conditions of Theorem 2.2 are not — C; is not independent of T;.

The statement of Theorem 2.2 is still true but we have to prove it separately, tak-
ing into account Type II censoring. This is done in the following Lemma 2.3 and The-
orem 2.4.

The observed data (X3, 61), ..., (X,,6,) are determined by the values of the first k
order statistics, so the likelihood can be obtained from the joint density of (T(y), ..., Tx)).

Lemma 2.3. The joint density of (T(y, ..., T(x)) is

E e
/lke_l[zle t+n—kie | when0 <t <ty <--- <ty

h(t,..., t;) = T —.k)!

and h(ty,...,t) = 0 otherwise. o

Proof. The joint density of the first k order statistics can be obtained by discretizing
the continuous distribution of the vector and taking a limit. It proceeds as follows:
take 0 = 1p <1 < »r < --- < 1 fixed and a small » > 0 (smaller than the smallest
difference between ¢; and ¢;_;). Divide the positive half-line into 2k + 1 intervals

(to, 1), {t, 11 + h), (11 + h, 12), L2, t2 + 1), ..., (te, b + h), (tx + D, 00). *)
The probability
P[Tq) € (i, 0+ h), Ty € (o, o + h), ..., Tiky € (ks by + 1)
is equal to the probability
P[N =(0,1,0,1,...,0,1,n — k)]

where N is a random vector containing the numbers of observations T, ..., T, that
fell into the 2k + 1 successive intervals (*). The distribution of N is multinomial, in
particular, Multy;,1(n, p), where p are the probabilities of the 2k + 1 intervals for a
single exponential observation.
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2. Parametric Models

The survival function of the exponential distribution is S(t) = P[T; > t] = e ..
From this, the vector of probabilities p is equal to
p — (1 _e—/lt] , e—/ltl _e—/l(t] +h), e—/l(tl +h) _e—/ltz’ e—/ltz _e—/l(t2+h), o e—/ltk _e—/l(tk+h), e—/l(l‘k+h)).

From the form of the multinomial density, we get

P [Ty € (1,01 + h), Ty € {2, 1 + h), Ty € (tx, 1 + 1) =

k
n e—ﬂtj (1 _ e—/lh):| X [e—/l(tk+h):|n_k'
j=1

n!
-k

To find the desired joint density h(zy, .. ., t;), divide this by #* and take a limit as h — 0
from above. This gives us

h(ty,..., ) =
n! Ek |k| 1 e_/lh Ah(n—k)
= . — .4 l 1 - n— .
(n—k) exp{ A [j=1 g (r k)tk] } [j=1 hI{_‘I(l) h ] hI{‘r(l) ©

1—e~Ah
h

Because limy,\ o = A and limy,\ o e~ "% = 1, we finally get

|

k
h(ty,... te) = ﬁﬂk exp{—ﬂ[z tj+(n- k)tk]},
! 4

which was to be proven. U

The joint density is transformed into the likelihood by evaluating it at the ob-
served data and considering it a function of the unknown parameter.

Theorem 2.4. The likelihood function for exponential data with Type II censoring is

/Ik e—/lsk,,,

L(A | Tay, ..., Ty = =k )

where

k
Sk = Z Ty + (n = k)T,
i=1

is the sufficient statistic. o

Theorem 2.4 follows directly from Lemma 2.3.

Comparing the result of Theorem 2.4 to the likelihood (2.1) from Theorem 2.2, we
can see that they are the same, except the irrelevant multiplicative constant.
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2. Parametric Models

Maximizing the likelihood, we get the likelihood equation k/A — Sy, = 0, leading
to the MLE A = k/Sy.,. Notice that with our general notation, the MLE of the constant
hazard rate A can be written as

Z?=1 0

n
i=1 Xi

A=

’

that is, the number of observed failures divided by the total observation time.
The MLE of the expected failure time is

The sufficient statistic Sk , is not a sum of independent and identically distributed
random variables. However, it can be written as such after a simple transformation.
This idea is the key to the proof of the following Theorem.

Theorem 2.5. Let Ty,...,T, be independent and identically distributed with distribu-
tion Exp(2), let Sy, = S¥_| Tiiy + (n = k)Tir). Then

28k ~ X5p- o

Proof. Consider the linear transformation U; = (n — i + 1)(T(;) — T(;-1)) fori = 1,...,k
with T(g) = 0. Notice that Zle U; = Si.». Letus calculate the joint density of (Uy, ..., Uy)
using the transformation theorem. The inverse transformation is also linear:

i
Uj
Ty = y ——0-.
@ Z;n—j+1

The derivative matrix of the inverse transformation is a triangular matrix and the Ja-
cobian can be written as (n — k)!/n!.

From Lemma 2.3 and the transformation theorem, we get the density of (Uy, ..., Ui)

as follows:
Ake AT,

But this is the joint density of k iid random variables with the distribution Exp(2),
which is also a gamma distribution I'(4, 1).

Next, 2AU; are iid random variables with I'(1/2, 1) distribution and hence
k
208k =24 ) Uy ~T(1/2,k) = x3,.
i=1

This completes the proof. O
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2. Parametric Models

This theorem provides the basis for conducting exact parametric inference for
exponential distribution with Type II censoring. Consider testing

Hp: 1= and Hj:A# A.

Take 2108k, as the test statistic, which has ng distribution under the null hypothesis.
The test that rejects Hy when the test statistic is either too small or too large:

2208k < X5p(@/2)  OF  2A0Skn > X5 (1 - @/2),

where Xj%(a) is the a-quantile of the X]% distribution. The level of this test is exactly «
and it is the most powerful test of Hy in the current model. Similarly, an exact confi-
dence interval for A with coverage 1 — « is

Xo(@/2) x5.(1-a/2)
28k 2Skn

This is the only case when exact inference is possible with censored data.

2.3. Exponential regression with arbitrary random censoring

In this section, we use the results of Section 2.1 to investigate a regression model
for censored exponentially distributed response. Let T, ..., T, be distributed accord-
ing to Exp(4;) and let Cy,...,C, be independent of each other and independent of
Ti,..., T,, with arbitrary distributions. We observe independent triplets

(Xlr 61,Z1), ey (Xn) 6ann)r

where X; = T; A C;, 6; = 1(T; < C;), and Z; are random covariate vectors of dimension
p, typically with the first component equal to one.

Suppose there exists a p-vector B of regression parameters such that
A = e‘BTZi.

We would like to estimate the vector of regression coefficients g by maximum likeli-
hood methods. According to Theorem 2.2, the likelihood function for g has the form

n
gy =c|[aye™,
i=1

and the log-likelihood is

n

o«p) = Z(5i 87z - eBTZfX,-) ‘e

i=1
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2. Parametric Models

Differentiating this with respect to the vector 8, we obtain the score statistic

n

UB) = ) (6 — BT )z,

i=1
This is equivalent to the score statistic of a Poisson loglinear model with §; as the
response and log X; as the offset (see the notes for Advanced Regression Models).

Algorithms for finding the maximum likelihood estimator of B, calculating the
observed information matrix, approximating the distribution of the estimated g, per-
forming tests about B and building confidence intervals are all the same as in the
Poisson loglinear model.

In particular, the expected information matrix is
1(B) = EZ:Z %' BX;.

It can be consistently estimated by

~ 1< T3
=~ Z; 7,z e% Px,
and 5
V(B - B) — N,(0,17'(B)).
Any software that can fit loglinear models can be used to perform exponential
regression with arbitrary independent censoring.

An important special case arises when Z; = 1 for all i. Then Z'B = g and the
failure times are i.i.d. with the distribution Exp(1) where 1 = e®. The score statistic is

n

up) = 2(51' - GIOgXi+ﬂ) = i(éi - 1X;).
i=1

i=1
and the MLE of the parameter A has an explicit form

Z;l:l 61’

1=
?:1 Xi

’

that is, the number of observed failures divided by the total follow-up time. This is
the same estimator as for the case of Type II censoring.
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3. Counting Processes and Martingales

Starting with this chapter, we turn our attention to nonparametric methods for cen-
sored data. It turns out that it helps to view censored data as stochastic processes
evolving over time and to use theoretical results that are available for stochastic pro-
cesses to develop nonparametric estimators and tests and to establish their proper-
ties. We will see that the theory of martingales and martingale integrals will become
particularly useful to our purposes. In this chapter, we introduce notation and sum-
marize the most important results from martingale theory that will be used in sub-
sequent chapters.

We start by introducing a new notation that translates the censored observation
(X,6), where X = T A C and § = 1(T < C), into a pair of stochastic processes. At the
origin, time r = 0, we start following the subject and wait for the failure. Once we
observe one, we mark the subject as having failed at that moment. If the subject is
censored before a failure occurs, the follow-up is terminated and the subject is no
longer at risk for failure.

This consideration motivates the following formulation of the problem. Let N(r)
be a stochastic process defined as

N@t)=UT <t,6 =1).

It is a process that counts the number of failures that were observed prior to (and
including) ¢. It is an example of a counting process™ specified by Definition A.5 in
the Appendix; its initial value N(0) is zero, it is finite, it has piecewise constant right-
continuous paths and jumps of size 1. This particular counting process jumps to 1 at
the failure time, and stays at 1 thereafter. If the subject is censored, N(¢) never jumps
and stays at 0 indefinitely.

In this chapter, we summarize some useful results about general counting pro-
cesses and apply them to the censored data problem. When we need to distinguish
the specific counting process N(¢) = 1(T < t,6 = 1) from the general counting pro-
cess N(t), we will call it the censored data counting process. Ideally, we would prefer
to work with the “uncensored” counting process 1(T < r) but we cannot because its
paths are not fully observed.

Let Y(¢) be another process such that

Y(£) = 1(X > 1)

" Cesky ¢itaci proces
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3. Counting Processes and Martingales

This is the at-risk process”. It indicates whether or not the subject is under observa-
tion at the time ¢. It starts at 1 at + = 0 and drops to 0 as soon as the failure occurs or
the subject is censored. The at-risk process Y () is left-continuous.

Obviously, the original censored data setup (X, ) is equivalent to providing the
observed paths of N(¢) and Y(¢), t > 0.

The counting process notation is useful in several ways. First, by emphasizing
the development of the censored observation over time, it facilitates the utilization
of the martingale theory based on conditioning upon the past. This simplifies the
problem in many important ways. Second, it can be easily generalized to allow for
late entry into the observation period, repeated change of the at-risk status, presence
of repeated failures for the same subject, and direct modeling of various time-varying
features (such as covariates that change over time). However, most of these topics will
not be adressed in the present course.

Before we start exploring the properties of censored data via counting processes,
we generalize the independent censoring condition first formulated for continuous
data in Definition 1.4 to arbitrary failure time distributions.

Definition 3.1. The censoring variable C satisfies the independent censoring condition
for the failure time T with cumulative hazard A if and only if

YdP[T >s,C>T
A(t):—/ [F25C=T] vVt such that P[T >¢,C > ¢] > 0. (3.1
o P[T >5,C>5] v

Note. When the distribution of T is continuous, condition (3.1) is equivalent to equal-

ity

—2P[T >5,C > 1]
P[T >t,C >t]

S=t

At) =

1
=lim—P[t<T<t+h|T>2t,C>¢t] Vt>0.
N0 h
The net hazard on the left should be equal to the crude hazard on the right, as re-
quired by Definition 1.4. Definition 3.1 is written in a less intuitive way but applies to
distributions with discrete components as well.

We will always assume that the independent censoring condition holds.

Note: Many theorems and other statements in this chapter are left without proof;
however, many of the proofs have been covered in the course NMTP436 Continuous
martingales and counting processes.

" Cesky pozorovaci proces
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3. Counting Processes and Martingales

3.1. Doob-Meyer decomposition

Our most important tool will be the Doob-Meyer decomposition of a submartingale.

Theorem 3.1 (Doob-Meyer). Let X(t) be a right-continuous non-negative ¥, -submartin-
gale. Then there exists a unique (up to sets of measure zero) right-continuous mar-
tingale M(r) and a non-decreasing right-continuous ¥, -predictable process A(t) such
that A(0) = 0, EA(t) < o0, and

X(t)=M(r)+ A(t) almost surely

for any tr > 0. In addition, if X(t) is bounded then M(t) is uniformly integrable and
A(t) is integrable. o

Note.

» The process A(t) is called the compensator™ for the submartingale X(¢). In gen-
eral, it depends on the filtration #;.

e Suppose X(0) = 0. Then M(0) = 0, EM(¢t) = 0, and the martingale M(¢) rep-
resents the “random noise” part of X(r) while the compensator A(¢) can be re-
garded as the “systematic” part of X.

* Left-continuous adapted processes are always predictable. The compensator
A(t) from the Doob-Meyer theorem is right-continuous and still predictable.

* Any counting process satisfies the conditions of the Doob-Meyer theorem.

Recall that a single censored observation can be described as the pair of stochas-
tic processes N(t) = I(T <t,6 = 1) and Y(r) = 1(X > ¢) or, equivalently, as the pair of
counting processes N(¢t) = 1(T < t,6 = 1) and NY(¢) = 1(C < t,6 = 0). Introduce the
natural filtration summarizing the history of observed failure and censoring times up
to time ¢:

F = {N(s), NY(s), 0 < s < t} = o {N(s),Y(s+), 0 <s <t}. (3.2)

Then N(r) is a counting process with respect to this filtration in the sense of Defini-
tion A.5. It is also a right-continuous non-negative #;-submartingale. Thus, accord-
ing to the Doob-Meyer Theorem, there exists a non-decreasing right-continuous #;-
predictable compensator A(r) such that M(r) = N(r) — A(t) is an ¥;-martingale. The
next theorem shows that under independent censoring condition we know the form
of this compensator.

Theorem 3.2. Let ,
Ar) = / Y(s)dA(s) = At A X). 3.3
0

" Cesky kompenzdtor

26



3. Counting Processes and Martingales

This is a right-continuous ¥, -predictable process. The process
M(t) = N(r) - A(r)

is an F,-martingale if and only if the independent censoring condition (3.1) holds. ¢

Note. Because M(0) = 0 a.s., we have E M(¢) = 0 and hence EN(z) = EA(r A X) for all
t>0.

Note. The claim of Theorem 3.2 can be extended to the case of multiple indepen-
dent censored observations. Let (T1, Cy), ..., (T,, C,) be independent, X; = T; A C; and
6; = I(T; < C;). We observe independent pairs (X3,61),..., (X,,6,). Let A;(r) be the
cumulative hazard of T7;. Let the independent censoring condition (3.1) hold for each
pair (T;, C;). Define N;(r) = 1(T; < t,6; = 1), Y;(r) = 1(X; > t), and N/ (1) = 1(C; <

t,6; = 0). Define the extended filtration summarizing the history of observed failure
and censoring times for all subjects up to time ¢:

Fr = O'{Ni(s),Nl.U(s), 0<s<ri=1,...,n}=0{Ni(s),Yi(s+), 0<s<t,i=1,...,n}
(3.4)
Let

Ale) = /0 Yils) dAKs) = Ade A X0, (3.5

Then M;(r) = N;(t) — A;(r) is a martingale with respect to the extended filtration (3.4).

It is easy to see that for a right-continuous martingale M(t) such that E M?(t) < oo,
the process M?(t) is a right-continuous submartingale. The Doob-Meyer decompo-
sition can be applied to M?, justifying the following corollary.

Corollary. For each right-continuous 7;-martingale M(t) with E M?(t) < oo forall t > 0,
there exists a non-decreasing right-continuous ¥;-predictable process (M, M)(t) with
(M, M)(0) = 0 and finite expectation such that

M?(t) — (M, M)(t) is an ¥;-martingale.

The process (M, M)(t) is uniquely determined (up to sets of measure zero).

The process (M, M) introduced in the corollary is called the predictable variation
process” of the martingale M(t).

Note. If M(0) = 0 a.s. and E M?(t) < co then var M(¢) = E M?(t) = E (M, M)(¢).

The product of two martingales is not in general a submartingale, however, the
Doob-Meyer theorem can be extended to guarantee the existence of a “pseudo-com-
pensator” for martingale products.

" Cesky prediktabilni variancni proces
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Theorem 3.3. Let M, (t), M2(t) be right-continuous ¥, -martingales with E M].Z(t) < oo for
allt > 0, j = 1,2. Then there exists a process (M, M)(t) with the following properties:

(i) (My, M>)(t) is right-continuous, ¥,-predictable, (M;, M>)(0) = 0 a.s., and its ex-
pectation is finite Vt > 0;
(ii) (My, M>)(¢) is a difference of two non-decreasing right-continuous ¥, -predictable
processes;
(iii)

M (t)Mo(t) — (My, Mb)(t) is an F;-martingale. o

The process (M, M) of the preceding theorem is called the predictable covaria-
tion process” of the martingales M;(t) and Ma(t).

Note.

e If M;(0) and M, (0) are uncorrelated then cov (M; (1), Ma(t)) = E (M7, Ma)(¢).
* MM, is a martingale if and only if (M;, M>)(t) = 0 at all ¢ > 0. If this is the case,
the martingales M; and M are called orthogonal.

