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Outline

— algebraic flux correction scheme for a steady-state
convection—diffusion—reaction equation

— theoretical analysis: error estimate, discrete maximum
principle

— examples of limiters

— linearity preservation

— approximation of boundary layers

— difficulties caused by non-vanishing right-hand side

— numerical results



Steady-state convection—diffusion—reaction equation

—€Au+b-Vut+cu=f inQ, u=u, onadQ
with constant € > 0 and

V-b=0, c>0p>0 in Q.
FE discretization
Find u, € Wy, such that up,(x;) = up(x;), i=M+1,...,N, and

an(up,vp) = (fsvn) Vvy,eV,

where

= (v, €C(Q); v|x € PL(K)VK € T}, Vi=WyNHy(Q),

M
an(up,vi) = € (Vup,Vvp) + (b- Vg, vp) + Y (¢, 07) uivi.
i=1
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Algebraic problem

N
Zaijuj:fl-, iZl,...,M,
J=1

ui:u?, i=M+1,...,N.

M

Properties:  (aij);;—, is positive definite,

N
Zaijzo \V/i:1,...,M
j=1

Algebraic flux correction Kuzmin et al. (2001—now)

Aim: manipulate the algebraic system in such a way that
the solution satisfies DMP and layers are not smeared.



Algebraic problem

N
Zaijuj:fi, iZl,...,M,
J=1

_ b

i=M+1,....N.

Properties:  (a;;)M._, is positive definite,

ij=1
N
Z djj ZO Vi= 1,...,M
=1
(@ij);j— --- FE matrix for homogeneous natural b.c.
(dij)i =y --- symmetric artificial diffusion matrix:
dij:—max{aij,O,aji} \V/l'#j, dii:_Zdij-



Algebraic flux correction scheme

Za,JuJ+Z — o) dii (uj—u;) = fi, i=1,....M,

ui:uf, i=M+1,....N,
where Oéij:aij(ul,...,uN) S [0,1],
O = Ojj i,j=1,...,N.

and a;;(U)(u; —u;) are continuous functions of U = (uy,...,un).



Algebraic flux correction scheme

Zauu]—l—z — o) dii (uj—u;) = fi, i=1,....M,
ui:uf, i=M+1,....N,
where o;; = o;;(uy,...,un) € [0,1],

o = Qji, i,j=1,...,N.

and o;;(U)(u; —u;) are continuous functions of U = (uy,...,un).

Theoretical analysis:

Barrenechea, John, K., IMAJNA (2015)
Barrenechea, John, K., SINUM (2016)
Barrenechea, John, K., M3AS (2017)



Variational form of the AFC scheme
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Variational form of the AFC scheme

Find u, € Wy, such that up,(x;) = up(x;), i=M+1,...,N, and
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dn(Wn32,v) = Z_:l (1= 04j(wn)) dij (z(x;) — z(x:)) v(xi) -

Error estimate (for oy > 0)

. , 1/2
Natural norm: ||va|, = (8]v|m+60 ||VH07Q‘|—dh(uh;Vh7Vh))
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Vi€V ||VhHh

+dh(uh;ihu,ihu)1/2§ Ch HMHZ,Q —I—dh(l/th;ihu, ihu)l/z
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Discrete maximum principle
Local index sets:  S; D {je{l,....N}\{i}; a;j#0 oraj; >0},
i=1,....M.
Assumption (A):
Foranyic {1,...,M}andany U = (uy,...,uy) € R":
ui>u; Vjes; or u<u; VjeS;
= g+ (1—0j(U))di; <0 VjeS;.



Discrete maximum principle

Local index sets:  S; D {je{l,....N}\{i}; a;j#0 oraj; >0},
i=1,....M.
Assumption (A):
Foranyic {1,...,M}andany U = (uy,...,uy) € R":
ui>u; Vjes; or u<u; VjeS;
= Clij—l—(l—OCij(U))diJ'SO Vjes;.

