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Abstra
t

In this paper we present the �rst information needed in the study of �rst

order invariant di�erential operators a
ting between se
tions of harmoni


ve
tor bundles asso
iated to proje
tive 
onta
t geometries. We prove a ne
-

essary and suÆ
ient 
ondition for 
ertain g

0

-homomorphism a
ting between

a �rst jet prolongation of a harmoni
 module and another harmoni
 module

to be a p-homomorphism.

1 Introdu
tion

The theory of invariant di�erential operators a
ting between se
tions of asso-


iated ve
tor bundles over paraboli
 geometries has been studied by many au-

thors, see, e.g.,

�

Cap, Slov�ak, Sou�
ek [6℄, [7℄, [8℄, Slov�ak, Sou�
ek [18℄, Calder-

bank, Diemer [4℄ and Calderbank, Diemer, Sou�
ek [5℄. In all of these 
ited

arti
les the �bres under 
onsideration are �nite dimensional. In this text, we

present a generalization of this theory into the in�nite dimensional 
ase. This


ase is important in some appli
ations, like in the theory of Dira
 operators

on symple
ti
 manifolds.

1.1 First order invariant di�erential operators

Let g be a jkj-graded simple Lie algebra and let us denote by p the paraboli
,

by g

�

the negative and by p

+

the positive part of g: Consider a Lie group G

the Lie algebra of whi
h equals g and let P be the the paraboli
 subgroup of

�
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G asso
iated to the jkj-grading of g: Further let us 
onsider two manifolds G

andM; together with a paraboli
 geometry (p : G !M;!) of type (G;P ) on

the manifold M; ! being a Cartan 
onne
tion, i.e., a P -equivariant absolute

parallelism reprodu
ing fundamental ve
tor �elds on G:

Let (�;V) be a representation of the paraboli
 group P: For s : G !

V being a P -equivariant map, let us 
onsider the value of the absolutely

invariant derivative r

!

on it

r

!

s : G ! g

�

�


 V:

This absolute invariant derivative is asso
iated to the paraboli
 geometry

(p : G !M;!) and the representation (�;V): For the de�nition, see Slov�ak,

Sou�
ek [18℄. Let us suppose a representation (�;W ) of the group P is given

and 
onsider two asso
iated ve
tor bundles VM := G �

�

V and WM :=

G �

�

W : The ve
tor spa
e

J

1

V := V � (g

�

�


 V)

is 
alled the �rst jet prolongation of V: This ve
tor spa
e 
omes up with a

natural a
tion of P; making it into a P -module, see again Slov�ak, Sou�
ek

[18℄. In the realm of paraboli
 geometries, one de�nes a �rst order invariant

di�erential operator D : �(M;VM) ! �(M;WM) to be a homomorphism

of ve
tor spa
es for whi
h there is a (nontrivial) P -module homomorphism

� : J

1

V ! W su
h that

Ds(u) = �(s(u);r

!

s(u))

for u 2 G and s 2 �(M;VM) 
onsidered as a P -equivariant V-valued fun
tion

on G, i.e., s 2 C

1

(G;V)

P

' �(M;VM) (a ve
tor spa
e isomorphism).

1.2 Proje
tive 
onta
t geometry

There is a 
ommon property appearing in some well known paraboli
 ge-

ometries of 
ertain type, say (G;P ); whi
h leads to a de�nition of a spe
ial

grading of the Lie algebra g of the group G:

De�nition 1. Let g be a real or 
omplex jkj-graded semisimple Lie algebra.

We 
all this grading 
onta
t if it is a depth two grading, i.e.,

g = g

�2

� g

�1

� g

0

� g

1

� g

2

;

satisfying the following two properties
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(1) [; ℄ : g

�1

� g

�1

! g

�2

is nondegenerate and

(2) dim g

�2

= 1:

A 
lassi�
ation of 
onta
t gradings of 
omplex and real simple Lie algebras


an be found in Yamagu
hi [19℄. Let us remark, that up to an isomorphism

ea
h 
omplex simple Lie algebra possesses a unique 
onta
t grading. This fa
t

is no more true for real simple Lie algebras, see again Yamagu
hi [19℄, where

the list of all real forms of 
omplex simple Lie algebras, whi
h possesses no


onta
t grading, together with an information on 
onta
t gradings of simple

real Lie algebras, whi
h are not real forms of 
omplex simple Lie algebras are

presented.