In the next section we will show that it is possible to derive explicit forms of pre-
dictable variation and covariation processes for counting process martingales.

3.2. Martingale integrals

In this section, we consider processes of the type

L(t) = /0 H(s)dM(s),

where H is a bounded #;-predictable process and M is an #,-martingale having paths
with total variation bounded by a constant almost surely. For any right-continuous
function F with left-hand limits, the notation AF(x) = F(x) — F(x—) means the jump
of F at x.

The results of this section are not formulated in their most general versions. They
can be extended in several ways. First, to processes H that are only locally bounded:
the details can be found in Fleming and Harrington (1991) and Andersen et al. (1993).
Second, to martingales M that do not have paths of bounded variation such as the
Brownian motion. This extension leads to Itd-type integrals.

Theorem 3.4. Let N be a general counting process and let A be its compensator ac-
cording to Theorem 3.1 such that M = N — A is an F,-martingale. Let AM(0) = 0 a.s.

" Cesky prediktabilni kovariancni proces
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Let H be a bounded ¥, -predictable process. Then

L(t) = /0 H(s)dM(s)

is an ¥, -martingale. o

Note.

e Since L(0) = 0 a.s., it follows that E fot H(s)dM(s) =0 forall t > 0.

e Consider processes N;, A;, H; for i = 1,...,n. Let M; = N; — A;. Suppose that the
conditions of Theorem 3.4 are satisfied for each i with a common filtration #;.
Then

L6 =) /0 H;(s) dM;(s) (3.6)
i=1

is an #;-martingale.

Predictable covariation processes for martingale integrals

Now we consider predictable covariation processes for martingale integrals. When
we write expressions such as f Z dX without limits and dummy arguments, they are

to be interpreted as fot Z(s)dX(s).

Theorem 3.5. Let the conditions of Theorem 3.4 hold for N;, A;, H;, j = 1,2, take M; =
N; — A; and assume EMJ.Z(t) < oco. Denote Li(t) = ij dM;. Then there exists a pre-
dictable covariation process {Li, Ly) and

<L1,L2>=/H1H2d<M1,M2>-

In particular,
/Hl dMl/Hz sz—/Hle d{My, M>)

is an F,-martingale. o

Corollary.
® Cov (/Hl dMl,/Hz sz) =E /Hle d(Ml,M2>.

e If M; and M, are orthogonal then cov ( [ Hyam, [ H dMg) = 0 for any bounded
predictable H; and Hs.
e var [HaM =E [H?*d(M,M).
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Note. Let Uy = X/, [ H;dM; and Up = ¥, [ H; aM; with all H; and H; bounded and
¥;-predictable. Then EU, = EU, =0,

n n
varU; = E ZZ/HiHj d{M;, M;),

i=1 j=1
n n
varUs = E ZZ/Hfod(Mi,Mj), and
i=1 j=1
n n
cov (Ui, Up) = E ZZ/H,-H; d(M;, M;).
i=1 j=1

When M; and M; are orthogonal martingales for all i # j, then
n
varU; = E Z/le d{M;, M;),
i=1
n
varU, = E Z ‘/(H,-*)2 d{M;, M;), and
i=1

n
cov (Ul, Ug) =E Z/HZHZ* d<Ml»Ml>
i=1

These results will become useful when the we learn how to calculate predictable vari-
ation and covariation processes.

Theorem 3.6. Let A(t) be the compensator for a general counting process N(t) and de-
note M(t) = N(t) — A(t) the associated martingale. Then

(M, M)(t) = / [1 - AA(s)] dA(s).
0
If the compensator A(t) is continuous then (M, M)(t) = A(t). o

Corollary. The martingale M(r) is square integrable:
t
var M(t) = EM?*(r) = E /(1 - AA)dA < EA(t) < oo.
0

Proof (of Theorem 3.6). We apply integration by parts for Lebesgue-Stieltjes integral (The-
orem A.l in the Appendix). Take F(r) = G(¢r) = M(¢) and write

t t
Mz(t):Z/M(s—)dM(s)+/AM(s)dM(s). *)

0 0
In the first integral, the integrand M(s—) is bounded on (0, ¢), left continuous and

therefore predictable. The first integral is a martingale. In the second integral, the
integrand AM(s) is not predictable.
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In the sequel, we drop the time arguments and integral bounds whenever possi-
ble. Take [ AM dM and write M = N — A. Then

/AMdM: /(AN—AA)d(N—A)

= ZAN(AN—AA)—/AAdM

S<t

:ZAN—/AAdN—/AAd(N—A)

S<t

:N—A+/1dA—/AAdA—2 AAd(N - A)
:M+/(1—AA)dA—2 AAdM.

Now, the compensator A is bounded and predictable, hence f AAdM is a martingale.
We can write

/AMdM—/(l—AA)dA:M—Z AA dM.

The right-hand side is a martingale. Hence, [(1-AA)dA is a compensator to [ AM dM,
and, because of (*), also to M2. This completes the proof. O

Let us return to the special case of censored data counting process N(¢) = 1(T <
t,6 = 1) accompanied by the at-risk process Y(t) = 1(X > t). Let the filtration be de-
fined by (3.2). According to Theorem 3.2, when the independent censoring condition
holds the compensator for N(¢) is A(t) = fot Y(s)dA(s) and M(t) = N(t) — A(t) is an
¥,-martingale.

Theorem 3.6 tells us that the predictable variation process for M(t) is (M, M)(t) =
fot[l — AA(s)]Y(s) dA(s). For continuous failure times, we have AA(s) = 0 and thus the

same process A(t) = fot Y(s) dA(s) compensates both N(t) and M?(t).

Multivariate counting process

Definition 3.2. Let N;(¢), i = 1,..., n, be general counting processes adapted to a com-
mon filtration ¥;. The collection {N;(t),..., N,(t)} is called a multivariate counting
process” if and only if P [AN;(t) = 1,AN;(t) = 1] =0 forall i # j and all ¢ > 0. \Y

Note. Individual counting processes included in a multivariate counting process can-
not jump at the same time. In our censored data special case, if failure times 71, ..., T,
are independent with continuous distributions, their counting processes N;(t) = 1(T; <
t,6; = 1) form a multivariate counting process.

" Cesky mnohorozmeérny éitaci proces
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3. Counting Processes and Martingales

In the next part we calculate predictable covariation processes for martingales
associated with a multivariate counting process. The following theorem was proven
in the course “Continuous Martingales and Counting Processes”.

Theorem 3.7. Let {N(t),...,N,(tr)} be a multivariate counting process. Let A;, a com-
pensator for N;, be continuous for eachi = 1,...,n, let M; = N;—A;. Then (M;, M;) =0
as. foralli # j.

Note. In the censored data setting, it follows that if the underlying failure time vari-
ables are continuous, their martingales are orthogonal and the processes M;M; are
martingales for any i # j.

The previous theorem can be extended to any multivariate counting process.

Theorem 3.8. Let{Ni(t),..., N,(t)} be a multivariate counting process. Let A; be a com-
pensator for N; with respect to the common filtration ¥,. Let M; = N; - A;, i = 1,..., n.
Then

<Mi,Mj> = —/AAi dA] a.s. for all i + ]
¢

Note. In the censored data setting, if the underlying failure time variables have dis-
crete components so that their compensators have jumps, their martingales are neg-
atively correlated. This agrees with the definition of the multivariate counting pro-
cess, where jumps are prohibited for all other processes at the time when one of them
jumps.

Proof. Consider the process N; + N; for i # j. Because {Ni(t),...,N,(¢)} is a multi-
variate counting process, the process N; + N; has jumps of size at most one (almost
surely) and hence it is a counting process.

The compensator for N; + N; is A; + Aj. M; + M; is a martingale that satisfies the
conditions of Theorem 3.6. According to that theorem,

<Mi + Mj,Mi +Mj> = /(1 — AA,' — AAJ) d(Al +Aj)
=A; +Aj - /(AAl + AAJ) d(Al +Aj).
Use the equality

[(Mi + Mj, M; + Mj) — (M;, M;) — (Mj»Mj>]

1
<erMj> = z
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3. Counting Processes and Martingales

and the known forms of the predictable covariance processes on the right-hand side
to get

1
(M;, M) = >

Ai + Aj — /(AAi + AA;) d(A; + Aj)
—/(1 — AA;) dA; —/(1 —AAj)dAj]

:%(—/AA,-dAj—/AAjdA,-)

[ anas,

This completes the proof. O

The final theorem does not require a multivariate counting process but makes a
conditional independence assumption.

Theorem 3.9. Let ANi(t),...,AN,(t) be independent given ¥,_. Then (M;, M;)(t) = 0
almost surely for alli + j and allt > 0.

Proof. Use integration by parts on M;M;:

Mi(t)Mj('f)—Mi(O)Mj(O):/ Mi(S—)de(S)+/ M;(s—) dM;(s)
~— —— 0 0
=0

+ 3" AM(s)AM;(s).

S<t

The first two terms are martingales. We need to show that 3., AM;(s)AM;(s) is an
¥,-martingale, too. It will suffice to show that the following conditional expectation
is zero for any u < s.

E[ > AMi(s)AM;(s) ] = > E[E[AM(s)AM;(s) |7 ] |72].

u<s<t u<s<t

Now decompose
E[AM;(s)AM;(s) |- = E[Mi(s)M;(s) = My(s=)M;(s) = Mi(s)M;(s=) + My(s=)M;(s=) [F5-].
Because M; and M; are martingales,

E[Mi(s)[F5-] = Mi(s=) and  E[M;(s)|F5-] = M;(s-).

It remains to show that E[M;(s)M;(s) |%;-] = M;(s—)M;(s—) as well. Decompose both
martingales as the counting process minus the compensator.

E[Mi(s)M;(s) |Fs-] = E[Ni(s)Nj(s) — Ai(s)Nj(s) — Ni(s)A;(s) + Ai(s)A;(s) | Fs-].
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3. Counting Processes and Martingales

The compensators A;, A; are predictable and hence 7;_-measurable. Now use the
assumption of independence of the jumps in N;(s) and N;(s) given ¥;_ to get

E[Mi(s)M;(s) |Fs-] = E[Ni(s) — Ai(s) |Fs= | E[Nj(s) — Aj(s) |F5-]
= E[M;(s)|F- |E[M;(s) |Fs- | = Mi(s—)M;(s-).

This completes the proof. O

Summary of main results

Let us summarize the important properties of martingale integral sums of the form
(3.6) that we explained in this section. Consider censored data counting processes
N;(t) and at-risk processes Y;(t), i = 1,..., n, that describe n independent observations
of censored failure times with cumulative hazard functions A;. Let M;(¢) = N;(t)—A;(¢),
where A;(t) = fot Y;i(t) dA;(t) is the compensator for N;(r) under independent censoring
and a common filtration #;. By Theorem 3.6,

WM@@=LU—MmW%®=AU—MmeMMM

For continuous failure times with hazard functions 1;, we get (M;, M;)(t) = fot Yi(s)A;(s)ds.
Also, (M;, M;)(t) = 0 for all i # j by Theorem 3.9 (because of independence).

Take Hy;(tr) bounded, #;-predictable processes k = 1,2, i = 1,..., n. Consider the
sums

Ue(t) = Z ‘/OtHk,-(s)dMi(s), k=12
i=1

We have established the following facts about these processes:
e Ui(t) are F;-martingales by Theorem 3.4.
e EUL(t)=0.
o varUp(t) = X1, i E[HZ(s)Yi(s)][1 = AA(s)] dA(s) by Theorems 3.5, 3.6, and 3.9.

e cov(Ui(t), Ua(t)) = 21, fot E [Hli(S)Hzl'(S)Yi(S)] [1-AA;(s)] dA;(s) by Theorems 3.5,
3.6, and 3.9.

In the next section, we provide central limit theorems for such sums as n — .

3.3. Central limit theorems for sums of martingale integrals

We consider two central limit theorems for two somewhat different cases. Both as-
sume continuous compensators, though they could be extended to other cases as
well.
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3. Counting Processes and Martingales

Central limit theorem, case 1

We will be working under the following conditions:

e Let {N,E';) :k=1,...,r, i =1,...,n} be a multivariate counting process with
respect to the stochastic basis (Q, A, {F; };>0, P).

* Let the compensator A,(c’? for N,E';) be continuous.

e Let H,(C’l.’), k=1,...,r,i=1,...,n, be bounded” 7;-predictable processes on the
interval (0, 7).

Let M, (”) =N,; (”) A(”) be the ¥;-martingale for N, (”) . Denote

t n
u(e) = /0 H(s)dM)(s) and  UM(@) = > U0).

i=1

Take any ¢ > 0 and denote

t
U (1) = /0 H()(HD(5)] > )am(s) and  U(r) = ZU;;’L@).
i=1

All of these processes are square integrable martingales and, by Theorems 3.5, 3.6,
and 3.7,

(U(n) U(n)>([) Z / H(ﬂ)(s) A(ﬂ)(s)

and

W, U“B(r)—Z / [P O] 1H (5)] > £) dA ().

Theorem 3.10 (Central limit theorem I.). Let for allt € {0,7) andallk =1,...,r

W, ulyr) LN /0 t f2(s)ds < oo
as n — oo, where f; are non-negative measurable functions, and, for all € > 0,
W, Uy e) - 0 (3.7)
asn — oo, Then
W™, um, . ul) = (/ﬁ aw, [ pdws,..., [ f; dWr) on D' (0, 7,

where Wi, Ws, ..., W, are independent Brownian motions. o

" Boundedness is not a necessary condition, it can be relaxed to local boundedness.
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3. Counting Processes and Martingales

Note.

e The processes f fi dWi, k =1,...,r, are independent time-transformed Brown-
ian motions. See Appendix A.3.

e The symbol “—"” means weak convergence of a multivariate stochastic process
in the space D" (0, 7) of left-continuous functions with right-hand limits defined
on the r-dimensional Carthesian product of (0, 7). See Appendix A.4.

e The condition (3.7) is analogous to the Feller-Lindeberg condition for sums of
random variables. It can be shown that it is automatically satisfied when both

sequences N,i’f), e N,E'Zl) and A](c”l), . A,(C'Q are identically distributed for each k.

The most important consequence of Theorem 3.10 is that the random vector of
values (Ul(”), Uz("), e U,(")) evaluated at a single fixed time ¢ € (0, 7) converges in dis-
tribution to an r-dimensional normal random vector with zero mean, independent
components and variances fot sz(s) ds.

Central limit theorem, case 2

Now take a single set of counting processes with multiple integrands.

e Let {Nl.(") :i =1,...,n} be a multivariate counting process with respect to the
stochastic basis (Q, A, {F; };>0, P).

* Let the compensator AE”) for Nl.(”) be continuous.

e Let H,E'l.’), k=1,...,r,i=1,...,n, be bounded” #;-predictable processes on the
interval (0, 7).

Let Ml.(”) = Nl.(”) - AE”) be the #;-martingale for N l.("). Denote

t n
() — (n) (n) () — (n)
Ul(r) = /0 H(s)am;"(s) and U™(r) = § U(e).
i=1

Take any ¢ > 0 and denote
t n
U (1) = /0 HYOWHI ()] > e)am{(s) and  Ul(0) = > U (@),
i=1

All of these processes are square integrable martingales and, by Theorems 3.5, 3.6,
and 3.7,

nooat
W Uy =y /0 H(5)H ™ (5) dA™(s)
i=1

* Again, boundedness can be relaxed.
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3. Counting Processes and Martingales

and

»€

n t
<%2UVN0=§:A1%%@H?@WO@?@N>@MW$@N>@d4W9-
i=1

Theorem 3.11 (Central limit theorem Il.). Let for allt € (0,7) and allk,1=1,...,r
P
(U, U")(1) = cilt) < o0
as n — oo, where cy; are continuous functions, and, for alle >0 and allk =1,...,r,
P
U, U (1) — 0

asn — o. Then

W, ul”,..., u") = (wy,...,w;}) on D'(0,7)

1 y 2 Yooy r 1 Yooy r y y

where Wy, ..., W, are dependent zero-mean Gaussian processes with independent
increments, a.s. continuous sample paths, and covariance functions cov (W;(s), W;'(t)) =
cri(s) forall k,l and all0 <s <t <. o

By this theorem, the random vector (Ul("), Uz("), el U,(")) evaluated at a single fixed
time ¢ € (0, t) converges in distribution to an r-dimensional normal random vector
with zero mean and covariance matrix cy(¢), k,l € 1,...,r.
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4. Nonparametric Estimation of Failure Time
Distribution

4.1. Estimating cumulative hazard function and survival function

Let (11, Cy),...,(Ty, C,) be independent, let T1,...,T, be identically distributed with
survival function S and cumulative hazard function A.

Let X; = T; AC; be censored failure times and §; = 1(T; < C;) failure indicators. We
would like to estimate the survival function S and the cumulative hazard function A
from the independent observations (X3, 61), ..., (X,, 6,) without making any assump-
tions on the distribution of T;.