Theorem Consider any i € {1,...,M}. Then

fi<0 = uigmaxu;r, fiz0 = u,-Zminu]T.
JES; JESi

If YY1 aij =0, then

i <0 = u; <maxu; >0 = y;,>minu;.
j j
JESi JES;



Limiter 1

-y g

j=1
aﬂéau

Z ij - =

j=1
aji < ajj
RS if f;;>0,
62,-]-::< 1 iffij:(),

R if f;; <0,

Zalesak (1979), Kuzmin (2007)

+
TR O,
Z i R, .—mm{l,Pﬂr}7

l




Limiter 1 Zalesak (1979), Kuzmin (2007)

. o7
Z l], Z i R;r::mm{l,Pﬂr},

j=1 l
aﬂéau
_ . QO
Z ij ‘= Z i R = mln{l,P '
j=1 i
@i = fij = dij (uj — u;)
( "
Rj_ If fij>07 o _
~ _ PV OCl'j If ajigaij,
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Limiter 1 Zalesak (1979), Kuzmin (2007)

. o7
Z l], Z i R;r::mm{l,P:L},

j=1 l
aﬂéau
_ . Q;
Z ij ‘= Z i R = mln{l,P '
j=1 i
@i = fij = dij (uj — u;)
(L
Rl If ﬁ] >O,  __ )
~ _ ) oy ifaji<ayy,
Qjj - = q 1 If fij:()7 Oj = Oji -= 3. else
R if fi; <0 - |
L l Lj ?

Assumption (A) satisfied if min{a;;,a;} <0 Vi, je{l,...,N}
= DMP guranteed for Delaunay meshes,
.. and often holds on non-Delaunay meshes!!!



Condition a;i < a;j for constant b

ajj<a; < b-d’>0 with dY = [, ¢: V@, dx

d’



Condition a;; < g;; for constant b

ajj<a; < b-d’>0 with dY = [, ¢: V@, dx

d’

= if b||xix; or redline L x;x;, then
aj; < a;j < x;isthe upwind vertex.



Condition a;; < g;; for constant b

ajj<a; < b-d’>0 with dY = [, ¢: V@, dx

BUT:

aji > daij, but x; IS the upwind vertex!



Limiter 2 Kuzmin (2012), Barrenechea, John, K. (2016)

max min .
;" = max Uu; w, = min u; =Y d;;
l jeSiu{i} 7 l jeSiu{i} 7 7 Vi ]'EZSi U
+
P+ . + + . . . max R—I— N 1 Qi
i -—Z ij o O =qi(ui—u;"™"), ; -— 1nin ' pF [
JES; i
P_ . — — e ) ) min R— . . 1 Ql_
i -—Z ij Q; =qi (i —u;"), ; -— 1min " [
JES; i
( n _
OCij .= < 1 If fij:O, OCij:Ole' = min{OCij,OCji}.
\ Ri_ If fij <0,




Limiter 2 Kuzmin (2012), Barrenechea, John, K. (2016)

max min .
u; = max u; u; = min Uu; =Y d;
’ jesi{iy l jesugy 1 v ]'EZSi U
+
P—i— . + + . . . max R—I— N 1 Qi
i -—Z ij o O =qi(ui—u;"™"), ; -— 1nin ' pF [
JES; i
P_ . — — e ) ) min R— . . 1 Ql_
i -—Z ij Q; =qi (i —u;"), ; -— 1min " [
JES; i
( L
OCij .= < 1 If fij:()a aij:OCji = min{OCij,OCji}.
\ Ri_ If fij <0,

Assumption (A) always satisfied
= DMP guranteed for arbitrary meshes!
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Improved error estimate on Delaunay meshes
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Linearity preservation: ¢;;(u) =1 foru € P(Q)

Limiter 1. only for special meshes (e.g., Friedrichs—Keller)
and b = const.

Limiter 2: for arbitrary meshes if

max ]x,- —x]"
XanAi . 1 M
 — I — .
" Qist(x, 9A™Y e

Improved error estimate on Delaunay meshes
Lipschitz—continuity - dh(uh; LU, ihu)
<C ||b||o,oo,gh u— Mh|1,Q ‘ih”|1,g +Clb

h
+C —|iju
2.Q \/E’h |1,Q

= |lu—upll < Chlu

0,000 I |uly o linu

1,0



Limiter 3

T = max uj, u
jESiU{i}

min
I

u

= min _u;,

jGSiU{i}

Pri=) g O =qi(w—u™),

a;ji<daij

b= Z ij Qi_:%(ui—u?ﬁn), R-::min{l,Qi

aji<daij

R if f;; >0,
=< 1 if fi;=0,
Ri_ If fij<07

l

_|_
R = min{l, Qﬂr

l

qi::% Z dij7

aji<dai;

fij = dij(uj— i)

Oij = Oji = «

/

i j If ajj < aij,

\ OC]',' else.