Let us 
onsider a real simple Lie algebra g = sp(2k;R) equipped by the


onta
t grading given in the matrix form as displayed bellow

A =

0

B

B

B

B

�

g

0

g

1

g

2

g

�1

g

0

g

1

g

�2

g

�1

g

0

1

C

C

C

C

A

;

where

(1) g

0

= sp(2k � 2; C ) � CE; where E is the grading element uniquely

asso
iated to the grading,

(2) g

�1

= C

2k�2

;

(3) g

�2

= C .

Let G = Sp(2k;R) be a symple
ti
 group. Consider the tautologi
al

a
tion of G on the (unique) linear symple
ti
 form R

2k

: This a
tion fa
tors to

an a
tion on the open rays of R

2k

: Let us denote by P the isotropy subgroup

of an open ray in R

2k

: Obviously, P is a paraboli
 subgroup of the group

G: It 
an be proved (see Krysl [15℄) that P is the paraboli
 subgroup of G

asso
iated to the 
onta
t grading of g given above.

De�nition 2. Let G and M

2k�1

be smooth manifolds. We 
all a paraboli


geometry (p : G ! M;!) of type (G;P ) on the manifold M proje
tive


onta
t geometry if G = Sp(2k;R) is a symple
ti
 group and P its paraboli


subgroup de�ned above.

For a 
omprehensive treatment on 
onta
t geometries, see Blair [1℄; for

some 
onne
tions of proje
tive 
onta
t geometries to Cartan geometries see

Fox [10℄ and Krysl [15℄.
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1.3 Spinor representations of sp(2k; C )

Symple
ti
 spinor representations were introdu
ed by Bertram Kostant when

he was seeking for an analogy of the Dira
 operator on Riemannian or

Lorentzian manifolds for the 
ase of symple
ti
 manifolds, i.e., an arena for

Hamiltonian me
hani
s, see Kostant [14℄. This Dira
 operator was then stud-

ied by many authors, see, e.g., Habermann [11℄, Klein [13℄.

Consider the symple
ti
 algebra g = sp(2k; C ) together with the set of

its fundamental weights denoted by f$

i

g

k

i=1

: Let L(�) be the irredu
ible

highest weight module with the highest weight �: The irredu
ible highest

weight modules S

+

:= L(�

1

2

$

k

) and S

�

:= L($

k�1

�

3

2

$

k

) are 
alled spinor

modules.

Let g be an arbitrary semisimple 
omplex Lie algebra and h its Cartan

subalgebra. An h-diagonalizable g-module V is 
alled module with bounded

multipli
ities, if there is some k 2 N

0

su
h that the dimension of ea
h weight

spa
e V(�) is smaller or equal to k: The minimal k with this property is


alled degree of V: A module with bounded multipli
ities is 
alled 
ompletely

pointed provided its degree is 1.

It 
an be proved (see Britten, Lemire [3℄) that an in�nite dimensional

sp(2k; C )-module V is 
ompletely pointed i� either V = S

+

or V = S

�

:

Moreover, Britten, Hooper and Lemire [2℄ proved that the tensor produ
t

L(�)
S

�

for � an integral dominant weight for g is 
ompletely redu
ible and

de
omposes into a �nite dire
t sum of irredu
ible highest weight g-modules.

De�nition 3. We 
all a sp(2k; C )-module V harmoni
 module if there is

an integral dominant weight � s.t. V is a dire
t irredu
ible summand in

L(�)
 S

�

: Further let us de�ne a set

A := f

n

X

i=1

�

i

$

i

;�

i

� 0; �

i

2 Z; i = 1; : : : ; n�1; �

n

2 Z+

1

2

; �

n�1

+2�

n

+3 > 0g:

The following fa
t is well known.

Theorem 1. The following are equivalent

(1) V a is harmoni
 module,

(2) the highest weight of V is in A ;

(3) V is a sp(2k; C )-module with bounded multipli
ities.

Proof. See Britten, Lemire [3℄.�
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In Krysl [15℄, it was proved that the tensor produ
t of the de�ning rep-

resentation L($

1

) and a harmoni
 module de
omposes as folows.