If the data were not censored, the survival function S could be estimated by S =
1-F, where F(t) = n™! ¥/, 1(T; < ) is the empirical distribution function. So our task
can be viewed as extendlng the empirical distribution function to censored data.

Consider the counting processes N;(t) = 1(T; < t,6; = 1) and at-risk processes
Y;(t) = 1(X; > t),i =1,..., n. Take the filtration

Fr =0{N;u),Y;(u+), 0<u<t,i=1,...,n}

and the compensator A;(t) = fot Yi(u)dA(u). If the independent censoring condi-
tion (3.1) holds (we always assume this) for each pair (T}, C;) the process M;(t) = N;(t)—
A;(t) is an F;-martingale (see Section 3.1 on p. 27).

Let N(t) = X/, N;(r) and Y(t) = Y7, Vi(r). It follows that M(r) = 37, M;(¢) =
N(t) - fot Y (1) dA(u) is an ;-martingale.

Denote by T, the time when the data run out, i.e., T, = inf{s : Y(s) = 0}. Take the
bounded ¥;-predictable process

1Y (1) > 0)

H =50

For u > T., the numerator is 0 and the whole process is defined as 0. By Theorem 3.4,
f H dM is a martingale and its expectation is zero. Write

/ H(u) dM (u) = / H(Y;L?;O) dN(u) - / 1(V(u) > 0)dA(u) = / dy(l(;)‘) “A(ATY).
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4. Nonparametric Estimation of Failure Time Distribution

The left-hand side has zero expectation. The random part of the right-hand side ap-
pears to be a good candidate for an unbiased estimator of A(r) at times r when data
are still observed.

Definition 4.1. The function

~  ["dN(u)
A(t)_/o Y(u)

is called the Nelson-Aalen estimator of the cumulative hazard function. v

Note.

 This estimator was proposed by Nelson (1969). Its consistency and weak conver-
gence were first proven by Breslow and Crowley (1974) using standard methods
and then by Aalen (1978) using martingale theory.

¢ The Nelson-Aalen estimator is constant for r > T.. There is no information in
the data about the hazard after the last observation fails or is censored.

* Denote by 1; < --- < t; the ordered distinct failure times observed in the data.

Then _
~ AN(t)) —~
A= ) ?(tj; = >

{j:tj<t}

This is how the estimator is calculated. The contribution A j is an empirical esti-
mate of the discrete hazard at ¢;: the ratio of the number of subjects who failed
at t; divided by the number of subjects who could have failed at ¢;.

Having an estimator A for A, we can use it to obtain an estimator for the sur-
vival function S. By equation (1.2), we have S(t) = e *® for continuous failure time
distributions. So we could take ~

S(r) = e A0,

This is called the Fleming-Harrington estimator of survival function. However, (1.2)
only holds for continuous failure time distributions, which allow no ties among fail-
ure times. So let us use equality (1.1) instead, which is more universal.

We have AF ()
" dF(u
w0 [ Sy

Hence, for any measurable function g(z),

' _ (" g
./og(U)dA(U)_/o S(o) dF(u).

Take g(u) =1 - F(u—) to get

/ t[l — Fu-)]dA(u) = F(t) = 1 - S(t)
0
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4. Nonparametric Estimation of Failure Time Distribution

and finally,
S(t)y=1 —/ S(u—) dA(u).
0

Plug in the Nelson-Aalen estimator of A and obtain an estimator of the survival func-
tion S that satisfies the equation

S(r)=1- /0 t S(u-)dA(u). 4.0

We can solve this equation recursively as follows:

() = 1—/ S(u —)dN(”)

Y(u)
St)=1- ZS( Ax(’;)

We can see that S(¢) is a step function because it can only change at the observed
failure times. Let us calculate the size of the jump of S(¢) at any .

S(-) - §(6) = —A5() = Sy 2N @).
Y (1)
Hence, .
S(t) = §(r—)[1 - Aiv(t)].
Y(1)

This is the recursive equation that allows us to subsequently calculate all values of
S(r). It is easy to see that it can be solved to get the following definition.

Definition 4.2. The function

= AN
S(t) = 1_[ 1- _—(u)]
us<t Y(u)
is called the Kaplan-Meier estimator of survival function. v

Note.

e This estimator was first proposed by Kaplan and Meier (1958).
e With ; < --- < t; the ordered distinct failure times,

—~ AN (t; —~
S(t) = ]_[ [1— ;\ég)]z ]_[ 1-2)).

{j:tj<t} {jitj<t}

The last expression agrees with equation (1.3) for discrete hazard functions.
e The Kaplan-Meier estimator is a right-continuous piecewise constant function.
When the data are not censored, 1S equals the empirical distribution function.
* The Kaplan-Meier estimator is constant for r > T.. It does not drop to zero at the
last observed failure time #; unless all the remaining subjects fail at that time.
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4. Nonparametric Estimation of Failure Time Distribution

4.2. Properties of the Nelson-Aalen estimator

Select T > 0 a fixed time such that P[Y;(r) = 1] > 6 > Oforalli = 1,...,n and A(t) < oo.
The properties of nonparametric estimators will be investigated on the fixed interval
(0, 7) because our theoretical tools (in particular the central limit theorem) require
that.

In practice, we perform the analysis on the random interval {0, T.), where T, =
inf{s : Y(s) = 0} is the time when the last observation fails or is censored.
The proofs could be extended to this more general case but they would become
much more complicated.

Assumptions. There exists a deterministic function = : (0,7) — (0, 1) such that

150 - n0)| 5 0. 4.2)

su
pl’l

t€(0,7)

If the censoring times Cy, ..., C, are identically distributed (hence N;(t), Y;(¢) are),
then condition (4.2) is satisfied with n(t) = P[Y;(¢) = 1], which is positive on (0, 7).

Lemma 4.1. If the data are independent and identically distributed, then condition
(4.2) is satisfied. ¢

Proof. By the weak law of large numbers for iid random variables, Y(¢)/n LN n(t) =
P[Yi(t) = 1] atevery t € (0, 7). Uniformity follows from the Glivenko-Cantelli Theorem
on uniform convergence of the empirical distribution function. O

t dN(u)

b S0 can be written
Y (u)

As shown previously, the Nelson-Aalen estimator Alt) =

das

Al) = A1) + /0 tH(u)dM(u),

where H(u) = 1(Y(u) > 0)/Y(u) is predictable and A*(t) = A(t A T.). This martingale
representation together with the results of Chapter 3 allows us to prove the following
theorem that summarizes the important properties of the Nelson-Aalen estimator.

Theorem 4.2.
(i) Foranyt e (0,7), E [K(t) - A*(t)] - 0.
(i) Foranyt € (0,7),0 > E [K(t) - A(t)] = — ['P|V(u) = 0] dA(w). For identically

distributed data, |E [A(t) - A(t)]| < [1 = 7(t)]"A(t) — 0 as n — oo.
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4. Nonparametric Estimation of Failure Time Distribution

(iii) If A is continuous with hazard function A,

\/ﬁ[K(t)—A(t)] — /0 ,/% dW(u) on D(0,7). ,

Proof. (i)
At) — A (t) = /0 H(u)dM(u),

where H(u) = 1(Y(u) > 0)/Y(u) is bounded and predictable. By Theorem 3.4,
A(t) — A*(r) is a martingale a thus it has zero expectation at all ¢ € (0, 7).

(i)

E[A(t) - A@0)] = E[A"(1) - At)] = -E /0 1(Y(u) = 0)dA(u)

= - / t P[Y(u) = 0] dA(u).
0

Thus, there is a negative bias in A(z) that starts to appear after the data have
run out. When the data are iid, P [Y(«) = 0] = P[Yi(u) = Ya(u) = - -+ = Y, (u) = 0] =
[1—n(u)]". Hence,

EIAW - AW = [ =m0 aAw) < [1 == Aw)

and the right-hand side converges to 0 as n — oo.

(iii) Now we assume that T has a continuous failure time distribution with hazard
function A(r). The proof of weak convergence uses Theorem 3.10, the first cen-
tral limit theorem for martingale integrals, with r = 1 group (the subscript & is
dropped). We take

u"e) = / ' VFEH () dM )
0

with H(u) = 1(Y(u) > 0)/Y («) bounded and predictable and
U™(e) = Z‘ u(r) = /0 t ViH(w) dM(u) = Va[A(r) = A*(1)].

Let us verify the conditions of Theorem 3.10. First, by Theorems 3.5, 3.6, and 3.7
or 3.9,

(U™, u™y(r) = /0 t nH*(w)Y (u) dA(u) = /0 t%dA(u)

oy TIFwW >0 1
_./0 @) dA(””/o [ Yain |

(u).
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4. Nonparametric Estimation of Failure Time Distribution

P .
Denote the second summand A,. If we show that A, — 0 we will have proven
the first confition,

W™, g™y - / t F2(u) du
0

with f(u) = \/A(u)/n(u). By the Cauchy-Schwartz inequality,

lA”|S/o Yu) n(u)

The first term can be bounded above by

1Y () > 0)dA(u) + / t 1Y (u) = 0)% dA(u).

A(r)

Y(u) m(u)

O<u<t

and the supremum converges to zero by uniform convergence of Y(u)/n to n(u)
and the fact that n(u) is bounded away from zero. The second term is bounded
above by

1(V(7) = 0) / < A,
Let us show that 1(Y (1) = 0) £, 0. Take any & > 0.
P[1(T(r)=0)>&| =P [V(r)=0] -0

because P[Y;(t) = 1] > & > 0 for all ;. This shows that the first condition of
Theorem 3.10 is satisfied.

Turn our attention to the second condition (Feller-Lindebergh-type). Choose
any ¢ > 0 and consider the process

u"(e) = / VRHGUVRH@) > &) dF(w).
0

Its predictable variation process is
t
", U (@) = / nH* WY (W T(VRH(w) > &) dA(w).
0

The integrand is zero whenever Y(u) = 0. Otherwise, the process is

! 1 (Y(u) 1
/TH(Y(U)<\/_/8)dA(u)—‘/O n(u)ﬂ( . <\/ﬁg)dA(u)+0P(l)’

where the replacement of n/Y by 1/r is justified by the same argument as earlier
and op(1) is a term converging in probability to zero as n — oo. The integral is
bounded above by
Y(r 1
A (T2 < |

() Vne
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Yo P

and this converges to 0 in probability because =~ — n(7) > 0 as n — co.

The conditions of Theorem 3.10 have been verified. Hence

ViAo - A 0] = [ fwaww
with f(u) = VA(u)/x(u).

Last, we show that sup, . o ., Vi[A*(1) = A(t)] P, 0. This is true because
V[A*(t) = A@t)| = Vn|[A(T) = A0 U(T: < 1)
and

sup P[VnI(T. <t)> €| = sup P[Vnl(¥(r)=0)>¢&|= sup P[Y(1)=0] -0
te(0,7) t€(0,7) t€(0,7)

for any ¢ > 0. This completes the proof. O

Note.
e Part (iii) of Theorem 4.2 implies that for any fixed ¢ € (0, 1), Vn [K(t) - A(t)] has
asymptotically normal distribution with zero mean and variance

t
A
/ AW 4
o m(u)
e Part (iii) of Theorem 4.2 implies uniform consistency; i.e.

sup
te(0,7)

NORE A(t)‘ .0 asn— .

* Asymptotic normality and consistency of A also hold for discrete failure time
distributions. We presented a proof for continuous distributions, which is ac-
tually the more difficult case than with discrete distributions.

The next theorem introduces a variance estimator for /A\(t) and establishes its
consistency and unbiasedness.

Theorem 4.3.
(i) For any finite n,

o2 (t) = var [K(r) - A*(t)] - /0 t EHu)[1 - AA(w)] dA(w).

Asn — oo, noi(t) — Ot I;A(';;”) dA(u).
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(ii) Define
t N —_ —
S2(r) = / _21 - AN@W) 1] dN(w).
0 Y (u) Y(u)-1
Then
9 P N |
nSy(t) — —[1 - AA(w)] dA(w).
o m(u)
(iii)
I3
E[S5(t) - da(t)] = / P[Y(u) = 1] AA(w) dA(u),
0
which is zero if the failure time distribution is continuous. o

Note. For continuous distributions, N cannot jump by more than one and the esti-
mator can be simplified to:

S2(t) = /0 ?zl(u) dN(u).

Proof.

(i) By Theorems 3.5, 3.6, and 3.9,
var/otH(u) dM(u) = ZZ;: E [H2(w)Y;(w)][1 - AA(w)] dA(u)
= / tE [H2 W)Y (w)][1 - AA(w)] dA(u) = / tE Hw)[1 - AA(u)] dA(u).
0 0

(ii) We only present the proof for continuous failure time distributions.

e [ = [ A s [
nSA(t)—/O ?Z(u) dN(u)—/O T dA(u) ./On(u) dA(u)

because n/Y (u) LN 1/7(u) and A(u) LN A(u), both uniformly in time.

(iii) This part is also done only for continuous failure time distributions.

200y 2001 _ "Hu) — = " H(u)-
E[SA(I) O'A(t)] = E‘/0 @) dN (u) E/0 _Y(u) Y(u)dA(u)
=E t ﬂ dM(u) = 0. O
0o Y(u)
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4. Nonparametric Estimation of Failure Time Distribution

4.3. Properties of the Kaplan-Meier estimator
Let us return to the Kaplan-Meier estimator of survival function

w-[]}- 2]

u<t

Because the Kaplan-Meier estimator has the form of a product rather than a sum,
its properties need to be investigated as ratios rather than differences. The key state-
ments are formulated by the following two lemmas.

Lemma 4.4. Atallt > 0 such that S(t) > 0, it holds

SW - /t W) 4R - Aw).
0

S(t) S(u) o
Proof. We start with integration by parts on the product S and 1/8.
5(t) _ 5(0) / /
AP d u)+ | ——dS(u @)
5050~ Jp Sual)e [ 55480,

We know that 5(0) = S(0) = 1. This step does not seem to help because we do not
know how to calculate f -d(1/8) but this is solved in the next step by another appli-
cation of integration by parts. This time we apply it on the product S - 1/S over the
interval (v, r) for 0 < v < t. We get

_S@) _S@) _ .
We use this equality to argue that, for any measurable function #,
f Do - [
/0 hw)S(u=)d(< )@ = /0 S S, ()

This can be shown by a technique known from measure theory. First, show the valid-
ity of (1) for h(u) = 1(u € (v, t)). But this is already done by (**). Next, show that it still
holds for i being a simple function of the form h(u) = 21L:1 T(u € (vy, 1)) for disjoint
intervals (v, ;) c (0,¢). This is trivial. Last, we take a sequence of simple functions h;
such that h; " h for L — oo and use the monotone convergence theorem to justify
the equality () in the limit.

Now we use (1) with h(x) = S(u—)/S(u—), which is measurable for almost any
trajectory of S. We get

L S(u-) 1 ~ LS(u-) 1
/0 s<u—)s(”‘)d(§)(”)“/o Stum) S ©W

_["S(u-)d(1-Sw) [ S(u-)
‘/o S@ S ‘/o Sy A0

(4.3)
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4. Nonparametric Estimation of Failure Time Distribution

Now we are done with the first term on the right-hand side of (*). The second term
is easier. We use equation (4.1)

S(t)y=1- /0 t S(u-)dA(u)

to get

1 e[S
/Os(u)dS(u)— ‘/0 S dA(u).

Putting the last two results together and plugging them into (*), we get

S(t) L S(u-) "Su-) o~ LS(u=) |~
%_H/O SG) dA(u)—/O md/\(u)_l—/o i) d[A(u) — A(w)]. .

Lemma 4.5. At allt > 0 such that S(t) > 0, it holds

S -s@) _ [ —
55 - /0 H(u)dM(u) + B(t),
where - _
Hu) = S(u—) 1Y (u) > 0)

S(u) Y(u)

is a predictable process and

_ S(1) (1) - S(2)

B(t) = ST SO (T, < 1). .
Proof. By Lemma 4.4,
S([)S(_,;)S(t) _ /f SS(Z;)) {dyﬁ((b)t) 1Y () > 0)% dA(u) - 1(Y (u) = 0) dA(u)}
0 u u
__ 1S 1w >0) CSu-), o
= /0 S o) dM (u) +/0 o) 1Y (u) = 0)dA(u)
=— / t H(u) dM(u) + B(t).
0

It remains to rewrite the bias term B(t). Notice that B(t) = 0 as long as Y(¢) > 0 or
t < T.. We use equation (4.3) derived during the proof of Lemma 4.4

/0 t§(u—)d(§)(u) - /0 t S;fz‘u_))dz\(u)
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4. Nonparametric Estimation of Failure Time Distribution

together with the fact that S(u-) = S(T,) foru > T, to get

B(t) = /Tj ifz‘_)) dA(u) = / S(u- )d( )(u)

= U(T, < £)S(T,) / (u)

1
S(t)  S(T.)

_ S(1) S(T.) - S(2)
S8y S()

= U(T, <t)S(T)[

(T, < t). O

Lemma 4.5 states that the relative error in the Kaplan-Meier estimator can be
expressed as a martingale integral plus a bias term. The bias term B(t) converges to
zero in probability for ¢ < t because P [T, < ] — 0.

