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ABSTRACT
We prove the uniform validity of discrete Friedrichs’ inequality for gene-
ral nonconforming finite element spaces defined over triangulations con-
sisting of triangles and/or quadrilaterals. The result is valid for arbitrary

polygonal domains and also for locally refined triangulations.
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1. INTRODUCTION
In the theory of second order partial differential equations (cf. e.g. [26]),
a significant role is played by the Friedrichs inequality (often also called
Poincaré’s inequality)
IWlog < Clhlio Vv e Hy(), (1)
where Q is a bounded domain in R?, d > 2. The notation || - llo.q denotes the

norm in the Lebesgue space L (£2) and | - 1. 1s the seminorm in the Sobolev
space H' (). This space consists of functions from L?(€2) whose generalized
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first derivatives are also in L?(2). The space Hi(S) is formed by functions
from H'(Q) having zero traces on the boundary 99 of the domain .
We refer to [1] or [23] for details on Sobolev spaces.

For problems where Dirichlet boundary conditions are only prescribed
on a part I'” of the boundary <2, the Friedrichs inequality

vilp.og < Clvlo Vv eV 2
with
V={ve H(Q), v=00nT?)

is needed. This inequality holds as long as meas,_(I'")#0 (cf. e.g. [23,
p. 20]). Particularly, for I'” =3, the inequality (2) is identical with (1).
The importance of (2) consists in the fact that it implies an equivalence
in V between the H' () norm || - .o and the seminorm |- [; q.

A powerful numerical method for solving second order partial diffe-
rential equations is the finite element method (cf. e.g. [6]). An important
feature of the finite element method is that it is based on week formulations
of the respective equations, which enables to investigate the existence and
convergence of discrete solutions employing various approaches of the func-
tional analysis and the theory of Sobolev spaces. Thus, it is not surprising
that one needs a discrete analogue of the Friedrichs inequality (2) (shortly
discrete Friedrichs inequality).

If the above space V' is approximated by a space V), defined using the
conforming finite element method, without committing any variational
crimes in the sense of [29], then V;, C V. Therefore, in this case, we automa-
tically get the Friedrichs inequality also for the space V. Often, however,
some variational crimes are committed and, consequently, V, ¢ V. In this
case, it is usually obvious that a discrete Friedrichs inequality holds for
each space V), with some constant C;, but it is not clear how these constants
C), depend on the discretization parameter /.

There are two types of variational crimes which can cause that V, Z V.
The first one is an approximation of the boundary of €, which was
thoroughly investigated in [13], [18], [31]. In these papers, it was shown
that the constants C;, are bounded independently of /.

The second type of variational crimes is an approximation of V
by functions having jumps across element edges, which leads to noncon-
forming finite element spaces. The nonconforming finite element method
has been already investigated for more than three decades and during this
time, many various nonconforming finite elements have been developed
(cf. e.g. [5], [8], [9], [15], [16], [21], [22], [25]). Although the mentioned jumps
of nonconforming finite element functions cause additional difficulties in
theoretical investigations of the corresponding finite element discretizations,
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the application of nonconforming elements can be justified since they possess
several favourable properties. First, nonconforming finite elements are more
suitable for a parallel implementation than conforming elements since they
lead to a cheap local communication between processors. Nowadays, with
the increasing importance of parallel computers for scientific computations,
this feature becomes still more and more important. Another important
feature of nonconforming finite elements is that they usually fulfil an inf-
sup condition so that they are very attractive for solving problems describing
incompressible or nearly incompressible materials.

