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Black-Scholes (BS) price - call option

C’t(St, K, T, T, 0') — Stq)(dl) — Ke_rT(I)(dQ)

S; ... stock price at date ¢

K ... strike price

T ... time-to-maturity

r ... Interest rate

o ... unknown and constant volatility parameter

standard normal cumulative distribution function
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Implied volatility

The implied volatility (IV) & is defined as the volatility o,
which matches the Black-Scholes (BS) price C; with the
price C, actually observed on the market.

The aim of this paper is to propose a direct method of
estimating the IV function from observed noisy IVs.
Denoting IVs observed on K; and 7 by ok, - and the
corresponding "true" IV function by o(K;,7),i=1,... ,n
we assume following model:

G —g( K, T)+ ¢, (1)
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State price density function

State price density (SPD):

rT 82075 (K7 T)
Qt,St (:E7 7_) — € aKz . (2)
After some algebra we obtain:
B - 1 2d1(z,7) Oo(K,T)
%52 7) = e Sivro(di(e,7)) {x2a(K, )T * xo(x, T)\/T 0K K—o

R di(x, T)da(x,T) ( 0o
0K

o(x,T)

>2+ 0%c } )
K==x aKZ K==x .

di(z,7) = ln(St/x):((;,tgjf(x’T))T, dy = di(v,7) — o(z,7)\/T

and ¢ is a p.d.f. of N(0,1).
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Arbitrage-free conditions

For fixed time-to-maturity 7:
SPD is positive:
gr.s,(xz,7) > 0 for all z > 0.
For varying maturity:

SPD iIs positive:

gr.s,(z,7) > 0 for all z, 7 > 0.

Total variance Is strictly increasing In
time-to-maturity:

%OQ(K, )7 > 0 forall K, 7 > 0.
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Local polynomial estimation for fixed 7

The local quadratic estimator of the regression function ¢
In the point K Is defined as minimizer of the following locall
least squares criterion:

min Z 5'7/— [OZO—|-041(K7;—K)—|—042(K7;—K)2] lCh(K—Kq
aQ,01,00 P ~ ~ _

6 (K)

where (K — K;) = +K (%5%) and K is a so-called
kernel function — typically a symmetric density function with
compact support, e.g. (u) = 3(1 — v?)I(Ju] <1)

(Epanechnikov kernel) and A is called bandwidth.
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Choice of bandwidth

The choice of A governs the trade-off between
bias and variance of 6(K)

large h yields a small variance but the large
bias

small h yields a small bias but the large
variance.

Since arbitrage-free conditions are typically
violated for small h we choose as small
bandwidth as possible to have enough data In
each bandwidth.
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Taylor expansion

Comparing 6 with the Taylor expansion of ¢ yields

g — 5’([(@), 1 — 5'/(Kz), 2042 — 5'//(Ki),

which makes the estimation of the regression function and
its first two derivatives (6’ and 6" respectively) possible.

1 2d, didy .
(K, 7) = Sie’” d 2
where:
n r+0.5(xg)?)T
dl — 1 (S/K)—I—a(o\—;gf)( 0)°) : d2 — dl - Oé()\/?.
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Optimization problem

The optimization problem can be written as:

min Z{az—ao—al(K K)— as(K; — K) }lChK K;)

a0, ,2

(4)

subject to

Sie/Tpld) { s + 72mon + 222 () + 202 ) > 0

J. — In(Se/K)+(r+0. 5(a0)?)T
= ao/T

dQZdl—Oéo\/_.
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Standardization: arbitrage-free conditi

We express the IV as a function of futures moneyness
K = % where F, = S,e"". The IV function located at xk = 1 is
called at-the-money (ATM).

SPD:
B \/ng(dl) 1 2d1 Oo dldg oo : 820' |
4%, 7) = F o ko+/T Ok e Ok i ok? [ ('
o In(ke'™™) + (r +0.50°)7  0°7/2 —In(k)
1, O'\/F B O'\/F

—0°7/2 — In(k)
o+\/T '
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Standardization: optimization problemn

min Z {5’2 — (g — Oél(/{i - Ii) _— 052(/{7; - /{)2}2 ICh(K o Kz)
@0,01,02

subject to:

ﬁ¢(d1) 1 2d; dyds 2
—= 2 > ()
I k20T T Haoﬁal T - (a1)” 4+ 209 p >

@iT/2 — In(k)

4 P
. OZO\/F

o —a37/2 — In(k)
o CVO\/F .
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Estimating the IV-Surface

The idea of local polynomial estimation in higher

dimensions is a straight-forward generalization of the

one-dimensional case. A standard — unconstrained

two-dimensional local quadratic estimator 6(x, 7) is given

0)Y; minimgzer of:

moin ZICH(H — ki, T — Ti){0; — ag — a1 (k; — k) — ao(T; — 7)
=1

—041,1(/<3z' . /43)2 = CV1,2(/<37; - H)(Ti — T) o 042,2(77; i 7)2}2

where Ky (u) = ——=K(H 'u) is a (bivariate) kernel function

with bandwidths (matrix) H.
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IV-Surface: Taylor expansion

Comparing it with a truncated bi-variate Taylor expansion
of o(k,7) shows oy = 6(k,7), a1 = L(k,7), as = L (k, 1),

- o Ok - or
01,1 = 355 (K, ), 02 = 5555 (K, 7), 02 = F5-(K, 7).

Since in our application it is typical to have small number of
design points in the 7 direction, the idea is to construct a
local smoother &(x, 7) quadratic in x and linear in 7, given
by the solgltion of:
HHHZICH(/{ — Ry, T — 7'7;) {5'7/ — (g — Oél(/{i — /{)
1=1

— (7 — 7) — ar1 (ki — 5)2 — ona(ki — k) (i — )}
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IV-Surface: Arbitrage free conditions

SPD ¢(k, ) is positive for all x,7 > 0:
VTo(dy) { =+ o + 9207 + 2041,1} > ()

K200T ap

total variance locally strictly increasing in 7:
W > 00— 2napas +a2 >0, 1=12,..L
total variance strictly increasing on a grid:
w(k,,) < w(k, ), forall n <7/ —

6%(k, 7)1 < 6%(k, 7))y foralm <7 —
it < il + 1)1, 1=1,2,...,L
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IV-Surface: Optimization problem

rg(i?ZZICH k— ki, 7 — 73) {65 — ap(l) — o (D) (k; — k)

— (1) (s — 1) — ar 1 (D) (ki — K)2 — ar2(D)(k; — K)(1; — 7)1

subject to

Veld ) { K:Qaj(l)n i ncjoCZ(ll§l\)/T_la1(l) i dl(lg?f)(l) g2 1(l)} =
2 — IN(K
di (1) = O‘O(ZZZ(/;\/T_IZ B) ) = () — o), =1, ... L
2m00(l)az(l) +ad(l) >0 1=1, ... ,L
af()m < ag(l+ D7y, 1=1, ... L.
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