The next theorem specifies the first two moments of the Kaplan-Meier estimator.

Theorem 4.6. At all t > 0 such that S(t) > 0, it holds

(1)
ES(t) = gg; > (1)
(ii)
ES(t)-S() <[1-S@)]P[T. <t] >0 asn— o fort <.
(iii)
t Q2 _ v,
var [S(t) - S(t)B(1)] = $%(¢) /0 E Ssz(?u)) W;&; 0 [1- AA(u)] dAw)
=varS(¢) + o(1). o

Proof.

(i) By Lemma 4.5,

Hence
ES(t) = S(t) + S(t)E B(¢) = S(¢).

(i)

ES(t) - S(t) = S()E B(¢t) = ES(T)[ ]H(T £).

S(T2)
Because S(T.) < 1 and S(T,) < 1,

ES(t)—S(t) < [1-S()|ENT. <t)=[1-8@1)|P[T. < 1].
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4. Nonparametric Estimation of Failure Time Distribution

(iii) By Lemma 4.5,
var [g(t) - B(t)S(1)] = S%(1) var‘/tH(u) dM (u)
0

=S%(t)E / tHz(u)?(u)[l — AA(u)] dA(u)
0

o [ S (u) 1Y () > 0)
- s%(1) /0 S

[1-AA(w)] dA(u).

For ¢ < 7, the term B(t) R 0 as n — oo, hence its variance is asymptotically
negligible and var S(¢) ~ var [S(t) — B(r)S(¢)]. O

Note. An estimator V(¢) for var \/ﬁ[§(t)A— S(t)] can bg obtained from item (iii) of the
previous theorem by replacing S with S and A with A.

Definition 4.3. The estimator

—~ ) ‘ djV(u) _ =2 —~
V() = nS2(r) /0 T v =S 0RO, (4.4)

for var Vn[S(r) — S(¢)] is called the Greenwood formula. \%

The following proposition states the uniform consistency of the Kaplan-Meier
estimator for continuous failure time distributions. Its proof is relatively complicated
and so is omitted.

Proposition 4.7. Let the observations be independent and identically distributed and
A be continuous. Then

sup
0<t<t

() - S(t)| o

We proceed to claim weak convergence of the normalized Kaplan-Meier estima-
tor to a zero-mean Gaussian process. Again, we only state and proof this result for
continuous failure time distributions.

Theorem 4.8. Let the observations be independent and identically distributed and A
be continuous and differentiable almost everywhere with hazard function A’ = A.
Denote o(t) = [} n~"()A(u) du. Then

(1)
Vr[S(t) - S(t)] = S(t)W(o(t)) onD(0,7),

where W(o (1)) = [/ 24 aw (u).

m(u)
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4. Nonparametric Estimation of Failure Time Distribution

(ii)

n M = W(o(t)) onD{0,7).
S(t) o

This theorem was first proven by Breslow and Crowley (1974) under somewhat
stronger conditions.

Corollary. For a fixed time 7 in (0, 7, Vn[S(r) — S(¢)] >, N(0,V(t)), where

V(t) = S?(t)o(r) = S%(¢) / t 7 Y w)A(u) du.
0

Note. The limiting variance o (¢) in part (ii) is the same as that for the Nelson-Aalen
estimator.

Note. The Greenwood formula V (¢) introduced in (4.4) is a uniformly consistent esti-
mator for V(t) = S%(¢t)o(t) on (0, 7).

Proof (of Theorem 4.8).
(i) By Lemma 4.5,

VnlS(t) - S()] = —S(t)/0 VnH(u) dM(u) + VnS(t)B(t),

where sup, ¢ ¢ VnS(¢)B(¢) ) because, by Theorem 4.6, part (ii), 0 < vnB(t) <
V[l = S()]U(T. < r) and sup,., ., VnI(T. < 1) LR 0.
It suffices to investigate the weak convergence of U(t) = fot \nH(u) dM (u) with

S(u-) 1¥ () > 0)
S(u) Y(u)

H(u) =

bounded and predictable on (0, 7).

As in the proof of weak convergence of the Nelson-Aalen estimator, we will use
Theorem 3.10 with r = 1 group. Let us verify the conditions of the theorem. First,
by Theorems 3.5, 3.6, and 3.7 or 3.9,

U™ umyr) = / t nH?(w)Y (u) dA(u)
0

_/f S2(u=) 1(Y(u) > 0)
“Jo SEw) Y(w)/n

Py [AW
‘/On(u)du_g(t).

dA(u)
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4. Nonparametric Estimation of Failure Time Distribution

because S is continuous, S R S uniformly in (0, 7) according to Proposition 4.7,
and Y(u)/n LN n(u) also uniformly, by assumption (4.2).
Next, .

W uMye) = /0 nH2 (Y () 1(VrH(W) > ) dA(u) — 0,

because sup, ¢ o ViH(t) 0 (details are omitted). By Theorem 3.10,
Va[S(t) - S(1)] = S@W(o(1)) on DO, ),

where W(o (1)) = [} 24 aw (u).

m(u)
The negative sign that we encountered at the beginning of this proof does not
matter because the limiting process has the same distribution as its negative.

(i) Since S(z)/S(¢) i uniformly on (0, 7) (Proposition 4.7),

nw = W(o(t)) on D(0,1).

4.4. Confidence bounds for the survival function

It is easy to contruct pointwise confidence intervals for S(r) at a fixed ¢ € (0, 7). Based
on corollary to Theorem 4.8 and using the Greenwood formula, we get

S(t) - ul_am/$ < S(t) < 8(t) + u1-q)2 @] —1-a.

The lower and upper bounds of a confidence interval for S(¢) with asymptotic cover-
age probability 1 — « are

p

o ()

§(t)(1 —Ul-q/2 T) and §([)(1 +UI—q)2 @),

n

respectively.

Let us turn our attention to confidence bounds that cover the whole curve with
the desired probability, not just at one point. We are looking for random functions
C;(t) and Cy(t) calculated from the data such that

P[CL(t) < S(t) < Cy(t) forallt € (0,7)] » 1 - «a.

The following lemma is based on Theorem 4.8, point (ii), and the continuous
mapping theorem for weak convergence.
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4. Nonparametric Estimation of Failure Time Distribution

Lemma 4.9. Under the conditions of Theorem 4.8,

n
[ sup ‘S(t) S(t)’ 2, sup Ww).
a(r) te(O ) S (1) 0<u<l g

Proof. According to Theorem 4.8, part (ii),

S(t) S(t)

50 = W(o(t)) on D{0,T).

n S(r) - S(r)
Vo)  350)
1

converges weakly to the process Q(t) =

Hence, the process

sup,., . |Q(¢)| is continuous with respect to the Skorokhod metric (see the note on
p. 95 in the Appendix), we have

[nS(t)-S@)
Suf) o(t)  5(r)

0<t<t

= sup [Q(r)]. ™)

0<t<t

The process Q(r) is zero-mean Gaussian process with independent increments and
continuous sample paths and its variance function is

var Q(t) = ! var W (o (t)) = O-(t).
o (7) o (1)
Now define u = (L (0,1) and define a process Q*(u) by making a change of vari-
ables: .
Q*(w) = W(uo(r)), ue€(0,1).
Vo (1)
Clearly,

sup [Q(r)| = sup [Q"(u)].

0<t<t 0O<u<l

But Q*(u) is the standard Brownian motion because

varW(uo (7)) = uo(v) =

1
o (7) o (7)

Hence, the limiting distribution on the right-hand side of (*) is the same as the dis-
tribution of sup,_, ., [W(u)|.

varQ*(u) =

Replacing o (1) by o(7) does not change the limiting distribution because o (1) is
a consistent estimator of o (7). O
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4. Nonparametric Estimation of Failure Time Distribution

The distribution function of the limiting random variable can be expressed as

4 (D eXp{_n2(2k+1)2}

~ 1 2
nk=02k+1 8y

P|sup W) <y

0<u<l

for any y > 0 (Billingsley 1999). Denote by c, the a-quantile of this distribution.

Based on this result, Gill (1980) proposed asymptotic confidence bounds for the
whole survival curve on the interval (0, r) with lower and upper boundaries

§(t)(l—cl_a ?) and §(t)(1+cl_a 5’(;)).

Notice that the Gill bounds differ from the pointwise confidence intervals not only
by the quantile but also by using o°(7) in place of o ().

The Gill bounds have the largest width at ¢ close to zero when 5(¢) ~ 1. To over-
come this weakness, alternative bounds were proposed by Hall and Wellner (1980).
They are based on the following extension of Theorem 4.8.

Theorem 4.10. LetK(t) = ‘T(t)t) and K(t) = 2. Under the conditions of Theorem 4.8,

T+o( T+o ()"

vn L _g(K) @) [S(t) - S(t)] = B(K(t)) on D(0,71).
t

¢

Here, the process B(r) is Brownian bridge discussed in Appendix A.3.3 on p. 93. It
is a Gaussian process defined on the interval (0, 1), with zero mean, variance func-
tion var B(r) = t(1-t), and covariance function at s < r given by cov (B(s), B(t)) = s(1-r).
Notice that K(r) € (0, 1) and K() € (0, 1). The limiting process is a time-transformed
Brownian bridge, with K(¢) playing the role of a non-decreasing time transformation
from (0, ) to (0, 1).

Proof (of Theorem 4.10). By Theorem 4.8, part (ii),
Vi(S = 8) = SW(o).

Since K(s) = o(s)/(1 + o(s)), we have o(s) = K(s)/(1 — K(s)). Let us calculate the
covariance function of the limiting process SW (o) at s < t.

K(s)
1-K(s)

cov [S(s)W (0 (s)), S(OW (07 (1))] = S(s)S(t)o(s) = S(s)S(¢)

_ S(s) S(r)
T 1-K(s) 1 -K(r)

K(s)[1 - K(2)].

So, the limiting process of
1-K(t)

s VIS = s0)
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4. Nonparametric Estimation of Failure Time Distribution

has the covariance function K(s)[1 — K(¢)] at s < t and this is exactly the covariance
function of the Brownian bridge B evaluated at K ().

Finally, one can replace S by S and K by K because they are uniformly consistent
estimators. O

It follows from Theorem 4.10 and the continuous mapping theorem A.2 that

sup \/_ K(t)

0<t<t

— P

sup |B(K(2))| = y

0<t<t

[Si6) - 50) 2 ¥

We have

P sup [B(w)| > y

0<u<K(1)

sup [BK(0))] > y] =P

0<t<t

Denote the e¢-quantile of the distribution of sup,_, <k, |B(#)| by k.(7). This can be
calculated numerically.

The Hall-Wellner confidence bounds for survival function have lower and upper
boundaries

§(t)(l — k1o (7) and §(r)(1 + kl_a(r);,\]).

Vn[l - K()

=1+ o (¢), we can rewrite the Hall-Wellner bounds as

1
V[l - I?(r)])

Using the relationship

1
1-K(r)

1+0(1)

Vn

§<r)(1 — k1_o(7)

) and §(t)(1 k() 8(t)).

i

We can get conservative Hall-Wellner bounds that do not require the calculation
of k1_,(7) for a specific 7 as follows: Since

P| sup |Bu)|=y|<P

0<u<K(t)

sup |B(u)| >y] —22( 1y *le 4y

O<u<l

where the distribution on the right-hand side can be calculated (Billingsley 1999) and
is the same as the asymptotic distribution of the Kolmogorov-Smirnov test statistic,
we can replace k;_,(t) by the critical value of the Kolmogorov-Smirnov test k;_, to
obtain confidence bounds with asymptotic coverage > 1 — «

54



5. Two-Sample Tests for Censored Data

5.1. Notation

Consider two independent samples of censored data obtained from two groups of
subjects. We assume that (Ty;, Cx;), i = 1,...,ng, kK = 1,2, are independent random
vectors. Let Ty, ..., Tkn, be identically distributed with survival function S; and cu-
mulative hazard function Ay, k =1, 2.

The goal is to test whether the failure time distributions in the two groups are the
same. In particular,
Hp : S1(t) = So(t) for allt > 0 against H; : There exists t > 0 s.t. S1(¢) # Sa(1).

Of course, the hypothesis can be equivalently formulated as equality of cumulative
hazard functions.

Notice that we do not assume that the censoring mechanisms in the two
groups are the same. The censoring variables Cy; may have arbitrary distinct
distributions.

Denote X;.; = Ty; A Cr; censored failure times and 6;; = 1(Ty; < Cy;) failure indica-
tors. The observed data are (Xi;, 6xi), i = 1,..., ng, k = 1,2. The observed data can be
also expressed in terms of counting processes Ni;(t) = 1(Ty; < t,6x; = 1) and at-risk
processes Y;(t) = 1(Xy; = t),i=1,...,n k=1,2.

We will work with the filtration
Fr = 0{Ni(u), Yii(u+), 0<u <t,i=1,...,n,k =12}
Take the compensator Ag;(t) = fot Yri(u) dAy(u). Under the independent censor-
ing condition, My;(t) = Ni;(t) — Ax;(r) are all F;-martingales. Define

ng n

Ne(t)= ) N(t) and Vi) = ) V(o).

i=1 i=1
Then .
Myt = Y M) = Nu(0) - [ i ahi
i=1 0

are F;-martingales, k = 1,2. Also define N(t) = N1(t) + N2(t) and Y(t) = Y1(¢) + Y2(2).
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5. Two-Sample Tests for Censored Data

Table 5.1.: Contingency table of failing and non-failing subjects in the two groups at
the j-th ordered failure time ¢;.

Failure Groupl Group2 Total

Yes Dlj ng Dj
No le _Dlj R2j_D2j Rj —Dj
Total le jo Rj

5.2. A heuristic derivation of the logrank test

Take all distinct failure times observed in both groups and order them. Denote the
ordered failure times 1 < t» < --- < t;. Denote the number of observed failures in
the k-th group at the time ¢; by Dy; = AN(t;) and the number of subjects at risk in
the k-th group at the time #; by Ry; = ?k(tj). Let D; = Dij + Dyj and R; = Ryj + Ry;j
be the number of failures and the risk set size in the combined sample. With this
notation, the data observed at the time ¢; can be summarized in the form of a two-
way contingency table, see Table 5.1.

If Hy is true then the two discrete variables (failure status and group membership)
that formed the classification given in Table 5.1 are independent. It can be shown
that” conditionally on the marginals Dj, Ryj, and Ry;, the number D;; of failures in
the first group has a hypergeometric distribution under Hy. Thus, conditionally on
Dj, Ryj, and Ry,

ED. . = Rij _
Dy; _Dj?j = E

and VaI’Dlj = Dj

if Hy holds. The test statistic we are going to consider compares the number of fail-
ures observed in the first group with the conditional expectation under Hy at each
failure time, and accumulates these contributions. Thus,

d

d s
WZZ(Dlj—Ej)ZZ(Dlj—Dj#). (5.1
=1 j

j=1

To standardize the statistic, we divide W by Vvar W, the estimated standard devi-
ation of W. If W were the sum of independent terms, we could take varw = 27:1 V.
However, Dy; — E; are clearly not independent. Nevertheless, it can be shown that

" See the development of the Fisher exact test of independence for 2 x 2 contingency tables with small
cell counts.
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5. Two-Sample Tests for Censored Data

the naive variance estimator that ignores the lack of independence is asymptotically

correct and so .,
2521(D1j — Ej)

2, N, 1) (5.2)
Y
under Hy. Thus, we reject Hy when
>4 (Dyj - Ej) 4 (Dy; - Ep)|
i=1D1j — Ej [Zj:](Dlj E))| 5
> Uj_qj2 OF y > x7(1-a).
2LV 2j-1Y)

This test is called the two-sample logrank test. It was proposed (without any proof of
its properties) by Mantel (1966).

We will prove (5.2) using martingale theory. In order to do that, we need to write
the numerator of the logrank test statistic as a difference of stochastic integrals. Re-
call that Dy; = AN (t;) and Ry; = Y«(t;) and express (5.1) as follows:

B [eN] . ~ [eN] m _ .
W = A 1dN+(s) A ?(5) d(N1+ No)(s)

- / w(l - ?I(s))?l(wdﬁl(s) - / Th) g, ) ANa)
0 0

Y(s) Yi(s) Y(s) Ya(s)
CYi()Ya(s)  ~ =
= —————dA; - A ,
P A - R
where Ag(f) = Ot %’ES) is the Nelson-Aalen estimator of the cumulative hazard for

the k-th group.

This also shows that W is the integrated weighted difference between the Nelson-
Aalen estimators of cumulative hazards in the two groups. The weight Y1 (s)Y 2(s)/Y (s)
takes into account the number of subjects that are observed at both groups at the
time s. When either of the groups runs out of observations (Y; = 0), the weight is
Zero.