Limiter 3

max min .
w; = max Uu; w; = min _ u; qi =" d;
. N S : S ] l ]
] jeS;U{i} ! jeSU{i} ajiZ<aij
Q—I—
— . — — . max + o i
P = Z i Q" =qi(uj—u;"), R .—mm{l, +},
aji<di; ;
P = — — . . min R™ ‘= mi 1 Qz_
i Z ij O; =qi(ui—uw;"), j -— 1min " [
aji<aj; i
( fij = dij (uj— ui)
_'_ .
R 1t fi; >0, (5 ifag.: < q:
~ _ o a;; IWaj; = aj,
aiji=9 1 if fi;=0, Oij = Oji : = _
_ _a;; else.

Assumption (A) satisfied if min{a;;,a;;} <0 Vi,je{l,...,N}



Limiter 3

max min .
W, = max u; w, = min u; qi =Y d;
. LR i . R l J
l ]ESiU{l} ]ESiU{l} aj;lij
Q—I—
+ . -+ + . max + o i l
PT = Z i O =q;i(uj—u;""), R .—mm{l, +},
aji<aij i
P = — — . . min R™ ‘= mi 1 Ql_
i Z ij O; =qi(ui—uw;"), j -— 1min " [
aji<dai; ;
( fij = dij (uj— ui)
_'_ .
~ _ o a;; Waj = aj,
aiji=9 1 if fi;=0, Oij = Oji : = _
_ _a;; else.

Limiter 4

O = O defined as for Limiter 3 if min{aij,aj,-} <0
and as for Limiter 2 otherwise.



Example 1 (polynomial solution)

Q=(0,1*, b=(3,2), c¢c=1, u,=0.

The right-hand side f is chosen such that, for given &,

u(x,y) = 100x* (1—x)*y (1 —y) (1 —2y)

IS the exact solution.



Example 1, Limiter 1, ¢ = 10~°

[ lenlloq  ord. lenl1.o  ord. d;/z(uh) ord.
3 | 5457/e—-3 1.85 2.287e—1 110 1.163e—2 2.11
4 | 1.408e—3 1.95 1.074e—1 1.09 2.683e—3 2.12
5 | 3.493e—4 2.01 5.113e—2 1.0/ 6.410e—4 2.0/
6 | 8.652e—5 2.01 2.546e—2 1.01 1.633e—4 1.9/
/| 2.152e—5 2.01 1.321e—2 0.95 4.099e—5 1.99
8 | 5.357e—6 2.01 6.822e—3 0.95 1.018e—5 2.01




Example 1, Limiter 1, £ =10
(non-Delaunay grid)

NN

[ | Jlenlloa ord. ealia  ord.  d*(u;) ord.
3| 1.248e—2 048 2.229e—1 0.79 7.211e—1 0.77
4 | 1.123e—2 0.15 1.558e—1 0.52 5.135¢e—1 0.49
51| 1.090e—2 0.04 1.333e—1 0.22 4.452e—1 0.21
6 | 1.080e—2 0.01 1.269e—1 0.07 4.259e—1 0.06
/7 | 1.077e—2 0.00 1.252e—1 0.02 4.207e—1 0.02
8 | 1.0/6e—2 0.00 1.248e—1 0.00 4.193e—1 0.00



Example 1, Limiter 4, £ =10
(non-Delaunay grid)

NN

[ | Jlenlloa ord. ealia  ord.  d*(u;) ord.
3 | 2.259¢e—3 2.01 1.850e—1 0.99 5.850e—1 0.99
4 | 5.588e—4 2.02 9.278e—2 1.00 2.934e—1 1.00
51| 1.391e—4 2.01 4.643e—2 1.00 1.468e—1 1.00
6 | 3.472e—5 2.00 2.322e—2 1.00 7.343e—2 1.00
/ | 8.675e—6 2.00 1.161e—2 1.00 3.672e—2 1.00