Theorem 2. Let � 2 A : Then

L($

1

)
 L(�) =

M

�2A

�

L(�);

where A

�

� f� = � + �; � 2 �($

1

)g; �($

1

) being the set of all weights of

L($

1

):

Proof. See Krysl [15℄, [16℄. �

2 Invariant di�erential operators for �elds with

values in some standard 
y
li
 modules

The aim of this se
tion is to rewrite the theory of �rst order invariant di�er-

ential operators in paraboli
 geometries for the 
ase of 
ertain in�nite dimen-

sional standard 
y
li
 modules. At �rst we will 
onsider arbitrary modules

and then we restri
t our attention to the 
ase of irredu
ible highest weight

modules.

Let g be a 
omplex jkj-graded semisimple Lie algebra, p; p

+

and g

�

as in

the �rst se
tion of this arti
le. Let V; W be p-modules. Denote the a
tion of

p on V by �; � : p !End(V): Further, let J

1

V be the �rst jet prolongation

of the p-module V asso
iated to the jkj-graded Lie algebra g: Let us �x some

dual bases f�

�

g; f�

�

g of g

�

and p

+

: The indu
ed a
tion of p on J

1

V is given

by

Z:(s

0

; Y 
 s) = (�(Z)s

0

; Y 
 �(Z)s+ [Z; Y ℄
 s+

X

�

�

�


 [Z; �

�

℄

p

s

0

) (1)

for Z 2 p; Y 2 g

�

�

; and s; s

0

2 V; see Slov�ak [17℄, where this formula is

derived.

Let p

2

+

denote the spa
e g

2

� : : :�g

k

: We 
all the spa
e J

1

R

V = V� (g

�

�




V)=(f0g � (p

2

+


 V)) ' V � (g

1


 V) spa
e of restri
ted jets. This spa
e


arries a stru
ture of a p-module inherited by fa
torization. Let us denote by

f�

�

0

g; f�

�

0

g some mutually dual bases of g

�1

: Finally, let � : g

1


V ! g

1


V

denote the following endomorphism

�(Z 
 s) :=

X

�

0

�

�

0


 [Z; �

�

0

℄:s

for Z 2 g

1

; s 2 V:
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Theorem 3. Let V;W be irredu
ible p-modules with the a
tion of p

+

being

trivial. Let 	 : J

1

V ! W be a g

0

-module homomorphism. Then 	 is a

p-module homomorphism if and only if 	 fa
tors through the restri
ted jets

J

1

R

V and 	

jIm(�)

= 0:

Proof. Let 	 be a g

0

-homomorphism. If we suppose that 	 is a p

+

-

homomorphism, it follows immediately that 	 vanishes on the image of the

a
tion of p

+

:

Now, we prove that 	 fa
tors through the restri
ted jets. Inserting s

0

= 0

into the equation 1, we obtain Z:(0; Y 
 s) = [Z; Y ℄
 s; for Y 2 g

�

�

; Z 2 p

+

and s

0

2 V: Let Z

i

2 g

i

; s

i

2 V; i = 1; : : : ; k; Be
ause g

1

generates p

+

there are X

i

2 g

1

; Y

i

2 g

i�1

for i = 2; : : : ; k su
h that Z

i

= [X

i

; Y

i

℄: Thus

we 
an write 	(

P

k

i=1

Z

i


 s

i

) = 	(Z

1


 s

1

+

P

k

i=2

[X

i

; Y

i

℄ 
 s

i

) = 	(Z

1




s

1

) + 	(X

2

:(0; Y

2


 s

2

)) + : : :+	(X

k

:(0; Y

k


 s

k

)) = 	(Z

1


 s

1

): The terms

	(X

k

:(0; Y

k


 s

k

)) = 0 for k = 2; : : : ; k be
ause 	 vanishes on the image

of the p

+

a
tion on J

1

V: Thus we have proved that 	 fa
tors through the

restri
ted jets.