Like for the first type of variational crimes, it is again not obvious
whether, for a given family of nonconforming finite element spaces, a discrete
Friedrichs inequality holds uniformly with respect to the discretization
parameter & (i.e., with a constant C independent of /). In the literature,
results on the uniform validity of the discrete Friedrichs inequality for
nonconforming finite element spaces are rather rare and they are mostly
established under some restrictive assumptions like convexity of € or the
validity of an inverse assumption on the triangulation (cf. [10], [14], [17],
[30]). A proof for quadrilateral elements which does not use these two restric-
tive assumptions but is still much less general than the proof in the present
paper can be found in [28]. The little attention paid to investigations of the
discrete Friedrichs inequality for nonconforming finite elements is probably
due to the fact that finite element discretizations can be seemingly analyzed
without using a uniform discrete Friedrichs inequality. Namely, for proving
the existence of a discrete solution, the 4-dependent Friedrichs inequality is
sufficient and the discrete Friedrichs inequality is often not needed at all for
proving a convergence in the discrete analogue of the seminorm |- | q.
Moreover, convergence in the norm || - ||p o can often be proven by applying
the Aubin—Nitsche duality argument (cf. e.g. [5], [9], [25]), again without
using a discrete Friedrichs inequality. However, the regularity of the dual
problem needed for applying the Aubin—Nitsche trick is often known only for
special problems (e.g. convex domains, Dirichlet boundary conditions etc.)
so that, in fact, an estimate in the L*() norm is generally not available
without applying the Friedrichs inequality.

The aim of the present paper is to prove that a discrete Friedrichs inequa-
lity holds uniformly with respect to the discretization parameter / for general
nonconforming finite element spaces V), approximating the space V. For
simplicity we shall confine ourselves to the two-dimensional case and to trian-
gulations consisting of triangles and/or quadrilaterals, however, it will be
obvious that our considerations can be easily generalized to three dimensions.
Let us emphasize that our proofis valid for general polygonal domains and for
triangulations satisfying a shape regularity assumption only. Particularly,
we allow locally refined meshes containing elements with arbitrarily large
ratios of their diameters, which is very important for applying adaptive refine-
ment techniques. In addition, quadrilateral elements may be non-convex and
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they are allowed to degenerate to triangles. Finally, let us mention that for
spaces V), consisting of functions satisfying the patch test of order 1, the
present paper implies the validity of the discrete Friedrichs inequality with
a constant independent of the polynomial degrees of functions from V.
Thus, the discrete Friedrichs inequality can also be applied to nonconforming
spaces constructed by means of the /p finite element method (cf. [27] for the
conforming case).

The paper is organized in the following way. In the next section we
summarize notation and all the assumptions made in this paper. In Section
3 we introduce a general set W), containing any usual nonconforming finite
element space. This generalization will facilitate the proof of the discrete
Friedrichs inequality. The idea of the proof is to map the set W), into the
space V using a Clément type interpolation operator (cf. [7], [2], [3]) and then
to apply the Friedrichs inequality (2). The interpolation operator is described
and investigated in Section 4. Then, in Section 5, we prove that the set ¥,
satisfies the uniform discrete Friedrichs inequality. Finally, in Section 6, we
compare the results of this paper with some recent results concerning the
discrete Korn inequality.

2. NOTATION AND ASSUMPTIONS

We suppose that € is a bounded domain in R? having a polygonal
boundary 92 and that '’ CdQ is a relatively open set satisfying
meas;(I"?) #0.

We assume that we are given a family of triangulations 7, of the
domain Q consisting of triangular and/or quadrilateral elements K having
the wusual compatibility properties (see e.g. [6]) and satisfying
hx=diam(K) <h for any K € 7,. We assume that any edge of 7, lying on
a2 belongs either to I'? or to dQ\I'”.

For each triangulation 7, we introduce a triangulation 7, obtained
from 7, by dividing each quadrilateral element of 7, into two triangles. This
construction of 7, is not unique unless 7, only consists of triangles in which
case we have 7}, = 7. Thus, we assume that, for each triangulation 7, one
of the possible triangulations 77, has been fixed. We require that this family
of triangulations 77, is regular, i.e., there exists a constant o independent of /
satisfying

h—Kgo VK € T}, 3)
Ok

where gg is the maximum diameter of circles inscribed into K. Note that our
assumptions do not exclude the case when some quadrilateral elements of 7,
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degenerate to triangles. Also, quadrilateral elements of 7, are allowed to be
non-convex. _

We denote by &, the set of the edges E of 7, and by &, and &} the
subsets of &, consisting of inner edges and boundary edges lying on I'”,
respectively. For any edge E, we choose a fixed unit normal vector ng. If
FE C 922, then ng coincides with the outer normal vector to the boundary of .