5.3. Linear rank statistics for censored data, weighted logrank tests

Definition, connections to rank tests

We will consider a class of test statistics of the form

We(t) = /0 K($)d(R1 = Ra)(s),
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with Wx = Wi (e0). The process K(s) is a bounded non-negative predictable process
such that K(s) = 0 whenever Y1(s) = 0 or Y»(s) = 0. Every process K(s) with these
properties can be written in the form

K(s) = mtn W(s) M

ning Y(s)

where W(s) is a bounded non-negative predictable process. The logrank test is ob-
tained by setting W(s) = 1. The statistics Wy are called weighted logrank statistics. In
the notation of equation (5.1), a weighted logrank statistic can be expressed as

d

Ryj

Wi = ij(Dlj - Dj?),
j=1 1

where W; = W(t;) is a weight for the j-th observed failure time.

We require the process W to be predictable, which implies that W (s) must not
depend on the data observed after s. If we choose W(s) so that it depends only on
the observed numbers of failures before s and numbers of subjects who were at risk
when those failures occurred (but not on failure and censoring times directly), the
statistic Wx becomes invariant with respect to strictly increasing transformations of
time (they do not change the order of the observed failure or censoring times). Be-
cause of this, Wi represents a class of linear rank statistics for censored data.

With non-censored data, nonparametric two-sample linear rank statistics are de-
fined as Z;’:ll (p(%), where the nondecreasing function ¢ defined on (0, 1) is called

the score, R; are ranks of the first sample among all observations from both samples,
and n = n; + ny is the total sample size (Lehmann 1975). These test statistics are also
invariant with respect to any strictly increasing transformations of data because such
transformations do not change the ranks. We are going to note that some of these
non-censored linear rank statistics are special cases of weighted logrank statistics.

It is difficult to generalize the term “rank” to censored data because censoring
makes ordering of failure times unclear. The class Wy provides a generaliza-
tion of linear rank statistics to censored data through its invariance property
even though it avoids any direct reference to the ranks.

Examples of weighted logrank tests

1. For W(s) = 1, we get the logrank test (Mantel 1966).

In non-censored data, the logrank test is equivalent to the Savage exponential
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scores test (Savage 1956) with scores

R; )_ 1
S"(n+1 ‘Zn—j+1'

j=1

These scores are expressions for E X(z,), expected values of order statistics for
a random sample of size n from the exponential distribution with parameter 1.
Savage test is the most powerful test against changes in scale between two expo-
nentially distributed samples or against shifts in location between two samples
with Gumbel distributions.

. Forw(s) = YO) e get the Gehan-Wilcoxon test (Gehan 1965).

n+l’
In uncensored data, the Gehan-Wilcoxon test is equivalent to the Wilcoxon rank-
sum test with scores
()= 7
LAY A

Wilcoxon test is the most powerful test against shifts in location between two
samples with logistic distributions.

This test puts more weight on early differences in hazard functions than on dif-
ferences that occur later.

. For W(s) = S(s—), we get the Prentice-Wilcoxon test (Prentice 1978). This is an-
other generalization of the Wilcoxon rank-sum test to censored data. It uses the
Kaplan-Meier estimator as the weight (left-continuous version is used to assure
predictability).

The Prentice test differs from the Gehan test by using the Kaplan-Meier estima-
tor S in place of the empirical distribution of the censored failure time. If the

data are uncensored, - and S are both estimators of the survival function.

However, in censored data % estimates the probability of being at risk, which

is affected by the censoring distribution, unlike the Kaplan-Meier estimator,
which estimates the survival function. This is why the Prentice-Wilcoxon test
is the preferred variant.

. For W(s) = S(s=)?[1 - S(s—)], where p,y > 0 are selected constants, we get the
Fleming-Harrington G(p,y) class of test statistics (Fleming and Harrington 1981;
Harrington and Fleming 1982). This class includes increasing, decreasing, and
non-monotone weights depending on the choice of p and y. The logrank test
is a special case for p = y = 0, the Prentice-Wilcoxon test is a special case for
p=1,v=0.
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5. Two-Sample Tests for Censored Data

Moments of weighted logrank statistics

Lemma 5.1. The weighted logrank statistic

Wi(t) = /0 K($)d(A1 = Aa)(s),

can be written as

[T K(s) — ~ P'K(s) — t ~
We(t) = /0 AT /0 o AT+ /0 KAL) - dAs(s)l.  (5.3)

¢

The first two terms are martingale integrals because they have bounded and pre-
dictable integrands; the third term vanishes when the null hypothesis holds. This
representation is the key to the theoretical investigation of weighted logrank statis-
tics.

Proof. Consider the decomposition N = M + f Y dAy for k = 1,2. We have

/0 K(s)dA(s) = /0 KS) Nois) = /0 ;((s)) dMi(s) + /0 ;(((S))Yk(s)dAk(s).

Yi(s) k(s k(s

Since K(s) = 0 whenever Y (s) = 0, this directly leads to 5.3. O

Theorem 5.2.
(i) EWk = [T EK(s)d[A1(s) — Az(s)]. Under Hy : Ay = Ap, EWg = 0.
(ii) Under Hy : A1 = Ap = A,

2 _ _ OO ?(5) 2 } _
ox = var W _‘/0 E{_Y—l(s)Yg(s)K (s)t[1 — AA(s)] dA(s).

Proof. By Lemma 5.1,

Wie(t) = B (1) — (1) + /O K(s) d(A1 = A2)(s),

where My = [ K/Y dM) are martingales. Hence,
(i)
EWg = E Mj(c0) — E My(c0) + / EK(s)d(Ay — A2)(s)
0
and the expectations of the two martingales are zero. Under Hy, A1(s) = Ax(s) at

all s > 0 and hence EWy = 0.
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5. Two-Sample Tests for Censored Data

(ii) Under Hy, Wi(t) = M (t) — Ma(t). By Theorems 3.6 and 3.9, we have

var Mi(t) = E /0 t ;Es;?k(s)[l — AA(s)] dA(s)
k S

and (the two samples are independent),

K(s)

— 7 a(My, M =0.
Tromate) “ M M)

cov (Fy (1), Ba(1)) = E /0

Thus,

var Wi (¢) = var M (¢) + var My(r) = /Ot EKZ(S)(? l(s) te l(s)
1 2

and this leads to the desired result. O

)[1 — AA(s)] dA(s)

The next theorem introduces an unbiased estimator of 0'12<.

Theorem 5.3. Let the null hypothesis be true. Define

I L 1 1 _AN(s) -1
to= [ oo ws )T
_/t K?(s) (I_Aﬁ(s)—l
“Jo Yi(s)Ya(s) Y(s)—1

) dA(s)

) dN(s),

where A(t) = fot dN(s)/Y(s) is the Nelson-Aalen estimator of the common cumulative
hazard calculated from both samples. Then EG% () = o2 3

It is not difficult to verify that for the logrank test, &% is equal to the variance
estimator },V; proposed in the previous section by considering hypergeometric dis-
tribution and ignoring non-independence of the terms included in the statistic.

Proof. Calculate

2 N o . 2%
E(5'12<(0<>)—0'12<)=E{/_K_ (1—A?N_ ll)dN—‘/g?i(l—AA)dA}

K? K2 _ o
_E/__ dM—E‘/W[(AN—I)dN—Y(Y—I)AAdA].

The first term is a martingale integral with zero expectation. In the second term, the
square bracket is zero for continuous failure times and is a martingale for discrete
failure times (the proof of this is omitted). O
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5. Two-Sample Tests for Censored Data

5.4. Asymptotic results for weighted logrank statistics

Take 7 > O such that P[V;;(t)=1] > 6 > 0fork = 1,2and all i = 1,..., nr. Assume
that Ax(r) < o for k = 1,2. If (Ty;, Cri), i = 1,..., ni are identically distributed within
group k then by Lemma 4.1 there exist deterministic non-increasing functions n;(r) =
P [Y;;(¢) = 1] such that

iYk(z:) — (1) .0 and ni(t) > 6 > 0fort € (0, 7). (5.4)

ng

sup
te(0,7)

If the data (i.e., censoring times) are not identically distributed, the existence of func-
tions my, 7o satisfying (5.4) is taken as an assumption. Denote n = n; + n, and assume
that n;/n — ar > 0as n — oo, k = 1,2. It follows that n~1Y(s) converges in probability
to the function n(s) = a;m1(s) + axma(s), uniformly in time.

Note. Under the null hypothesis, the distribution of T; is the same in both groups
but the censoring distributions may not be the same, so in general () # m2(t) even
when Hy holds.

We will formulate a result on the weak convergence of the weighted logrank statis-
tic under the null hypothesis. The statistic is viewed as a process developing over
time, i.e.,

We(t) = /0 K($)d(R1 = Ra)(s),

K(s) = | n W(s) ?1(2?2(8) _ [mn2 W(s) Y1(s) Ya(s) n
niny Y(s) n moone Y(s)

with

Theorem 5.4. Let Wk () be a weighted logrank statistic with the weight W(s) of the form
W(s) = g(S(s—)), where g is a bounded nonnegative continuous function with bounded
variation on (0, 1) and S(s) is the pooled Kaplan-Meier estimator at s. Suppose that
the failure times in the two groups have the same distribution with cumulative haz-
ard A. Let

o?(t) = /0 (h1(s) + ha(s)) (1 — AA(s)) dA(s) < o0

for allt < t, where hi(s) is the limit in probability of K*(s)/Y(s). Denote

o [ K%(s) [ _Aﬁ(s)—l] —
7 (t)‘/o Tomel 1o -1 N

Then W (t) (taken as a process over time) converges weakly to a time-transformed

Brownian motion W(c?(t)) on D(0,7) and 7%(t) LN o?(t) as n — oo uniformly over
t € (0, 7). In particular,
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5. Two-Sample Tests for Censored Data

Note.

e We present the proof with the additional condition that the distribution of T;
is continuous, however, the theorem also holds for distributions that are not
continuous.

 The theorem also holds for W(s) = g((s)), where 7(s) = Y(s)/n (Gehan-Wilcoxon
test statistic).

* Asymptotic normality of Wi also holds when the statistic is calculated over the
whole range of the data, i.e., when 7 is replaced by inf{z : Y (¢) = 0 or Y»(¢) = 0}.
However, the conditions must be formulated a little bit more carefully and the
proof needs additional work at some places.

* Weighted logrank statistics can be extended to test the equality of failure time
distributions in several groups.

The hypothesis Hy : S1(t) = S2(¢) is rejected when

Wi (7)] : Wi
> U_q or, equivalently, — > yi(1—a).
Ve A a VoG S

Theorem 5.4 assures that the level of this test converges to @ as n — co.

Proof. Assume that the failure time distribution is continuous with a common hazard
function A and cumulative hazard A. According to Lemma 5.1,
K(s) " K(s)

Wi () = /0 = oAb () - /0 RGO /0 K()[dAL(s) — dA(s)].

Since K(s) is a bounded predictable process, Wi (t) is a difference between two mar-
tingale integrals under the null hypothesis (A; = A, = A). We will prove the joint
weak convergence of the two martingale integrals.

Take U, = [ ?ﬁl dM, and U, = [ % dM3 and apply Theorem 3.10. To verify the

conditions, we need to show that (U, Uy) converges in probability to a deterministic
function. We have

t 2 t 2
(W v = [ ;Es;?k(sm(s): 5o anc
k(s k

Now,

K2S) _ o gpmy)tok Mk (?1<s))2(?2<s))2( n )2

Yi(s) m+n2yi(s)\ m ny Y(s)

and we know that Y (s)/n; converges in probability to mx(s) uniformly in time, Y(s)/n
converges in probability to n(s) uniformly in time, and, because g is continuous,
g°(S5(s—)) converges in probability to g2(S(s)) uniformly in time. Thus,

2
(Uk»Uk>('f)=/O I;E
k

) P t B t
)dA(s) /Ohk(s)dA(s)—/O hi(s)A(s) ds,

N
S
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5. Two-Sample Tests for Censored Data

where s

as—_x 71'1(5)772(5)

mi(s)  m3(s)

The condition (U ., Ui &) LN 0 can be shown to hold by similar technique as in the
proof of Theorem 4.2, part (iii).

So, by Theorem 3.10,

) e
Uz f\/hz_ﬂdwz

where W) and W, are two independent Brownian motions.

hi(s) = g%(S(s))

) on D%(0, 1),

When evaluated at ¢t = 7, we get convergence in distribution of (U; (1), Uz(1)) to
a bivariate normal distribution with zero mean and diagonal covariance matrix with
elements fOT hi(s) dA(s). Thus, by the Cramér-Wold theorem,

Wie(r) = Us() = Uatr) 2> N(0, [ 1ha(s) + ha(s)]dAG)).
0
The integrand in the asymptotic variance is

n2(s)ms(s) [ a, a
n2(s) | mi(s)  ma(s)

g FOT)
= £XS(NT

It remains to show that 52(r) is a consistent estimator of this asymptotic variance.
Indeed, with continuous failure times,

o, [T K2(s) — [T K%(s) — — dN(s)
o= /o Tiomae = /o Troma (WO

T 2 2 _ .
:./0 [1;1((3 +Iy<2((;)]d/\(s)i> /0 [R1(s) + ha(s)] dA(s)

because of uniform convergences of the functions in the integrand as well as of the
Nelson-Aalen estimator. O

ha(s) + ha(s) = g%(S(s))

5.5. Behavior of weighted logrank tests under the alternative

Consistency

First, let us investigate consistency of weighted logrank tests.

Definition 5.1. Let W, be a sequence of test statistics with a-level rejection regions R,
n=1,2,.... The sequence W, is consistent against the alternative H, if

lim P[W, € R, |Ha| = 1.

n—oo V
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5. Two-Sample Tests for Censored Data

Let Si(r) be the survival function of T in group k and let A.(¢) be the associated
hazard function. We will be interested in two special alternatives. The alternative
Hy : A1(t) > A2(t) (with strict inequality at some ¢) is called the ordered hazards alter-
native. The alternative Hy : S»(r) > S1(¢) (with strict inequality at some t) is called the
alternative of stochastic ordering. Clearly, H; implies Ho.

Let 11(¢) zAxlg(t) on (0, 7) and A;(r) > Az(t). Consider weighted logrank statistics
with W(r) = g(S(t—)) or W(t) = g(7(t)). We have

nlnzW(s)ﬁl(i)EZ(s)
n 7(s)

K(s) =

Since 7i(s) N nr(s) and W(s) LN w(s), a left continuous function such that w(s) > 0
on (0, ), K(s) converges to c on a non-null set. Under the ordered hazards alterna-
tive, according to Theorem 5.2(i), the mean of Wi (r) converges to infinity; since its
variance estimator is bounded in probability, it follows that Wk is consistent against
ordered hazards.

Consistency against stochastic ordering does not hold in general. It can be shown
that Wy is consistent against H, if

/ " ()2 ()~ dAg(s)] > 0,
0 n(s)

After performing integration by parts, this condition can be expressed as

.
[ i) - raoa w2 <o
0 n(s)
The integrand A;(s) — A2(s) is positive under H,. The whole integral on the left-hand
side is negative if and only if w(s)% is a decreasing function of s. Since 71 (s)m2(s)/7(s)
is decreasing, a sufficient condition is that w(s) is non-increasing in s, in other words
that the function g that defines the weight is non-decreasing. Then Wx is consistent
against stochastic ordering. However, when g decreases consistency need not hold.
Thus, G(p, 0) statistics, including the logrank and Prentice-Wilcoxon, are always con-
sistent against stochastic ordering. On the other hand, G(p,y) statistics with y > 0

may not be.

Power

The power of weighted logrank tests is investigated in the local asymptotic sense.
For a given n = n; + ny, let the survival functions in the two groups be specified as

S,(C")(t) = S(h(r) + 9;6”)) where S is a known continuous survival function defined on
R with a differentiable density, h(¢) is some differentiable increasing function from

(0,0) to R, 0(1") =6y + c/+/n, and 9(2”) = 6y — c¢/+/n, where c is a positive constant. This
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5. Two-Sample Tests for Censored Data

setup specifies so called time-transformed shift alternatives. Because the size of the
shift is of the order 1/+/n, the distributions in the two groups converge to a single
common distribution as n — oo.

It can be shown that, under these conditions, the test statistic is asymptotically
normal with a finite non-zero mean so that the asymptotic power (probability of
rejection) lies within the interval (0, 1). The weight that maximizes this asymptotic
power is R R

W(t) = g(8(t-)) = ¥'(s(S(t-))),
where y = log(-S’/S) is the logarithm of the hazard for the distribution S and Sis the
pooled Kaplan-Meier estimator. The test that maximizes power in this sense is called
locally asymptotically efficient.