Looking at the indu
ed a
tion of p

+

on J

1

V we derive the 
ondition

	(

X

�

0

�

�

0


 [Z; �

�

0

℄:s

0

) = 0;

whi
h means that 	

jIm(�)

= 0 due to the de�nition of the mapping �:

The opposite dire
tion of the impli
ation in the statement of this theorem

is obvious. �

In what 
omes, we would like to 
ompute the mapping � with help of

the universal Casimir element of g: First, let us re
all a well known theorem

on the a
tion of the universal Casimir element on a highest weight module

over a simple 
omplex Lie algebra. It is well known (see Humphrey [12℄, pp.

143) that if g is a 
omplex simple Lie algebra and h its Cartan subalgebra

and � 2 h

�

; then the a
tion of the universal Casimir element 
 on a standard


y
li
 module of the highest weight � is by a s
alar




�

= (�+ 2Æ; �); (2)

where Æ is the sum of all fundamental weights of h on g:

Se
ond, let us make some assumptions on the Lie algebra g: Suppose that

the subalgebra g

0

of g has a one dimensional 
enter. This 
enter is ne
essarily

generated by the grading element E of the jkj-graded Lie algebra g: Thus we


an de
ompose g

0

= g

ss

0

�CE where g

ss

0

= [g

0

; g

0

℄ denotes the semisimple part

of g: It is a well known fa
t that the Killing form B of the Lie algebra g; when

restri
ted to g

0

is nondegenerate, too. Let us normalize the Killing form B by

the 
ondition B(E;E) = 1 and denote this resulting nondegenerate invariant
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form on g

0

by (; ) : g

0

�g

0

! C : It is easy to 
ompute that the de
omposition

g

0

= g

ss

0

� CE is an orthogonal de
omposition. Indeed, take an arbitrary

X 2 g

ss

0

= [g

0

; g

0

℄ in the form X = [U; V ℄ for a U; V 2 g

0

and 
ompute

(E;X) = (E; [U; V ℄) = ([E;U ℄; V ) = 0 be
ause E is the grading element and

U 2 g

0

:

Let us denote by fY

a

g

k

a=1

; fY

0

a

g

k

a=1

some mutually dual bases of g

ss

0

with

respe
t to (; ): Sometimes we will denote the element E by Y

k+1

: Now, we

derive the following generalization of a result in Slov�ak, Sou�
ek [18℄.

Lemma 1. Let V be a representation of a semisimple jkj-graded Lie algebra

g; then

�(Z 
 s) =

k

X

a=1

Y

0

a

:Z 
 Y

a

:s

for ea
h Z 2 g

1

and s 2 V:

Proof. We use the invarian
e of the Killing form [Z; �

�

0

℄ =

P

a

(Y

0

a

; [Z; �

�

0

℄)Y

a

=

P

a

([Y

0

a

; Z℄; �

�

0

)Y

a

in order to 
ompute the value �(Z 
 s):

�(Z 
 s) =

X

�

0

�

�

0


 [Z; �

�

0

℄:s

=

X

�

0

�

�

0




X

a

(Y

0

a

; [Z; �

�

0

℄)Y

a

:s

=

X

�

0

�

�

0




X

a

([Y

0

a

; Z℄; �

�

0

)Y

a

:s

=

X

�

0

X

a

([Y

0

a

; Z℄; �

�

0

)�

�

0


 Y

a

:s

=

X

a

Y

0

a

:Z 
 Y

a

:s:

�

Now, we make some assumptions on the representations we shall be deal-

ing with. We will 
onsider that V

�

is an irredu
ible p-module whi
h is ir-

redu
ible with the highest weight � when 
onsidered as a g

ss

0

-module. Fur-

ther, we assume that g

1


 V

�

de
omposes into a �nite dire
t sum of irre-

du
ible g

ss

0

-modules without multipli
ities and denote by �

�

the proje
tion

�

�

: g

1


 V

�

! V

�

where V

�

is the representation with highest weight �

whi
h o

urs in the de
omposition of the 
ompletely redu
ible tensor prod-

u
t g

1


 V

�

. Let us suppose that the representation of the 
enter CE of

g

0

is given by E:v := wv for ea
h v 2 V

�

and a w 2 C : So we are given a

representation of the whole g

0

whi
h is 
hara
terized by the tuple (�; w): The


omplex number w is often 
alled 
onformal weight. Finally, we assume that
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g