For any inner edge E, we define the jump of a function v across E by

= Ol — (vg)| & 4)

where K, K are the two elements adjacent to £ denoted in such a way that ng
points into K. If an edge E € &, lies on the boundary of €2, then we set

lg= vlg-

Throughout the paper we use standard notation L*(G), H*(G) =
Wk’2(G), P,(G), C(G), etc. for the usual function spaces defined on a set G,
see e.g. [6]. The norm and seminorm in the Sobolev space H*(G) will be
denoted by || - |lx ¢ and | - | g, respectively. In addition, we define discrete
analogues of || - [l; g and | - || o by

12 12
2 2
||V||1,h = ( E ||V||1,K> 5 |V|1,/1 = ( E |V|1,K> .

KGT/, KGT;,

Finally, for notational convenience, we set | - o, = || - llo.q-

3. GENERALIZATION OF NONCONFORMING FINITE
ELEMENT SPACES

Nonconforming finite element spaces defined over the triangulation 7, and
approximating the space V introduced in Section 1 have typically the form

Vi={ve L*(Q); vixe RK) YK €T, op(Vlz) =0 VEe&UE}

Here, R(K)C H'(K) are finite-dimensional spaces of functions defined on
the elements K, and ¢ are functions which determine how strongly functions
from neighbouring elements are coupled on the common edges E. The func-
tions ¢ also determine in which sense the homogenous Dirichlet boundary
condition on I'? is approximated.

The strongest possible coupling is the continuity requirement which can
be achieved, e.g., by setting

pe(v) = |vl.



112 KNOBLOCH

Then V,CV, ie., V,is a conforming space.

For nonconforming finite element spaces, the values ¢z(v) usually repre-
sent either integral moments of v on E or values of v at some Gaussian points
on E (cf. e.g. [5], [9], [16], [21], [25]). Thus, for example, for first order spaces,
we typically have

1
pp(v) = m/jz_"d(f

or

pp(v) = v(Cp),

where Cg is the midpoint of E. These two choices of ¢y often lead to the
same finite element space (like e.g. for the linear triangular Crouzeix—Raviart
element [9]), but in some cases they are not equivalent (e.g. for the rotated
bilinear element [25]). Denoting by ¥ a linear mapping which transforms the
reference edge E = [0, 1] x {0} onto the edge E, the above mappings ¢ are
defined by ¢z (v) = ¢(vo ¥g) with

p) = vdé 5
o) /EV s 5)
or

p(») = W(Cp), (6)
where Cj is the midpoint of E and 7 is a function defined on E.
Let us first consider a space V), defined using functions ¢g repre-

senting integral moments on edges E. Then, on any edge E € £, U&E}, the
functions v € V), satisfy the patch test of order 1, i.c.,

/[V]Edazo VE € E,UEP, veV, (7)
E

Thus, the space V7, is a subspace of the space

Wy={ve LXQ); vixe H(K) YKeT,, o(vlzovs)=0 VEe& UEL
where ¢ is defined by (5). More generally, we can state that the space V), is a
subset of the above set W, defined using a suitable function ¢ possessing the

following two properties:

¢ € C(LX(E), R), (8)
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Vie Py(E): ¢(M)=0 < =0. )

The first property means that

A

b, = ¥ in L*(E) = ¢(5,) — @) inR. (10)

Note that the properties (8) and (9) do not guarantee that W, has a linear
structure. Nevertheless, they are sufficient for proving that W), satisfies the
discrete Friedrichs inequality

IVllo,e = CVliy YveWw, (11

with a constant C depending only on €2, T'”, ¢ and o from (3). This result,
which will be proven in Section 5, implies that any nonconforming finite
element space V), satisfying (7) (and hence contained in W), defined using ¢
from (5)) fulfils the discrete Friedrichs inequality with a constant independent
of both /& and the polynomial degrees of functions from V.

However, as we mentioned above, the functions ¢ in the definition
of V;, may also represent values of their arguments at some points on the
edges E, which does not necessarily imply the validity of (7). Nevertheless, the
space V), is still contained in W), for some suitable function ¢ satisfying (8)
and (9).