For example, if the data arise from a time-transformed shift in an extreme-value
distribution with survival function S(r) = exp(—e’), we get y(r) = log(e’) = rand y’ = 1.
Hence, the statistic with W(z) = 1, i.e., the logrank, is locally efficient against shift
alternatives in the extreme value distribution.

Next, take the logistic distribution with S(r) = 1 - (1 + exE(—t))‘l. Then ib(t) =
—log(1+exp(~1)), ¢'(t) = exp(~t)(1+exp(-1))~" = S(t) and y'(S7'(8(¢-)) = S(S(S(1-))) =
S(t—). Hence, the Prentice-Wilcoxon statistic is locally efficient against shift alterna-
tives in the logistic distribution.

These results can be extended by taking advantage of the generality of the time
transformation k. The logrank can be shown to be efficient not only against shifts
in the extreme value distribution, but against any proportional hazards alternatives,
that is, alternatives A,(r) = 04,(¢) for 0 < 6 # 1 independent of time and any hazard
function A;.

The Gehan-Wilcoxon statistic uses a weight that is not a function of S(t-); there-
fore it cannot be efficient against any location-shift alternative.

See Section 7.4 of Fleming and Harrington (1991) for more detailed discussion of
local asymptotic efficiency of weighted logrank tests.

* The (unweighted) logrank test has the best power against alternatives
with constant hazard ratios.

 The Prentice-Wilcoxon test is a good choice for alternatives with decreas-
ing hazard ratios (an early effect on the hazard that dissipates over time).

* Tests with increasing weights, such as G(0, 1), are suitable for detecting
increasing hazard ratios (a delayed effect on the hazard).

e For crossing-hazard alternatives, the weighted logrank tests may be in-
consistent.
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6. Cox Proportional Hazards Model

6.1. Definition and interpretation

Consider n independent observations of the triplet (X;,6;,Z;), i = 1,...,n, where X; =
min(T;, C;) is a censored failure time, §; is the failure indicator, and Z; = (Z;1, ..., Z; p)T
is a p-vector of covariates. We would like to express the potential influence of the
covariate vector Z; on the distribution of 7; (which we assume to be continuous)
through some regression model. Our ultimate goal will be to estimate the effect of
Z; on T; and to test whether the components of Z; affect T; or not.

As usual, we view censored failure time data for each subject as a pair of pro-
cesses: the counting process N;(t) = 1(T; < t,6; = 1) and the at-risk process Y;(t) =
1(X; > r). In this context, we can allow the covariate vector to vary with time as well.
So, let the covariates Z;(t) be vectors of p right-continuous stochastic processes. Of
course, this concept allows some (or all) components of Z;(¢) to be constant in time.

Note. In practice, fixed (time-independent) covariates represent characteristics of the
subjects that cannot change (or are not allowed to change by the design of the study),
such as gender or genotype. Time-varying covariates describe factors that change
values during the follow-up of the subject, such as blood pressure, cholesterol con-
centration in blood, or cumulative amount of alcohol consumption during lifetime.

The independent censoring condition needs to take into account that hazard can
be affected by the covariates. It will be expressed in terms of conditional hazard given
the covariates, as follows:

L1
/1(t|Z)Ehm—P[t§T<t+h|TZt,Z(t)]:
r\0 h ©6.1)
1 )
Iim—-Plt <T<t+h|T >t,C>1t,2Z(t
R Pl st renirznozn20)

This condition is weaker than the original independent censoring condition (1.4). A
sufficient condition for independent censoring is that 7 and C are conditionally inde-
pendent given the covariates. It allows censoring times to depend on the covariates
(e.g., men can have a different censoring distribution than women as long as gender
is included in the model as a covariate).

Because we work with censored data, it is awkward to specify the regression model
by expressing the influence of the covariates on the expected failure time. Instead,
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6. Cox Proportional Hazards Model

we will specify a model for the conditional hazard function defined in the top row
of (6.1). The proportional hazards model proposed by Cox (1972) assumes a specific
form for the effect of the covariate on the hazard function.

Definition 6.1. The observations (X;, 6;, Z;(t)), i = 1,..., n, satisfy the Cox proportional
hazards model if the following two conditions hold:

(i) they are independent across different subjects;
(ii) the conditional hazard function given the covariate process has the form

At | Z) = o(t) exp{ By Z(1)}, 6.2)
where 1y(7) is some unknown unspecified hazard function and By € R” is an un-
known vector of regression coefficients. v
Note.

e The function A(¢) is called the baseline hazard. 1t is the hazard of a subject with
all covariate components equal to zero.

e The model does not include any intercept term (the role of the intercept is
played by the baseline hazard).

e If 1¢(t) were specified up to a finite-dimensional parameter vector the model
would be fully parametric and the maximum likelihood theory could be used
to estimate the parameters By. E.g., if 1o were assumed to be constant over
time, we would obtain the parametric exponential regression model discussed
in Section 2.3.

e The Cox model makes assumptions on the form of the association between the
covariate and the hazard but does not put any conditions on the shape of the
hazard function. This type of statistical model is called a semiparametric model.

e If the covariates are time-varying, the hazard at ¢ is only allowed to depend
on the covariate value at the same time. However, the covariate may be trans-
formed before inclusion into the model so that the value at + summarizes the
past covariate history in some sense. The covariate cannot depend on anything
measured after ¢ (that would violate predictability).

Definition 6.2. The function

Ao(t):/0 Ao(u) du

is called the cumulative baseline hazard.

Suppose the covariates are constant over time, i.e., Z(¢r) = Z. Then it follows from
(6.2) that for any covariate values Z and Z*,
A | Z7)

T %
i exp{B,(Z° - Z)},
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6. Cox Proportional Hazards Model

that is, the hazard ratio (relative risk) for any two subjects does not change over time.
This is called the proportional hazards assumption.

Taking Z* = Z + e;, where e, is a p-vector with the j-th component equal to 1 and
all other components zero, we get

At | Z +e))

exp{B;j} = 1 2)

for any Z and . This equation gives a meaning to the regression parameters: when
exponentiated, they express relative risk for the event due to a unit increase in the
associated covariate, while keeping all other covariates unchanged.

If the covariates are constant, the Cox model can be also expressed in terms of
survival functions. Denote Sy(t) = exp{—Ao(¢)}, the baseline survival function. Then
the conditional survival function for a subject with covariates Z is

St Zz)= exp{_ /Ot As | 2) ds} _ [So(t)]exp{ﬂgz}.

With time-varying covariates, the conditional hazard function cannot be integrated
easily and the survival function cannot be expressed in this way.

Note. In practice, time-varying covariates arise in two different ways.

1. They represent observations of some random process developing along with
the follow-up of the subject. The observations are usually taken at discrete oc-
cassions. Such a covariate usually has a left-continuous piecewise-constant tra-
jectory determined by the last observation of the random process.

2. They are created during the analysis as interactions of a time-invariant covari-
ate Z with some transformation of time g(¢). Such interactions allow to circum-
vent the proportional hazards assumption by explicit modeling of the change
in the covariate effect over time.

6.2. Parameter estimation via partial likelihood

Parameter estimation in the Cox proportional hazards model cannot be done by max-
imum likelihood methods because the model is not parametric. The problem is that
the baseline hazard Ay is an unknown and arbitrary function. Sir David Cox (1972)
proposed a modification of the likelihood function so that it does not depend on
Ao(t). He called the modified likelihood the partial likelihood.

Let us describe here one of the possible approaches to derive the partial likeli-
hood. Denote ; < » < --- < t; the ordered distinct failure times. Because the failure
time distribution is continuous there is exactly one failure at each 7;. Overall, d sub-
jects failed and n — d subjects were censored. Denote ) = 0 and 74,1 = .
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Denote by D; the index of the subject that failed at ¢;, and let B; store all the other
information that was accrued in the data during the interval (z;, ¢;;1), in particular:

¢ the time f;,; of the next failure;

¢ indices of subjects who were censored in (t;, t;+1);

* censoring times in (¢, t;41);

e covariate values of all subjects in (;, f;11).
All the information contained in the original data (X;, §;, Z;(-)), i = 1,..., n is also con-
tained in the sequence (By, D1, By, Dy, ..., D4, By). The likelihood, that is the joint den-
sity of all the data, can be written as

f(Bo, D1,B1, D2, ..., D4, By) =

= f(Bo)f(D1 | Bo)f(B1 | Bo, D1) X -+ X f(Dg | Bo,...,Ba-1,D1,...,Dg-1)
X f(Bg | Bo,...,Ba-1,D1,...,Dg)

d d
= nf(Di | Bo,...,Bi_l,Dl,...,Di_l)l_[f(Bi | Bo,...,Bi_1,D1,...,D;).
i=1 i=1

= L(B)

The first part contains most of the information about the effect of covariates on the
hazard of failure. It is denoted by L(B) and called the partial likelihood. The second
part is ignored. To evaluate the partial likelihood, we need to find an expression for
f(D; | By,...,Bi_1,D1,...,D;_1). Because D; contains one of the values 1, ..., n, this is
interpreted as the conditional probability P[D; = [|By, ..., Bi-1, D1, ..., D;_1] that the
subject I € {1,..., n} fails at the time ¢;, knowing that exactly one subject failed at
t;, and knowing which subjects failed or were censored before r; and what were the
covariates of the subjects who were at risk for failure at ¢;. For subjects that are not
at risk at ¢; the conditional probability is zero. For subjects that are still at risk, the
failure probability at #; is proportional to their hazard at this time, which is expressed
via the Cox model specification (6.2). Since the failure probabilities must sum into
one across all subjects who are at risk at ¢;, we get

P[D; =1|By,...,Bi-1,D1,...,Di1] =
Ao(t;) exp{BT Z(1;)} _ exp{BZ(1)}
L Yi(@) o) exp{ BT Zi(t)} T Vi(t:) exp{BTZ;(11)}
Note that this does not depend on the baseline hazard. Taking these terms for all

failure times as likelihood contributions to be multiplied, we get the partial likelihood
in an explicit form

d T
exp{B Zi(4)}
LB =[] s (O :
i1 21 Vi) exp{B' Zj(1;)}
where /(i) denotes the index of the subject that failed at ;. After a simple manipula-
tion, we get the definition below.
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Definition 6.3. The function

e Yi(s)exp{BTZi(s)) |
g =] 1_[[ " Yi(s) exp{BTZ;(s)}

is called the partial likelihood [PL] function for parameters g in the Cox proportional
hazards model. The value

i=1 s>0

—~

B = argmax L(B)

is called the maximum partial likelihood estimator [MPLE] of Cox model parameters
(Cox 1972). \Y

Notation. Let )
1 T
k .
Sl(l )(B» t) = - Z Yi(t)Zl.®k([)eB Z,(t),
ni3

where z8° = 1, z®! = z, and 2% = zz T, for any vector z. Let

s, 1)

Z,(B,t) = .
i s(B, 1)

Notice that SEIO) is a random variable, SEII) is a random p-vector, and S,(f) is a ran-
dom p x p matrix. The denominator of each term in the partial likelihood is equal to
nSEIO). Differentiating SEIO) once and twice with respect to 8, we get

0B, 1) osV(B, 1)

gp - Sn (BN and == SUB. 6.3)
Also ) )
dlogs, (B,t) S, (B,t) —
B s P o
Because
- c Yi(¢) exp{B' Z(t)}
Zn ’ = i ’ Zi ’ h i ’ = 6.5
(B, 1) Z;w (B,1)Z:(t), where w;(B,1) 0 eplBTZ0) (6.5)

are weights summing up into one, Z,(B,t) can be viewed as a weighted average of
the covariates of subjects who are at risk at the time r. The weights are equal to the
conditional probabilities that the i-th subject fails at ¢ given that a failure occurred
at ¢ (these weights are equal to the partial likelihood contributions).

The maximum partial likelihood estimator (MPLE) is obtained by maximizing log
partial likelihood

(B =logrip)= Y} [ 8725~ lognsY (.| avis)
i=1
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Differentiating this expression with respect to g and using (6.3) and (6.4), we obtain
the score statistic

0=, [ 1200~ Z,8.0) avico
i=1

The maximum partial likelihood estimator B solves the system of equations
U.(B) = 0.
Take the filtration
Fr = o{N;(u),Y;(u+), Z;(u+), 0<u<t,i=1,...,n}.
Let Z;(¢) be right-continuous and #;-predictable. Denote
Ai(t) = /OtYi(u)eXp{BgZi(u)} dAo(u).

If the independent censoring conditon holds then M;(r) = N;(¢)—A;(¢) is an ;-martingale
according to Theorem 3.2.

In the sequel, we will follow the development of the score statistic as a process
evolving over time. We denote

0B =Y [ 126)-Z.(,9)] anico
i=1

so that U,,(B) = U,,(B, ).
The following lemma is the key for investigating the properties of the MPLE.

Lemma 6.1. At the true parameter By and at anyt € (0, o) we have
n I3 _
0Bo0) = Y [ 1206~ Zu(Bo,s)] avics)
i=1
where the integrand is a predictable process. Thus, U, (B, t) is an F,-martingale. ¢

Proof. In the proof, we leave out most of the arguments to make the expressions eas-
ier to read.

The difference between ¥, [(Z; - Z,,) dN; and ¥, [(Z; - Z,) dM; is

Z/(Zi ~Z,)dA; = Z/(Zi ~Z,)viefo % dhg = /(ZZ"Y’BB"TZ" =70 ) viehi% ) dng

and the parenthesis is

)
_ S
> zviePi% ~Z, ) viePi % = nsi) - ﬁnsg‘” =n(sWP - sy = 0.
n

Hence the two expressions for the score at By are the same. O
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Lemma 6.1 would not be true if the covariates were not ;-predictable processes
or if the score was evaluated at a parameter value other than By.

Note. (about the Cox model score statistic)

¢ The score statistic can be written in a form suitable for calculation as follows:
n
U.(B) = Y. 8:[Z:(Ty) - Zu(B, Ty)).

i=1

e The score statistic includes a term for each of the failures. A subject who was
censored does not contribute a term to the score but appears in Z,(8,T;) (as
long as the censoring occurred after T;). Thus, the score statistic is not a sum of
independent terms.

e The likelihood equations can be written as

Zn: 6iZi(Ti) = Zn: 61'211(3» Ti)-
i=1 i=1

Notation. Let

O 10UB) 1w [1[SP(Bs) —e2
I,(B,t) = “w T 7 ;‘/0 m = Z, (B,s)| dNi(s). (6.6)

This matrix is a counterpart of the observed information matrix in ordinary likelihood
theory.

First, let us show that the observed information can be expressed as shown on
the right-hand side of (6.6). We have

_aUn(ﬁ;t) _ Zn: /t azn(ﬁvs) dN;i(s)
i=1 70

apT apT
and N
= 1 0
0Z, A/ asV 1 s s® g
= = =2 _Z.Z,.

BT aBT _aBT@_ n (8510))2_

Now let us investigate the existence and uniqueness of the solution to the system
of equations U,(B) = 0. By (6.5), we have

S(Z) g2 n n ®2 n n ®2
% _Zn = Zwizi®2_ (Z wiZi) = Zwi[zi— (Z LUij)] > 0.
Sn i=1 i=1 i=1 j=1

This matrix is in fact a weighted covariance matrix of the covariates. It is positive
definite as long as it is non-singular. Singularity can only occur if there exists a linear
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combination of the covariates with zero variance, i.e., if the covariates of the subjects
who are at risk are linearly dependent (at all times!). Thus, if we assume that 7,,(B, t) is
non-sigular, it must be positive definite at all r and for all 8. This proves the following
lemma.

Lemma 6.2. Let 1,,(B, o) be non-singular. Then ((p) is strictly concave at all B € R?,
has a unique maximum B, and the maximum is the unique solution to the system of
equations U,(B) = 0. o

The likelihood equations are solved numerically by the Newton-Raphson algo-
rithm. Choose an initial value B® = 0 and iterate

E(H.l) _ E(r) + [nIn (E(r)’ 00)]_11]” (E(r))

until convergence.

6.3. Properties of the maximum PL estimator

We work with the filtration
Fr = o{N;u),Y;(u+),Zi(u), 0 <u <t,i=1,...,n},

we assume that Z;(t) are ¥; predictable and that the independent censoring condi-
tion (6.1) is fulfilled.

According to Lemma 6.1, U,(Bo,t) = X7, fot H;(s) dM;(s), where H;(s) = Z(s) —
Z,(Bo, s) is predictable. In the subsequent proofs, we will also assume that all the
components of Z;(¢) are bounded, which implies that the process H;(s) is bounded.
The boundedness condition could be relaxed, however — only the proofs would be-
come a bit more complicated. The distribution of the failure time 7; is assumed to be
continuous throughout the whole chapter.

The following theorem shows that, under the given conditions, the partial likeli-
hood score statistic has the same moment properties as the ordinary likelihood score
statistic.

Theorem 6.3. Atanyt > 0,
(i) EU,(Bo,1) =0

)
(i) VarUn(ﬁo,t):E/ [M
0

aUn(ﬁO) t) o
s(Bo, s) '

—Zfz(ﬁo»s) nSI(’ZO)(BOrS) dAo(s) = —E C’)BT

Proof.
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(i) By Theorem 3.4, U,(Bo,t) is a martingale integral, hence it has zero expectation
at all r.