1

is an irredu
ible g

ss

0

-module with the highest weight �: In order to 
ompute

the mapping � let us evaluate the following expression

P

k+1

a=1

(Y

0

a

Y

a

)(Z 
 s)

for s 2 V

�

and Z 2 g

1

:

k+1

X

a=1

(Y

0

a

Y

a

):(Z 
 s) =

k+1

X

a=1

(Y

0

a

Y

a

):Z 
 s+ Z 


k+1

X

a=1

(Y

0

a

Y

a

):s+

2�(Z 
 s); (3)

where we have used the lemma 1 above. Now, we would like to 
ompute

the �rst two terms of the last written equation using the universal Casimir

element of g

ss

0

, see the equation 2.

k+1

X

a=1

(Y

0

a

Y

a

):Z 
 s = (�; �+ 2Æ)Z 
 s+ Z 
 s (4)

Z 


k+1

X

a=1

(Y

0

a

Y

a

):s = (�; �+ 2Æ)Z 
 s+ w

2

Z 
 s (5)

After a straightforwars 
omputation we derive that the L.H.S. of 3 equals

k+1

X

a=1

(Y

0

a

Y

a

):(Z 
 s) =

X

�

(�; �+ 2Æ)�

�

(Z 
 s)

+

X

�

�

�

[Z 
 s+ 2wZ 
 s+ w

2

Z 
 s℄ (6)

Substituting the equations 4, 5 and 6 into the equation 3 we obtain

�(Z 
 s) =

X

�

(w � 


�

��

)�

�

(Z 
 s);

where




�

��

=

1

2

[(�; �+ 2Æ) + (�; �+ 2Æ)� (�; �+ 2Æ)℄:

We state our result as a theorem formulating expli
itly the assumptions

we have made.
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Theorem 4. Let g be a jkj-graded simple Lie algebra su
h that the subalge-

bra g

0

has a one dimensional 
enter CE. Let V

�

be an irredu
ible p-module

with the highest weight � if 
onsidered as a g

ss

0

-module. Let the grading ele-

ment E a
ts by the 
omplex number w (
onformal weight). Further, let g

1

be

an irredu
ible g

ss

0

-module with the highest weight � and 
onsider the a
tion

of p

+

being trivial. Assume that the tensor produ
t g

1


V

�

de
omposes into

a �nite dire
t sum of irredu
ible g

ss

0

-modules and has no multipli
ities then

�(Z 
 s) =

X

�

(w � 


�

��

)�

�

(Z 
 s);

where




�

��

=

1

2

[(�; �+ 2Æ) + (�; �+ 2Æ)� (�; �+ 2Æ)℄:

Proof. See the analyzes above this theorem. �

Due to the theorem 3 we 
an state a 
orollary of the above written theo-

rem.

Corollary 1. In the setting of the pre
eding theorem, let e�

�

be the trivial

extension of �

�

to J

1

V

�

= V

�

� (g

�

�


V

�

): Then e�

�

is a p-homomorphism if

and only if




�

��

= w:

Proof. Due to the theorem 3 it is suÆ
ient to show that e�

�

fa
tors through

the restri
ted jets and vanishes on the image of �: The �rst is from the

de�nition and the se
ond is a 
onsequen
e of the theorem 4. The opposite

impli
ation is easy, too: look at the formula for � and use the fa
t that �

�

is onto V

�

: �

A spe
ial 
ase of the 
orollary is the following statement.

Corollary 2. Let g = sp(2k; C ) be equipped by the 
onta
t grading, and let

V

�

be a harmoni
 module over g

ss

0

= sp(2k � 2; C ) with the highest weight

�: Then e�

�

is a p-module homomorphism i� 


�

�$

1

= w:

Proof. We have already shown (see theorem 2) that g

1


V = L($

1

)
V de-


omposes into a �nite multipli
ity free dire
t sum of irredu
ible submodules.

Thus we 
an apply the Corollary 1.

In the future, we would like to use the last written theorem in the 
ase of

�rst order invariant di�erential operators in the setting of proje
tive 
onta
t

geometries and harmoni
 modules. This 
an be done if one knows a relation-

ship between in�nite dimensional representations of the Lie group G

ss

0

(the

semisimple part of the redu
tive group G

0

the Lie algebra of whi
h equals

g

0

) and those of the Lie algebra g

ss

0

:
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