To see this, let us for simplicity consider a space V), consisting of
functions continuous in the midpoints of edges, i.e., ¢ is given by (6).
Further, for simplicity, we assume that the elements of 7, are of the same
type (i.e., either triangles or quadrilaterals). The spaces R(K) in the definition
of V) are typlcally _constructed by specifying a finite—dimensional space
R(K) C C(K) N H (K) of (usually polynomial) functions defined on a refe-
rence element K and by transforming functions from R(K) into functions
defined on the elements K. The transformations are performed via regular
linear or bilinear mappings which map K onto K. Since these mappings are
linear along the edges of K, we deduce that there exists a finite-dimensional
space S(E) C C(E) such that PO(E) C S(E) and [v]gpo Y € S(E) for any
velV, and any E €¢&),. Denoting by P the orthogonal projection of
L2(E) onto S(E) and replacing the function ¢ by ¢ o P, we obtain a function
satisfying (8) and (9) and leading to a set W), containing the space V.

Analogously we can proceed if ¢g(v) represents values of v at other
points on E or if 7, contains both triangles and quadrilaterals. Moreover,
we can also treat cases when various coupling conditions are used to define
the space V. For example, if on some edges the coupling is given by ¢ from
(5) and on other edges by ¢ from (6), we can set

o) = 3(C) /E bds
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and extend this function to Lz(E) as above. Then the corresponding set ¥,
again contains the respective space V),

However, in all the above cases where the function ¢ has to be extended
to L(E), the resulting set W, depends on the polynomial degrees of functions
from V;, and hence we derive discrete Friedrichs inequalities which are uni-
form in /4 but not necessarily in the polynomial degrees of functions from V.

Thus, we can conclude that, for any usual nonconforming finite element
space V), there exists a function ¢ independent of / and satisfying (8) and (9)
such that the corresponding set W, contains the space V). Therefore, to
derive a discrete Friedrichs inequality for V), it suffices to investigate the
validity of (11). For this, we shall first introduce a suitable interpolation
operator which maps W), into V.

4. AN INTERPOLATION OPERATOR

Usual interpolation operators, like e.g. Lagrange’s interpolation opera-
tors, require some smoothness of the interpolated functions, e.g. the conti-
nuity. However, functions from the set W), have jumps across interelement
edges and are only of class H' in the interiors of elements. Thus, we need
an interpolation operator defined for functions having a very low regularity
only.

Such an interpolation operator was introduced by Clément [7] and
the basic idea was to replace the point values used in the definition of
a Lagrange interpolation operator by values obtained by projecting the inter-
polated function into spaces of polynomials on macroelements. This tech-
nique was further developed in [2], where the projections were constructed
on reference macroelements, and also in [3], where piecewise polynomial
functions on reference macroelements were considered. Further modifi-
cations of the Clément operator can be found e.g. in [4].

Here we shall consider the interpolation operator of [3] (however,
those ones of [7] and [2] could also be used). This operator is defined for
functions from L'(2) and has usual optimal approximation properties if the
interpolated functions are smooth enough. We shall present a particular case
of this operator for which the interpolates are piecewise linear. This will serve
our purpose.

We consider any of the triangulations 7 introduced in Section 2
and denote by ay, ..., ay, the vertices of the elements of this trlangulatlon
We assume that Vertlces lying on I'2 are numbered first, i.e., denoting by Nh
the number of vertices on I'’, we have a, ... , ayp € '’ and AND 41> oo s
ay, ¢ 2. For any vertex «;, we denote by A; the macroelement con51st1ng of
elements of 77, that share this vertex a; (cf. Fig. 1). It follows from (3) that the
number of elements contained in any macroelement is bounded by a constant
depending only on o from (3). Therefore, we can introduce reference macro-
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elements A Is o ev s A 1 (with L depending on o only) such that any macro-
element A; is the image of some reference macroelement Aj under a contin-
uous and invertible mapping F; which is affine on the triangles K making up
A (cf. Fig. 2). For definiteness, we assume that a;= F(0) and that each
reference macroelement A contains the point (1,0) and consists of equal
isosceles triangles whose vertlces different from 0 lie on the unit circle with
the centre at 0. This does not determine A uniquely if a; € 9Q2. Therefore, in
this case, we further assume that A c [0, 1] [0, 1] and that the point (0, 1)
lies in A
For any j € {l, ..., L}, we denote

O(A) = (V€ C(A)); flg e P(K) YK C A}
and we define a projection operator 7; € ﬁ(Ll(A/)’(a(Aj ) by

/& (- F90dx =0 Vi e L'(A), 8 € O(A)).