(ii) By Theorems 3.5, 3.6, and 3.9 (see the bottom of page 34)
n t
U, (o) = Y. [ PG aA )
i=1 70
n t 2 T
—€ )} [ 1209 - Zu(o9) P54 anots)
i-1 70
i -7 = —&2 T
-E / Z[zl@z ~ZZ, - Z,Z] +Z, |Yi(s)ePo %) dn(s)
0 31
t
_ _ T —_
—En / [P —sVZ) ~Z,S8P" +Z575 0] dAo(s)
0
t
—En / [s? ~Z2259] dAo(s)
0

AN
e [ 2 7

nS(Bo, s) dAo(s)
S(Bo, )

Next, from (6.6),

OU,(Bo, 1) 4 f[sﬁfkﬁo,s) —e2 ]
B R AV LD = on 7020 ,5)| dN;
. > /0 gt 7 B0 i)

n (1 o2
" /o [%ﬁo’s; Rk °’S)]Y"(“‘)eﬂ 52 dAo(s)
1 n 0SS

= var UH(BO»I) -

=

To prove asymptotic properties of the partial likelihood estimator, a set of addi-
tional regularity conditions is needed.
Assumptions.

A.1 The data are observed on an interval (0, ), such that r > 0 is fixed and the proba-
bility of being observed is P [Y;(1) = 1] > ¢ for all i and some § > 0. Let Ap(7) < co.

A.2 There exists a neighborhood 8 of B and functions s, s, and s? defined on
B x (0, 7) such that
. X p
sup |85, 1) - sV(B, 1) — 0,
BeB,te(0,1)
for each j =0, 1,2, where ||a|| = max |a|.

A.3 The functions s%) are bounded on 8 x (0, 1), s© is bounded away from 0 on 8 x
(0, 7). The family {s%)(B,t) : t € (0,7)} is equicontinuous at B, i.e.

Ve>035>0VBeB:|IB-Boll <d=|IsVB,t)—sP(Bo,1)|| <&Vt €(0,7).
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A4 VB e B, Vre(0T)

asO(B, 1) 3
B

as(l)(ﬂ,t)
sP(B,r) and T=s<2>(ﬁ,t).

_ sDB,0) .
A5 Lete(B,t) = OB The matrix

1 (2)
1(Bor1) = /0 [$—8®2(ﬁ0,8) SO(Bo, ) dAols)

is positive definite at r = 7.
The last assumption defines the information matrix and assures its regularity. If

the data are independent and identically distributed, assumptions A.2—A.4 can be
replaced by the single condition

Ts.
E sup Yi()Zi(t)]?eP %) < co.
BeB
te(0,1)

If all covariate components have bounded support, this condition is automatically
fulfilled.

Now we can state and prove weak convergence of the partial likelihood score
statistic.

Theorem 6.4. Let assumptions A.1-A.5 hold. Then

LUn(ﬁo,z‘) = W(r) onD"{0,7),

\Vn
whereW (t) is a p-variate zero-mean Gaussian process with continuous sample paths,
independent increments and variance function varW(t) = 1(fo, t). o

Corollary. Under conditions A.1-A.5,

%Unwo,r) 2, N, (0, 1(Bo, 7).

Proof. We will use Theorem 3.11 to show joint weak convergence of the components
of the score statistic. Denote

Ut = %UH(BO,L‘) = ;/OtHi(n)(s) dM;(s)
where

H"(s) = in [Zi(s) = Z(Bo, 5)]
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is a bounded predictable process. The predictable covariance process for the k-th
and /-th component of U"™(¢) is

W U=~ /0 [Zik(5) = Z(Bo, $)11Zia(s) = Zi( Bo, )IVi(s)ePs %) do(s)

i=1

Writing this in a matrix form and following the same steps as the proof of Theo-
rem 6.3, we can express the whole matrix of predictable covariance processes as

t
./0 [S2(Bo, $) = Z,” (Bo, )51 (Bo, )] dAa(s)
By Condition A.3, the integrand converges in probability to

5(2)(ﬁ0» S) - e®2(B0v S)S(O)(ﬁov S)r

uniformly in s € (0, 7). The matrix c(t)of deterministic limiting functions in Theo-
rem 3.11 has the form

‘/0 [s®(Bo, s) — e®2(Bo, s)s(Bo, 5)] dAo(s) = I(Bo, 1).

This is also the variance matrix of the limiting Gaussian process.

The proof of the remaining condition
P
U, U (1) — 0
is omitted. O

The next theorem shows that the observed information matrix is a uniformly
consistent estimator of the theoretical information matrix.

Theorem 6.5. Let assumptions A.1-A.5 hold. Let ﬁ be any consistent estimator of .
Then

~ P
sup (| Z,(B, 1) = I(Bo, 1)l — 0.
te(0,7) &

Proof. We only present a partial proof, with observed information evaluated at the
true parameter.
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We have
5@
1,(Bo, ) ~ 1(Bo, 1) = — / [#_7;@2( ﬁ’s)] s
S (B, s)
2)
__/ [S«»(ﬁ ) Z?z(ﬁ,s)] dA(s)
Sn (B, s)
2)
+./0 [%ﬁs; ‘Zfz(ﬁys)}SEO)(ﬁ,s)dAo(s)
sP(Bos)
_/0 [8(")([30 5 ®2(B0,8)]s(°)(ﬁ0,s)d/\o(s)

The difference in the first two terms gives
S (B.s)

/o n s s)

which is a martingale integral with zero mean and variance converging to zero. Also,
fo VnH"™(s) dM(s) converges weakly to a zero-mean Gaussian process. It follows that

. Z,f’z(ﬁ,s)] dM(s) = / t H"™(s)dM(s),
0

fo H™(s)dM(s) converges to zero in probability uniformly in time.

The difference in the second two terms converges to zero uniformly because the
integrand of the first term converges to the integrand of the second term uniformly
in time. O

The next theorem states the weak consistency of B.

Theorem 6.6. Under conditions A.1-A.5,
~ P
B — Bo. o
Proof. Consider the log partial likelihood as a random process
n t
(p0=Y, [[B7 2 - logns?(g.9)| anits
i=1 70
and define

Xu(B,1) = - [€CB, 1)~ ((Bo, )]

(0)
[ [ 8- sz v - [1og SS(O)((;: S)) an)|
0,5
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and
(0)
w0 = [8= posiBosyana(s) - [ og ;’@(5 120, 5) o)
Then .
Xu(Bo1) = An(Bo1) = /0 H(s) dFE(s),
where

5B, s)

H(s) = — Z(ﬁ Bo)' Zi(s) - —1 o

is a bounded and predictable process. We have
E [Xu(B, 1) = Au(B,1)] = 0
t
var [X,(8,1) = Au(Bu0)] = E [ 1) ()
0

Since E [[" H?(s) dA(s) — 0, we get

Xu(B,7) = An(B,T) = 0.
Also,

a0 Lo g, = [ pos s anato) - [ 1og S B0, g anis

P . . . . .
It follows that X,(B8,7) — A(B,7). Since X, is a concave function with a unique
maximum at B and A is a concave function with a unique maximum at By, we get

~ p
B — Bo. O
Now we are ready to state and prove the asymptotic normality of B.

Theorem 6.7. Under conditions A.1-A.5,

V(B - Bo) = N,(0,17X(Bo, 7). o

Proof. By the Taylor expansion of U,,( E ,7) around By,

0= U(B.7) = Up(Bo ) + aU’;(fT 9OBL0) 5 py).
Now, .
T D - L)
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where B* lies on the line segment between B and By, and hence B* LN Bo- We get

%Unwo,r) = (", OV(B - Bo)
and .
V(B - Bo) = I, 1B, r)v—ﬁunuso, 7).

P - -
Because B* — Py, we get from Theorem 6.5 and from the continuity of matrix in-

verse that 7,71(B*, 1) LN I7Y(Bo, 7). From Theorem 6.4 and from Slutski’s Theorem,
we get the desired result. O

The following result is an easy corollary to theorems 6.5 and 6.7.
Theorem 6.8. Let ¢ be any non-zero p-vector of constants. Under conditions A.1-A.5,

Vi(cT B - ¢ Bo) N, 1),
\/CTIn_l(ﬁ’ T)C &

Consider the hypothesis Hy : ¢ By = yo tested against the two-sided alternative
Hi : ¢" Bo # 0. We reject the hypothesis if

\/ﬁ‘CTﬁ—Yo‘

——————— Z U1 q)2-
\ CTIn_l(B» T)C

According to Theorem 6.8, this test has a level converging to a as n — co. In particu-
lar, with ¢ having a single component equal to one and all other components equal
to zero, and taking yy = 0, we get Wald-type tests of the individual regression coeffi-
cients.

Similarly, we can use Theorem 6.8 to calculate Wald-type confidence intervals for
¢' Bo with asymptotic coverage 1 — a. These intervals have boundary points

~ cTI7Y(B, 1)
A E: \/—n ;B ) Ul—q)2-

Theorem 6.9. Under conditions A.1-A.5,

~0,(Bo, ) I (Bo, U (B0, T) > .
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This theorem is an immediate consequence of Theorem 6.4 and Theorem 6.5. It
can be used to construct score tests of simple and composite hypotheses about the
components of By. For example, to test the hypothesis Hy : Bo = b against Hy : Bo # b
we take the test statistic

1
U = ;Un(h,T)TIn_l(b, )U,(b, T)

and reject Hy if U > x5(1 - a).

An important special case arises when the Cox model is set up to compare haz-
ards in two groups of subjects. Take Z; = 1 when the i-th subject belongs to the sec-
ond group and Z; = 0 when the subject belongs to the first group. The conditional
hazard in the Cox model has the form

A(r | group) = Ao(r)e%,

where A is the hazard function of the first group and e?o is the time-invariant hazard
ratio between the second and the first group. The hypothesis of interest, Hy : By = 0,
can be tested by the score test statistic U with critical value x4(1 — @). The score
test statistic can be shown to be the square of the unweighted logrank test statistic
discussed in Section 5.2. Thus, the Cox model provides another derivation of the
logrank test, as a score test in a proportional hazards model. Within the regression
framework, the logrank test can be easily generalized to comparing survival distri-
butions in K > 2 groups by performing the score test in a model with K — 1 dummy
regressors factorizing the groups.

The next theorem shows that even likelihood ratio tests work with partial likeli-
hood.

Theorem 6.10. Suppose conditions A.1-A.5 are fulfilled. Let £y( ﬁ) be the maximized
partial log-likelihood in a larger model M and let {s(B) be the maximized partial log-
likelihood in a submodel S. If the submodel holds then

21tm(B) - s(B)] —> X2,

where m is the difference in the number of parameters in the larger model and the
submodel. o

This theorem (which will be left without proof) is used to perform submodel test-
ing when building the regression model. The submodel S is rejected in favor of the
larger model M when 2[€,,( E)—E s( ﬁ)] > y2.(1-a). This is a couterpart of the deviance
test in generalized linear models.
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6.4. Estimation of the baseline hazard and conditional survival

The partial likelihood eliminates the baseline hazard Ay and thus carries no infor-
mation about it. An estimator for the baseline hazard must be developed by other
means. It is needed for two reasons. First, to estimate the survival function for a par-
ticular subject; second, it appears at several other important quantities that need to
be estimated.

An estimator for the cumulative baseline hazard Ay(¢) can be derived from mo-
ment considerations. Take the martingale M = Y M; = N - f nS%Ydn,, where N =
>, N;. For any bounded predictable function H, }, f H dM is a martingale and hence

— dN
0=E / H(dN - nSVdAg) = E / nsgmH(W - dAo).
nsS,,

If we take H = (nS,(lo))_l, we get

B L dN(s)
M) =E [

~ t dN(s)
A = — .
o) /o S, Yi(s) exp{ BT Zi(s))

This is called the Breslow estimator of the cumulative baseline hazard (Breslow 1972).

So define

Note. Compare the Breslow estimator to the Nelson-Aalen estimator and note the
similarities and differences.

Theorem 6.11. Let assumptions A.1-A.5 hold. Then
Vi[Ro(t) = Ao(t)] = W(o'(t)  on DP(0, 7).

The variance of the limiting process is

" dAo(s)
(1) = /0 A+ QUBo, )T (B, QB 1),
where Q(Bo,t) = [, e(Bo,s) dAo(s). o

This theorem implies the uniform consistency of the Breslow estimator on (0, 7)
and it allows the construction of confidence intervals for Ay(¢) at fixed ¢ as well as
confidence bounds covering the baseline hazard on the whole interval (0,7). The
limiting variance o?(t) can be consistently estimated by replacing all the unknown
quantities by their consistent estimators.
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Suppose that all covariates are time-invariant and consider a subject with an ob-
served covariate vector z. The conditional cumulative hazard function for this spe-
cific subject is

A(t | 2) = Ao(t) exp{ B 2},

which can be estimated by
At | 2) = Ro(t) exp{B 'z},

The conditional survival function for this subject is

S(t 12) = exp{-A(t | 2)) = exp|-Ao(t) exp{B] 2},

which can be estimated by

S(t | 2) = exp{—fxo(r) exp{/?Tz}}.

Confidence intervals and confidence bounds for the conditional survival can be ob-
tained from Theorem 6.11 by the same approach we used for the Kaplan-Meier esti-
mator.

6.5. Cox model with non-proportional hazards

There are two ways how to incorporate covariates that do not satisfy the proportional
hazards assumption: stratification and time-dependent effects. The latter approach
also allows to test the validity of the proportional hazards assumption against certain
alternatives.

Stratified Cox model

Stratified Cox model consists in fitting different hazard functions within strata de-
fined by the levels of a categorical variable.

Consider a categorical variable V with values 1, ..., g that affects the hazard func-
tion in a non-proportional way. Instead of including such variable in the linear pre-
dictor of the standard Cox model, we modify the model formula as follows:

At ] 2,V = j) = Agj(t) exp{ B Z(1)}.

Thus, the influence of V on the hazard is expressed by introducing separate baseline
hazard functions 21¢j(¢), j = 1,...,q, depending on the value of V (“strata”) . This
is called a stratified Cox model. Here, different levels of V have totally unrestricted
hazards. The effect of the other covariates is still modeled under the proportional
hazards assumption.
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Denote the observed data be (Nj;(¢),Y;;(¢), Zj;(t)), j = 1,...,q, i = 1,...,n;. The
index j indicates the stratum (level of V), i indicates subjects within strata. The par-
tial likelihood is taken as a product of standard partial likelihood functions for the
individual strata, that is

Vi(s) exp{BTZ(s)} |V
L(B) = l_[L (B) = ]—[ 1_[ 1_[[221:1 Yik(s) exp{BTZj(s)} ‘

j=1 i=1 s>0

The score statistic has the form

q 1 00
B =) /0 [Z4(6) - Z,(B,0)] dNju(0),

j=1 i=

where | T
L Yi0)Zji(1)el i)
Zz 1 jl(t)eﬂ Zji(r)

In the score statistic, the covariates of each failing subject are compared only to the
covariates of the subjects from the same stratum. The stratified estimator f is asymp-
totically normal as in Theorem 6.7, but the information matrix becomes a linear com-
bination of stratum-specific information matrices (with weights equal to the proba-
bilities of the individual strata).

Z](B) t) =

The stratum-specific cumulative baseline hazard may estimated by an obvious
extension of Breslow estimator:

_ t dN(s)
Aoj(t) = s :
(1) /0 S Yi(s) exp{ BT Z;i(s)}

Stratification represents a reasonable strategy to incorporate non-proportionality
when the non-proportional variable is discrete with just a few levels and sufficient
representation of each level in the data set. Also, we must keep in mind that the
effect of the stratification variable cannot be tested or expressed by a finite number
of parameters. Sometimes, stratification is used with continuous covariates, which
must be dicretized into a relatively small number of levels. Clearly, this approach
entails a serious loss of precision.

Modeling non-proportionality by interactions with time
Consider a covariate V that has a non-proportional effect on the hazard. Such an

effect can be directly modelled by the Cox model by including interactions of V with
time and treating them as time-varying covariates.

84



6. Cox Proportional Hazards Model

Select a set of linearly independent basis functions g;(¢), ..., g-(¢r) and specify the
model as

A1 2,V) = Aot exp{ BTZ(0) + ByV + Y vigu(t)V }.
=1

Here, Z are the other covariates in the model and By is the main effect of V. The
rest of the linear predictor specifies interactions of V with time transformed by the
basis functions g;. Then, the relative risk (hazard ratio) associated with a unit increase
inVis
At 1 Z,V=v+1)

kR0 = =X Zv =)

= exp{ﬁv + 2 Vlgl(t)}~
=1

We can test the hypothesis of the proportional hazards assumption against alterna-
tives of non-proportionality expressed as linear combinations of the basis functions
gi(t) by testing Hy : y; = --- =y, = 0, for example by a likelihood ratio test. If the hy-
pothesis is rejected, we can keep these interactions terms in the model and describe
the time-varying effect of V by the parameters vy, ..., v;.