Example 1, Limiter 4, £ = 10, ¥, := ¥%;/10
(non-Delaunay grid)

NN

[ lenlloo  ord. lenl1.@  ord. d,i/z(uh) ord.
3| 1.938e—2 040 2.395%e¢e—-1 0.73 7.741e—1 0.71
4 | 1.746e—2 0.15 1.749e—1 0.45 5.739e—-1 0.43
5| 1.679e—2 0.06 1.530e—1 0.19 5.066e—1 0.18
6 | 1.652e—2 0.02 1.463e—1 0.06 4.859e—1 0.06
/7 | 1.640e—2 0.01 1.442e—1 0.02 4.7/94e—1 0.02



Example 2 (interior layer and exponential boundary layers)

u=1
e=10"%
bl =1
/3
M:O b C:O
=0




Example 2, Limiter 4, 21x21 mesh, , =1 vs. y, =2




Approximation of boundary layers
Uup — 0)

Assumption (A) & continuity =-
aij+(1—04;(U))dij| (uj—u;) >0 VjeS;

AFC scheme:

L laij-+ (1= 04 (U)) i) (u; — 1) = O

— aij—l—(l—OCij(U))dij:() \V/jES?Q

= a; >0 VjeS? also sufficient!

IQ — b.d7>0 Vjes®

since a;; =€ (V;,V@;)+b-d”



Approximation of boundary layers
Uup — 0

b-dV <0

sharp approximation of the boundary
layer not possible with any limiter
for meshes of this type!!!

dQ



Example 2, Limiter 4, 21x21 mesh

0.4

0.6

0.8



h
Example 2, Limiter 4, 21x21 mes
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Geometry of the mesh importan|t,
not only the directions of edges!



Example 3 (exponential and parabolic boundary layers)

u—=>20
£=10"8
b| =1
- c=20




Example 3, Limiter 4, 21x21 mesh, y, =1
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Example 3, Limiter 4, 21x21 mesh, y, =2




Example 3, Limiter 4, 21x21 mesh, y; = 0.5
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Two-step method

The problem
ZLu:=—€Au+b-Vu+cu=f inQ, u=u, ondQ

IS decomposed into two problems:

aul

Lu = in Q —u, onI_ —
Ui f ) Ui Up ) on

:O on F_|_UF()
and

ZLu:=0 inQ, Ur» =up —u; onodQ.
Then u=u; +u,.

The AFC scheme is applied to each of these subproblems
separately.



Example 3, two-step method, Limiter 4, 21x21 mesh, y; =2




Example 4 (exponential boundary layers)

Q=(0,1)*, e=10° b=(2,3), c¢=0.

The functions f and u; are chosen in such a way that

E E

+exp(2(x—1)—|—3(y—1)>

E

i) =0 =% oxp (2EE) renp (200

IS the exact solution.



Example 4, Limiter 4, 21x21 mesh, y, =1
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Example 4, Limiter 4, 21x21 mesh, y, =2
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Example 4, two-step method, Limiter 4, 21x21 mesh, y; =2
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Example 4, two-step method, Limiter 4, NXN mesh, y, =2

N | llenllpq enlia  lenlomn  lenlowo
6 | 9.29e—3 1.50e—1 3.01e—2 3.01e—-2
11 | 1.93e—3 7.67e—2 9.25e—3 9.25e-—3
21 | 4.48e—4 3.88e—2 2.12e—3 2.29e-3
41 | 1.12e—4 1.99¢e—2 543e—4 591e—4
81 | 2.80e—5 1.01e—2 1.37e—4 1.53e—4
ord. 2.00 0.98 1.99 1.95




Conclusions
— general theoretical analysis for algebraic flux correction
schemes applied to convection—diffusion—reaction equations

— new limiter of upwind type leading to the discrete maximum
principle and linearity preservation on arbitrary meshes

— AFC scheme alone cannot guarantee sharp approximations of
boundary layers — the use of appropriate meshes is essential

— two-step method as a remedy for difficulties caused by
non-vanishing right-hand side