Further, if i € {1, ..., N,} and A, = Fi(A,) for somej € {1, ..., L}, then
we set

Figure 1. Examples of macroelements A;.

Figure 2. Reference macroelements Aj corresponding to the macroelements from Fig. 1.
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=f(voF)oF ' Yy eL'(A).
This gives an operator r; € E(LI(A,), ©(4;)), where

O(A) ={ve C(A); vike PI(K) YK C A

Now, let
®,={ve C(Q); vige P(K) VKeT};}
and let ¢, ..., ¢y, € ®, be the usual basis functions, i.e., ¢i(a) =1,
gr(a)) =0 for any k, [ € {1, ..., N,}, k # [. Setting
Nh
Ry= ) (m@p YvelL (9
i=NP+1

we get an interpolation operator R, € E(LI(Q), ®,N V). It was shown in [3]
that, for v € V' N H*(), the operator R, has the same approximation proper-
ties as the corresponding Lagrange interpolation operator (for which
(r;v)(a;) = v(a;)). Moreover, it was shown there that

V= Ryv|ma < Chl_"’|v|1,9 VveV, m=0, 1,

where C only depends on o. Our aim is to show that this estimate also
holds for functions from the set W), introduced in the preceding section.

First, however, let us consider the case when no conditions are imposed
on the boundary of . Then, instead of W, we use the set

Wy =1{ve LXQ);vig e H(K) VK eT), ¢(Vzovr) =0 VEe&,} (12)

and an appropriate interpolation operator is defined by

Nh

Ry => " (rm)(a)g; YveL(Q).
i=1

Clearly, the operator R), is a continuous linear mapping from L'() into ©,,.
To investigate its approximation properties, we shall need the following
lemma.

Lemma 1. Let A be any of the above-introduced reference macroelements
and let El, .. E be edges of elements KcC A which do not lie on the
boundary of A For any i=1,...,n let Vi be a linear transformanon
of the reference edge E ontoE and let []E be a Jjump across E defined
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analogously as in (4). Finally, let
w(dy=lie 2@pilg e H'K) vRCA,
@z o) =0 Vi=1,...nl,

where @ is any function satisfying (8) and (9). Then there exists a constant C
such that

cinf 944l a4, < CPLa . Y WA, (13)
gePy(A; :
where
1/2 1/2
A i A2 A A2
a0 =| 22 e+ Bha.=| 2 Ik
KCA, KCA;

Proof. We shall prove by contradiction that there exists a constant C

such that
/ 5 ds
A

J

191, 4,0 < c(|ﬁ|l,&,* + ) Ve W(A). (14)

Then, for any v € W(A_/-) and for g =— 3 v dfc/measz(Aj), we have
19+3dll, 4. < Clil, 4 ..
which gives (13) The proof will be similar as in [6, p. 120], where (13) was

proved for v € H' (A ).
Let us assume that (14) does not hold. Then there exists a sequence

[}, C W(A;) such that
ﬁ 5 ds
A

J

1
-V 1. 1
<7 k > (15)

Il 5, =1 B4, +

Let us consider any element KcC A Then {¥.};=, is bounded in | - ”1,1(
and hence it contains a subsequence which converges weakly in HY(K)
and, consequently, strongly in LZ(K) due to Rellich’s theorem (cf. e.g. [23,
p. 17]). In view of (15), {vk}k 1 Is a Cauchy sequence with respect to the
seminorm |- |, ¢ and since H' (K) is complete, we finally deduce that the
mentioned subsequence converges strongly in H' (K)

Thus, we see that there exists a subsequence of {V;};=; which we again
denote by {¥;}z=; such that
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lim [V =¥l 4, =0,
k— o0 A

where v eALz(Aj) is a function satisfying 9| € H'(K) for any K C A, For
any edge E;, i=1, ..., n, it follows from trace theorems that

11z — ilg o g, < €9 — ell 4.