The following special cases might be interesting in practical applications:

*glt)=t
This adds an interaction of V with linear time. The time-varying relative risk is

RRy(t) = v+t

The relative risk at the time ¢t = 0 is efv. From that point, the RR increases
(for y > 0) or decreases (for y < 0) exponentially. The test of the hypothesis
Hp : vy = 0 tests the proportional hazards assumption against the alternative of
exponential change in the relative risk.

* g(1) =log(t + 1)

This adds an interaction of V with logarithmic time. The time-varying relative
risk is

RRy(t) = eBv+yloge+1) _ eﬁv(t +1).
Again, the relative risk at the time ¢ = 0 is e’ but the RR then changes as a
power function, which is slower than an exponential change. The test of the
hypothesis Hy : y = 0 tests the proportional hazards assumption against the
alternative of power function change in the relative risk.

* g1(t) =1(s1 <t <s2), g2t) = Us2 < 1)
Now we factorize time into three intervals: (0, s7), (s1, s2), (s, 7) and let that in-
teract with V. The relative risk is

RRy(t) = ePv for t € (0, s1),
RRy(t) = ePvm for ¢ € (s1,s2),
RRy(t) = ePv™r2 for ¢ € (sp, 7).
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The test of the hypothesis Hy : y; = y2 = 0 tests the proportional hazards
assumption against the alternative of piecewise constant relative risk function
with breaks at s; and s,.

Of course, we can extend this idea to an arbitrary number of time intervals but
we need to have enough failures in each of them to estimate the relative risks
separately.

6.6. Generalizations of the Cox model

In this section, we give brief suggestions about other possible generalizations of the
Cox model.

Proportional intensity model

Suppose we observe data in the form of independent processes (N;(t), Y;(¢), Zi(t)), i =
1,..., n. Hower, we do not assume that the processes N;(¢) and Y;(¢) arised from a ran-
dom censorship model. Instead, we allow N;(¢) to be any counting process, giving the
number of observed events for subject i until time ¢. The events can be recurrent and
the process N;(t) may have multiple jumps. The process Y;(¢) is binary and indicates
whether an event occurring at ¢ can be observed or not. It can jump repeatedly be-
tween 1 and 0 and it does not have to stay at zero after the first observed event. The
times between successive jumps in N;(t) are assumed to have continuous distribu-
tions.

Take the right-continuous filtration
Fr = o{N;(u),Y;(u+), Z;(u+), 0<u <t,i=1,...,n}
and assume that Z;(¢) and Y;(¢) are ¥; predictable. Define the process
t
Air) = / i(s)ePs 29 20(s) ds,
0
the same process that plays the role of a compensator in the Cox model. We say that
the data satisfy the proportional intensity model (Aalen 1978) if M; = N; — A; is an

¥,-martingale, that is, A; is the right compensator for N; even under our extended
conditions.

It can be shown that, under the proportional intensity model,

! T, (s
lim 2 P[Ni(t + 1) = Ni(t) = 1[F1] = Yi(s)e™0 7 o(s),
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that is, the parameters B still express the influence of the covariates on the rate of
occurrence of events (even though we can no longer call it the hazard rate in the
context of recurring events).

Most of the results of Section 6.3 still hold under this more general model and
most of their proofs come through without great changes.

The proportional intensity model can be also used to model left truncation - a
case when an event cannot be observed if it occurs before a random entry time of
the subject into the study. This is achieved by setting the process Y; to zero prior to
the entry time.

Generalized proportional hazards models

Another possible generalization of the Cox model is achieved by considering a gen-
eral link function g for the relationship between the linear predictor Bg Z and the
hazard A(¢ | Z). The model can be written as

At | Z(1) = Ao(0)g(BT Z (1)),

where g(-) is increasing, twice differentiable, and satisfies g(0) = 1. This is still a
proportional hazards model because the hazard ratio is independent of time. The
link function g(y) = 1 + y generates so called additive relative risk model A(t | Z(t)) =
Ao(t)(1 + BTZ(¢)). This model is used, e.g., in radiation epidemiology to model the
effect of a radiation exposure on cancer occurrence.
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A.1. Useful failure time distributions

Unless stated otherwise, the argument ¢ of densities, distribution functions, survival
functions and hazard functions always takes values in the interval (0, ).

A.1.1. Exponential distribution

T ~ Exp(1), 1 > 0

Density: f(t) = e~
Distribution function: F(t)=1-e™
Survival function: S(t) = e
Hazard function: Alt)y =2
Expectation: ET=1/2

Mean residual lifetime: r(¢r) = 1/2

Exponential distribution is the only continuous distribution that possesses so called
memoryless property:

Vs>0,Vt>0: P[T>t+s|T>s|=P[T>t]=e",

Relationship to Gumbel distribution

Take U ~ Exp(1) and consider the random variable W = log U, which can take on any
real value. The distribution function of W is

PW<t]=P[U<e]=1-¢*, reR

The density of W is
fw()=e", teR.

This distribution is called the extreme value (Gumbel) distribution.
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Take T ~ Exp(1). Then AT ~ Exp(1), logAT = W and logT = —logA + W, where W
is a Gumbel random variable. Consider the loglinear model 1 = e#'%. Then log T
satisfies the linear model

logT =-B"Z + W,

where W is a random error term distributed according to Gumbel distribution.

A.1.2. Weibull distribution

T ~W,a),1>0,aa>0

Density: f(t) = ad®r*-le-(0°
Survival function:  S(¢) = e" )"
Hazard function:  A(t) = ¢1%r®!

Expectation: ET=T1+a1)/2

Relationship to exponential distribution
e LetT ~W(A,1). Then T ~ Exp(A).
o Let U ~ Exp(1). Define T = 1u'/. Then T ~ W(4, ).
e LetT ~W(A,a). Then U = (AT)* ~ Exp(1).

Relationship to Gumbel distribution

Take T ~ W(A,@). Then (AT)* ~ Exp(1), log(AT)* = W, and logT = —logaA + a™'W,
where W is a Gumbel random variable. Thus, log T satisfies a location-scale model
where —log A represents the location parameter and 1/« represents the scale param-
eter.

Consider the loglinear model A = eP'Z Then log T satisfies the linear model
logT =-B"Z + a7 'w,

where W is a random error term distributed according to Gumbel distribution and
a~! controls the variability of the error term.

A.1.3. Gamma distribution
T ~TI(a,p)a>0,p>0

p
Density: f(t)= %p)t”‘le“”
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Expectation:

Survival function:

Hazard function:

Er="
a

1
SU)zl—IQﬁﬂﬁﬂMwmIGpJ):FFjﬁxw%ﬁdeﬂwh}
P
complete Gamma function.

Does not have a tractable form. When p > 1 then 1(0) = 0, A(¢) is
increasing, and lim;_,., A(r) = a. When p < 1 then 1(0) = oo, A(f) is
decreasing, and lim;_,., A(¢) = a.

Relationship to exponential distribution
e LetT ~I(a,1). Then T ~ Exp(a).

A.1.4. Raleigh distribution

Density:
Survival function:

Hazard function:

f(t) = (/1() + /111’) e_(ﬂoﬂ—%hﬂ), Aog>0,2; >0
S(t) — e—(/l()t+%/11t2)

At) = Ao + Aqt

A.1.5. Gompertz distribution

Density:

Survival function:

Hazard function:

ft)= 2, exp{—% (et — 1) + /Izt}, A1 >0,1,>0

S(t) = exp{—% (et2! — 1)}

A(t) = 11et2!

A.1.6. Log-logistic distribution

Density:

Survival function:

Hazard function:

f() = KQ—(Qt)K_I 5 0> 0,k >0
[1 + (Q[)K]
1
M T
k=1
M= T
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A.1.7. Geometric distribution

T ~ Geo(p), p€(0,1)

This is a discrete distribution with values 0,1, 2, ...

Density: P[T=t]=p(1-p)}, t=012,...
1-
Expectation: Er=—27
p
Survival function: S(t) = (1 - p)+l ¢ > 0, where [t] = max{j € Z : j < t} is the

lower whole part of the real argument ¢

Hazard function: At)=p,t=0,1,2,...

Relationship to exponential distribution
e Let U ~ Exp(1). Then T = [U] ~ Geo(p), where p = 1 — e,

Geometric distribution is the only discrete distribution that possesses the memoryless
property:

Vs>0,Vt>0: P[T>t+s|T>s|=P[T>t]=(1-p) .

A.2. Results from mathematical analysis and martingale theory

A.2.1. Integration by parts for Lebesgue-Stieltjes integral

Theorem A.l. (Fleming & Harrington, Theorem A.1.2) LetF : {0,) — R andG : (0, o) —
R be right-continuous functions of bounded variation on any finite interval. Let AF(x) =
F(x) - F(x-), AG(x) = G(x) — G(x-). Then

F(z‘)G(t)—F(O)G(O)z/0 F(x—)dG(x)+/0 G(x)dF(x)

= /0 tF(x—)dG(x)+ /0 t G(x-)dF(x)+ Y. AF(x)AG(x). ¢

O<x<t
Note.

/0 tF(x)dG(x): /0 tF(x—)dG(x)+ > AF(x)AG().

O<x<t
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A.2.2. Random processes and martingales

Consider a probability space (Q, 7, P).

Definition A.l. A family {#; : t+ > 0} of sub-c-algebras of a o-algebra ¥ is called a

filtration if, for all s < ¢, F; C 7. \Y
Definition A.2. Let {#; : r > 0} be a filtration. A random process X(t), t > 0, is called
adapted to the filtration ¥, if X(r) is ¥,-measurable for any ¢ > 0. v
Notation.

° X(t-) = limh\o X(t—h)

* Ffi= O’{Uh>0 7‘?—11}
Definition A.3. Let X(¢), t > 0, be a right-continuous process with left-hand limits and
let {#; : t > 0} be a filtration. Let X(¢) be adapted to #; and E |X(¢)| < oo for all ¢ < 0.

(i) X is called a martingale with respect to the filtration ¥, if E[X(t +5) |T,] = X(t)
almost surely for all s > 0, ¢ > 0.

(ii) X is called a submartingale with respect to the filtration ¥, if E[X (t+s) |5‘}] > X(t)
almost surely for all s > 0, ¢ > 0. Vv

Note.
e Let X(¢) be an #;-martingale with X(0) = 0 a.s. Then EX(¢) = 0 for all r > 0.
e Let X(t) be an ,-martingale. Then E[X(¢) || = X(t-) a.s.

Definition A.4. A process X(t) is called predictable with respect to the filtration ¥, if
it is measurable with respect to the smallest o-algebra on Rj x Q generated by left
continuous ¥;-measurable processes. v

Note. An equivalent definition of predictability is this: X(z, w) is #;-predictable if and
only if it is @ mapping (0, ) x Q — R, which is measurable with respect to the pre-
dictable o -algebra

c{{0} x At AeFy, (1,s) XAt <seRS,A€EF}.

Note. A left continuous #;-measurable process A(t) is predictable with respect to ;.

Definition A.5. An #;-measurable process {N(¢) : t > 0} is a counting process if N(0) =
0, N(t) < o a.s., and almost all its paths are right-continuous and piecewise constant
with jumps of size 1. v

Note. A counting process is a submartingale.
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A.3. Brownian motion

A.3.1. Standard Brownian motion

The Brownian motion (also called the Wiener process) is a random process W(t), t €
(0, ), that satisfies the following requirements:

(i) wW(0) = 0 almost surely;
(ii) almost all paths of W(¢) are continuous;
(iii) foranyn>1land0 <t <t <--- < t,, W(ty), W(t2) - W(ty),...,W(t,) —W(t,-1) are
independent (independent increments);
(iv) forany 0 <t <, W(s) —W(t) ~ N(O,s — 1).

The Brownian motion has a number of additional interesting properties:

e Atallt >0, EW(t) =0, varW(z) = t.

Atall s,r > 0, cov(W(t),W(s)) =s At.

If W(r) is a Brownian motion then o~ /2w (o t) is also a Brownian motion.

W (t) is a martingale with respect to its history; its predictable variation process
is (W,W)(t) =t.

The sample paths of W(r) are not differentiable at any ¢ a.s.

The sample paths of W(r) do not have bounded variation on any interval.

A.3.2. Time-transformed Brownian motion

The process V = f fdw is called time-transformed Brownian motion. It has all the
properties of a Brownian motion except variance function. Its variance function is
varV(t) = h(r) = fot f?(s)ds. When f(s) = 1, the time-transformed Brownian motion is
a standard Brownian motion.

The variance function k(t) can be viewed as a non-decreasing time transforma-
tion. We can obtain the time-transformed Brownian motion as V(t) = W (h(t)), where
W is a standard Brownian motion.

A.3.3. Brownian bridge

Brownian bridge B(t) is a stochastic process defined on the interval (0, 1), with val-
ues B(0) = B(1) = 0. It can be obtained from the standard Brownian motion by the
transformation

B(t)=W(t)—tw(l), €0, 1).

Brownian bridge is a Gaussian process with zero mean and variance function var B(t) =
t(1 - t). The covariance function for s < r is cov (B(s), B(¢t)) = s(1 — t).
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A.4. Weak convergence of stochastic processes

In this part we review main features of weak convergence of stochastic processes, in
particular convergence of processes with right-continuous sample paths with left-
hand limits defined on the interval (0, 7). The space of such functions is denoted
D(0, 7).

Take a metric space X and the smallest o-algebra 8 that includes all the open
sets contained in X. A stochastic process with sample paths belonging to X is a mea-
surable mapping (Q, A) — (X, B).

The metric that defines open sets on D(0, 7) is called Skorokhod metric. Let ® be
the set of all strictly increasing continuous functions f mapping (0, ) onto (0, ), so
that f(0) = 0 and f(r) = 7.

Definition A.6. For any g, h € D(0, t) define

d(g,h) = inf{s >0: 3f edst. sup |f(t)—t] <sand sup |g(t) - h(f(1))| < s}.
te(0,7) te(0,7)

The distance d is called Skorokhod distance. \Y

This is almost the supremal distance except that the two functions are evaluated
at slightly different arguments. Skorokhod distance defines a topology of open sets on
D(0, 7); let 8* be the smallest o--algebra containing all such open sets. The Skorokhod
topology can be metrized by another metric, which makes the space (D(0, 1), 8%)
complete and separable. A stochastic process with sample paths contained in D(0, 7)
is a measurable mapping (Q, A) — (D(0, 1), B*).

Definition A.7. Let P, and P be probability measures on (X, 8). We say that P, con-
verges weakly to P as n — oo, (denoted P,, = P), if and only if P,(A) — P(A) for any
A € 8B such that P(0A) = 0, where dA is the boundary of the set A. \Y

If the sample space X is R, weak convergence coincides with convergence in
distribution of a random vector X,, to a multivariate distribution P.

Theorem A.2 (Continuous mapping theorem). Let h be a continuous mapping from a met-
ric space (X, 8) to another metric space (X', 8’), let P, = P on (X, 8). Then

P,h' = Ph!

on (X', B). o

Let X, X, ... be a sequence of stochastic processes on (D(0, 1), 8*), let X be a
stochastic process on (D(0, 1), 8*) such that X, = X. Take any k > 1 and select
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time points 7,...,% € (0,7). The mapping that assigns to any function f € D(0, 1)
the k-vector of values (f(t1),..., f(t)) is continuous with respect to the Skorokhod
metric. It follows from the continuous mapping theorem that the random vector
(Xu(t1), ..., X,(tx))" converges in distribution to (X(¢1),...,X(t))". This is called the
convergence of finite-dimensional distributions. It is a necessary but not sufficient
condition for weak convergence of stochastic processes.

Note. It can be shown that, for X € D(0, 1), the mapping X — sup, . [X(¢)| is con-
tinuous with respect to the Skorokhod metric. It follows from the continuous map-
ping theorem that if X,, = X then

D
sup |X,(¢)] — sup [X(z)].

te{0,7) te(0,7)

Definition A.8. A collection P, of probability measures on a metric space (X, 8) is called
tight if for any ¢ > 0 there exists a compact set K ¢ X such that P,(K) > 1 — ¢ for all
n. \Y

Theorem A.3. Let (X, B) be a complete and separable metric space. Let P, and P be
probability measures on (X, 8). Then

P, — P

if and only if both of the following conditions hold:

1. All finite-dimensional distributions of P, converge to the respective finite-di-
mensional distributions of P.
2. The collection P, is tight. o

For stochastic processes in D(0, 7), there is a sufficient condition for tightness,
which goes as follows.

Theorem A.4. The sequence of stochastic processes X, with sample paths in D{0, t)
satisfies the tightness condition if for any € > 0

limlimsupP | sup |X,(s) — X,(t)| > &| =0.

0-0  pooo ls—t|<6 o
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