Since ¢([V¢]z o ¥z ) = 0 for any k > 1, we deduce from (10) that
w([ﬁ],;. Ol/f,;/) =0, i=1,...,n. (16)

From (15), we readily get

iz, =1 15, =0 [ idi=0. (a7
A

J

which 1mp11es that Vg € PO(K) for any K C A Thus, it follows from (16) and
(9) that v € PO(A 1), which is in contradlcUon with (17). L]

Now we can establish error estimates for the operators r,.

Theorem 1. Let ¢ be any function satisfying (8) and (9) and let W), be the
corresponding set introduced in (12). Then there exists a constant C depending
only on ¢ and o from (3) such that, for any i € {1, cee Nh}, and any element
K C A, the operator r; satisfies

12
|V_va|m,1< ™ Z |V|11< Vyve W, m=0,1.
KcCA;
Proof. Let us consider any i€ {l, ..., N,}, KC A;and v e W, and let
us set ¥ =vo F;. Let j e {I, ..., L} be such that A; = F,(A)). It was shown

in [3, pp. 1898-1900] that

1— . ~ A~
| - V|mK< Ch 2 lan ”v+q||1 AA*’ m = 03 17
GePy(A; o

where C depends only on o. Defining the linear transformations Vi and

the Jumps [] £, in the definition of W(A ;) from Lemma 1 in a suitable way,
we have ¥ € W(A) Thus, applying (13), we get

|v,wMK<cm"thM m=0, 1. (18)
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Clearly, for each edge E,, there are only two possibilities for defining Vi and
two possibilities for defining [-]z . Since the number of edges E inside A is
bounded by a constant dependlng only on o, we infer that, for any space
W(A ), the constant C in (13) can be bounded by a constant depending only
on <p'and o. Therefore, (18) also holds with a constant C depending only on
¢ and o. According to [6, Section 15],

g < Cllpg YKCA
with C depending only on o and the theorem follows. (]

Using Theorem 1, one can prove the following approximation properties
of the operator R), :

Theorem 2. Let ¢ be any function satisfying (8) and (9) and let W), be the
corresponding set introduced in (12). Then there exists a constant C depending
only on ¢ and o from (3) such that

[v = Ryl < CH "0l VveW,, m=0,1. (19)
Moreover,
v = Ryvllg aq < CH?Vl1 ) ¥ v e W (20)

Proof. The first step is to show that there exists a constant C depending only
on ¢ and o such that, for any element K € 77,

1/2

V= Rpvlyx < Chg ™| Y0 i VveW, m=0,1. (2l
KeT},
KNK#p

The proof is the same as in [3, pp. 1909—1910] where the estimate (21) was
proved for v € H'(Q) (it suffices to use Theorem 1 instead of an analogous
result for v € H'(Q)). Since the number of elements K intersecting any
element K is bounded by a constant depending only on o, we obtain (19).

Let us mention how to prove (20). Let £ C 92 be any boundary edge
and let K € 7}, be the adjacent element. We denote by K the standard
reference triangle and by Fg the regular affine mapping which maps K
onto K (cf. [6]). Finally, we consider any v € W), and set v = v o Fg. Then,
using a standard scaling argument and trace theorems, we get

Vllo.z <hi* 191l 55 < ChIFI, £- (22)
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This and results of [6, Section 15] imply that
1¥lo.2 <C (g IWllox +hi¥ ),

where C depends only on o. Replacing v by v— R, v, applying (21) and
summing up the squares of the inequalities over all boundary edges, we
derive (20). ]

Before formulating approximation properties of the operator R;,, we
first establish a simple auxiliary result.

Lemma 2. Let K be the standard reference triangle and let El be any of its
edges. Let Vi be a linear transformation of the reference edge E onto E, and
let ¢ be any function satisfying (8) and (9). Finally, let

H(K) = {9 e H'(K): (o yy) = 0}.
Then there exists a constant C such that

191, ¢ <CI9l, ¢ ¥ 9 € H(K). (23)

Proof. Let us assume that (23) does not hold. Then there exists a sequence
{%e}re,C H(K) such that

~ R 1
1Bl g =1, 1elg<p Y=L (24)

In the same way as in the proof of Lemma 1, we deduce that this sequence
. . A o0
contains a subsequence, again denoted by {vk} 1> such that

lim ||V —Vll, g =0
k—>o<>|| k”],K

for some 7 € H(K). Obviously, [V, ¢ =0 and hence V € Py(K). Using (9),
we infer that ¥ = 0, which contradicts the first part of (24). L]

Now we are in a position to prove the desired approximation properties
of the operator Ry,

Theorem 3. Let ¢ be any function satisfying (8) and (9) and let W), be the
corresponding set from Section 3. Then there exists a constant C depending
only on ¢ and o from (3) such that
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v — RyVlps < CH ™"y Yve Wy,m=0,1. (25)

Proof. In view of Theorem 2, it suffices to establish an estimate of

|R,v— Ryv| . Consider any v € W), K € T; and m € {0, 1}. Then
_ Ny
|th - thlm,K = Z |(riv)(ai)||(pi|m,1{’
i=1,
a; € K
Choose any ie{l, ..., Ny} and let K, C A; be any element of T7

adjacent to I'°. Let Fk, be a regular affine mapping which maps the standard
reference triangle K onto K; and set ¥ =vo Fg, . Using the techniques of
[3, p. 1912], we readily derive that

172

@) < CL Y- Pl g | +CIol 4

KCA,;

where C depends on ¢ and o only. Denoting by El an edge of K satisfying
Fx, (El) C I'?, there is a linear transformation Vi of the reference edge
E onto El such that v belongs to the set H (K) from Lemma 2. Therefore,
it follows from (23) that ||v||1 7 = CI|, e with a constant C depending only on
. According to [6, Section 15], there exists a constant C dependmg only on
o such that [9], ¢ < Cvl, x, and |g;],, ¢ < Chi™ for any i € {1, , NPy
Hence, we deduce that

1/2

D 1— 2
|th - th|m,K = Ch™ Z |V|1’[2 5
KeT;, RNK#p

where C depends on ¢ and o only. Now, in the same way as in the proof of
Theorem 2, we obtain

_ 1
|th - thlm,h = Ch mlvll,ha

where C again depends on ¢ and o only. Combining this inequality with
(19), we obtain the theorem. L]

5. PROOF OF THE DISCRETE FRIEDRICHS INEQUALITY

Using Theorem 3, it is very easy to prove the main result of this paper:
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Theorem 4. Let ¢ be any function satisfying (8) and (9) and let W), be the
corresponding set from Section 3. Then there exists a constant C depending
only on , TP, ¢ and o from (3) such that

Ivllo.o = Clvlip YV veW,. (26)
Proof. Consider any v € W),. Then
IVllo.o < [v=Rpvllo.@ + I RyVllo.o-
Since R, v € V, we can apply the Friedrichs inequality (2), which gives
IVllo.e <V — Rypvllo.g + CIRwI o < (1+ Ollv = Ryl + Clvly e
Applying (25), we obtain the theorem. L]

Consequences of this general discrete Friedrichs inequality were already
discussed at the end of Section 3. We recall that Theorem 4 particularly
implies that the discrete Friedrichs inequality holds with a constant indepen-
dent of & for all usual nonconforming finite element spaces, e.g., those
ones of [5], [8], [9], [16], [21], [22], and [25].

Similarly as above, we can also establish a discrete analogue of the
Friedrichs inequality (cf. e.g. [23, p. 20])

IVllo.e < Cvlig + IVl re) V¥ ve H'(SQ). 27
Theorem 5. Let ¢ be any function satisfying (8) and (9) and let W), be the

corresponding set from Section 4. Then there exists a constant C depending
only on , TP, ¢ and o from (3) such that

V.o < CUvlg + Vllor0) Y ve W, (28)

Proof. Consider any v € W), Then, using (27), we derive

Illo.c < IV — Rpvllo.e + IRWIg.q < IV = Ryvllo.q + CURVI1Lq + I Rylg o)
<A+ Oy =Ryl + Clv = Ryvllg.ro + C(vlp + VIl r0)-

Applying Theorem 2, we obtain (28). L]

Theorem 5 has analogous consequences as Theorem 4. So, parti-
cularly, the inequality (28) holds with C independent of / for all usual
nonconforming finite element spaces, e.g., for those ones mentioned below
Theorem 4.
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Remark 1. Consider any E € &£ and let K € T be the element adjacent
to E. Like in the preceding section, we denote by K the standard reference
triangle and by F the regular affine mapping which maps K onto K. For any
v e W), we set v =vo Fg. Then it follows from (22) and (23) that

1724
Ivllo.r < Ch / Pl Yve W,

where C depends only on ¢. According to [6, Section 15], any v € W), satisfies
|1?|1’ £ =< Clv]; ¢ with C depending only on o. Thus we deduce that

1/2
Illo.ro < CAP vy, Y ve W,

where C depends only on ¢ and o. Therefore, (26) can also be derived as a
consequence of (28).

6. REMARKS ON DISCRETE KORN’S INEQUALITY

For problems from linear elasticity or fluid mechanics with surface forces
prescribed on the part 9Q\I'” of the boundary (cf. e.g. [24] and [20], respec-
tively), the Korn inequality (cf. [24])

Wi < ClIVWlgq YreV=[V] (29)

has to be used in addition to the Friedrichs inequality (2). Clearly, to inves-
tigate discretizations obtained by approximating the space V by a noncon-
forming finite element space V), the discrete Korn inequality

i <C Y IV + WG YveV, (30)
KeT,

with C independent of / is needed. Since there has been a confusion in the
last years concerning the validity of (30) for some low order spaces and since
it is convenient to bring the inequalities (30) and (26) into a relation,
we mention here some results on the validity of (30) in the two-dimensional
case. We shall see that the situation is quite different from that one in
the preceding sections.

It is well known since the beginning of the 90s that (30) generally does
not hold for the linear triangular Crouzeix—Raviart element introduced in
[9]. For this element we can even find a triangulation 7, such that the right-
hand side of (30) vanishes for some v € ¥V, (cf. [12]). Recently, a counter-
example was given in [19] which shows that a uniform validity of (30)
also cannot be expected of typical nonconforming first order quadrilateral
elements. So, for example, (30) does not hold uniformly for quadrilateral
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elements of [25] and [5] and for their various modifications which can be
found in the literature.

However, under the assumptions of Section 2, it was shown in [19]
that (30) holds uniformly whenever the space V), satisfies the patch test of
order 2. Similarly as in the preceding section, the validity of the inequality
was established for the space

w, ={v e L*(Q)%; vlx e H(K) VK eT,

f[v]E gdo=0 Vqe P(E), Eeg;,ug,?}
E

which contains any nonconforming finite element space ¥, defined over the
triangulation 7, approximating the space V and satisfying the patch test of
order 2. Thus, the discrete Korn inequality is also uniform with respect to the
polynomial degrees of functions from V.

The basic idea of the proof of (30) for W) originates from [11] and
completely differs from the technique used in the preceding section. The
starting point is the identity

1 1 .
|Vv|2 = E(Vv + VvT) -(Vy —curl ) + Vv -curl z + E(rot vy — div z) rot v,

(3D
where
821 821
o dvp | O . 8—x2 _8_)61
roty = _8_x2+8_xl curl z = % _%
8X2 8x1

and the operator dot denotes the inner product of tensors, i.e., 4 - B = Z =1
a;; by for A= (a,,)l] , and B= (b,,)” - For any ve Wh, the functlon
b4 e H () in (31) is chosen in such a way that it continuously depends on
v and, after integrating (31) over elements K and summing up, the last two
terms in (31) vanish. We refer to [19] for detalils.

Observe that, in contrast to the proof of the discrete Friedrichs inequa-
lity, the ‘continuous’ Korn inequality (29) is not used in the proof of (30).
On the contrary, (29) follows from (30) for W), since V Cc W,,.

Finally, let us mention that combining the discrete Korn inequality
for W), with the discrete Friedrichs inequality proved in the preceding section,
we deduce that the Korn inequality

2 T2
T, <C Y IV +Wigx YrveW,
KETh
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holds with C independent of /. Again, this inequality is important for prov-
ing convergence of discrete solutions in the L2(2) norm.
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