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Outline

— algebraic flux correction scheme for a steady-state
convection—diffusion—reaction equation

— formulation as edge-based stabilization

— theoretical analysis under general assumptions: solvability,
discrete maximum principle, error estimates

— examples of limiters

— numerical results



Stabilization

Problem for a PDE containing a wide range of scales
= Galerkin FEM fails unless all scales are resolved.

Resolution of all scales typically not affordable.

Remedy: modification of the Galerkin FEM (stabilization)

1) in the integral form
2) on the algebraic level (goal: conservation & DMP)



Algebraically stabilized schemes

Boris, Book (1973), Zalesak (1979) — basic philosophy
of flux-corrected transport

Arminjon, Dervieux (1989), Selmin (1987),
Lohner, Morgan, Peraire, Vahdati (1987) — FEM-FCT

Kuzmin et al. (2001—now) — algebraic flux correction
— algebraic stabilizations for linear boundary value problems

first rigorous theoretical analysis of the AFC method:
Barrenechea, John, K. (IMAJNA 2015, SINUM 2016, M3AS 2017)

a unified framework:
Barrenechea, John, K., Rankin (SeMA 2018)



Steady-state convection—diffusion—reaction equation
—€Au+b-Vut+cu=f inQ, u=u, onadQ
with constant € > 0 and

V-b=0, c>0p>0 in Q.
FE discretization
Find u, € Wy, such that up,(x;) = up(x;), i=M+1,...,N, and

a(up,vp) = (f,vn) Vvy,eV,

where
Wh—{thC( ) V’KEpl( )VKE%}, Vh:WhﬂHg(.Q),

a(up,vy) = € (Vuy, Vvy) + (b-Vuy,vy) + (cup,vy).



Algebraic problem

N
Zaijuj:ﬁa lZl,...,M,
J=1
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Algebraic problem

N
Zaijuj:fia lZl,...,M,
J=1

ui:uﬁ?, i=M+1,...,N.

Properties:  (a;;)}",_; is positive definite,
N
Z djj ZO Vi= 1,...,M
j=1
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Algebraic flux correction scheme

N

N
2’1 ajjuj+ Zl Bij(U)d;; (
o ~

J_

b
Ml—l/tl,

where 3;;(U) € |0,1] and

ﬁij — :Bjia

uj—ui) —

i=M+1,... N,

Jis

iji=1,...

N.

i=1,...

7M7



Algebraic flux correction scheme

N N
Zaijuj—|—2,Bij(U)dij(uj—ui):f,-, i=1,....M,
=1 =1

ui:uﬁ-’, i=M+1,....N,

where 3;;(U) € |0,1] and

Bii = Bii, i,j=1,...,N.
Variational form of the AFC scheme
Find u, € W), such that u,(x;) = up(x;), i=M+1,...,N, and
a(up, vp) +dh(uh;uh,vh) = (fove) Vv eV,

where  dp(z;v,w) Z Bii(z) (x;) —v(xi))w(x;).
i,j=1
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Edge-based formulation of the AFC scheme
Find u, € Wy, such that up,(x;) = up(x;), i=M+1,...,N, and

ap(upsup,vy) = (fyvn) Yy €V,

where  ap(z;v,w) = a(v,w) +dy(z;v,w) and
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E€é,

One has

thVW Z ,BE ’dE‘hE VV tE,VW tE) \V/V,WEWh.
E€é,

Assumption (A1):
For any E € &, the function Bg(u,)(Vuy)|g - tg is a continuous
function of uy, € Vy,.



Edge-based formulation of the AFC scheme
Find u, € W), such that uy(x;) = up(x;), i=M+1,...,N, and

ap(upsup,vy) = (fyvn) Yy €V,

where  ap(z;v,w) = a(v,w) +dy(z;v,w) and

dn(z;v,w) = ), Be(2) lde| (v(xe1) —v(xe2)) (wlxg,r) —wlxe2)).

E€é,

One has

thVW Z ,BE ’dE‘hE VV tE,VW tE) \V/V,WEWh.
E€é,

Theorem For any Bg € [0, 1] satisfying Assumption (A1), the
edge-based AFC scheme has a solution.



Discrete maximum principle

Local setsfori=1,...,M:
Si={j€e{l,...,N}\{i}; x; and x; are endpoints of the same edge }
Ai:{KE %;xiEK}

Assumption (A2):
Consider any u, € Wy and any i € {1,....M}. If uy(x;) is a strict
local extremum of u;, on A;, I.e.,

up(x;) > up(x) VxeA\{x}

or
up(x;) <wup(x) VaxeA\{x},

then
an(up; @, 0;) <0 VjES;.



Local discrete maximum principle

Let u, € W), be a solution of the AFC scheme with limiters Bg
satisfying Assumption (A2). Consider any i € {1,...,M}. Then

f<0inA;, = maxu, <maxu,,

A; JA,;
fZ20mA; = minu,>minu,,
A,’ 8Ai
where u;” = max{0,u;} and u, = min{0,u,}. If, in addition, ¢ =0
In A;, then
f<01mA; = maxu, =maxuy,
A; OA,;

fZ0mA; = mnu,=minuy,.
A, 8Ai



Global discrete maximum principle

Let u, € W), be a solution of the AFC scheme with limiters Bg
satisfying Assumptions (A1) and (A2). Then

f<0mQ = m_axuhgmaxu;:,

[ dQ
20 = minu,>minuy, .
9 0Q

If, in addition, c =0 in Q, then

<01 = maxu, =maxuy,
Q 0Q

f20m = minu,=minuyy,.
o Q)



A priori error estimates

1/2
Natural norm: ||v||, = (g|v 1o+ 00 HVH(Z),Qerh(uh;v,v))

Theorem Let u € H*(Q) and oy > 0. Then

_ 1/2
lu—up, < C(e+0; " {||b 2 o)) Phluly g

2
0.0 T llc
12

—I—dh(uh;ihu, ihu)



A priori error estimates

1/2
Natural norm: ||v||, = (g V[T -+ 00 HVH%,Qerh(uh;v,v))

Theorem Let u € H*(Q) and oy > 0. Then

_ 1/2
lu—up, < C(e+0; " {||b 2 o)) Phluly g

(2),oo,gz+ Ite
/2

—I—dh(uh;ihu, ihu)

Lemma Denoting

A, = (d hH),
» = Max de|hg

one has

iQ \V/uhEWh,MEC(Q).
If, in particular, dr are defined as at the beginning, then

dh(uh;ihu,ihu) < C(S + Hb

dh(uh; ihu, ihu) < CAh \ihu

0001+ [€ll0 o0 H7) lintt] T g -



An improved estimate
Assumption (A3):
The limiters Bg possess the linearity-preservation property, i.e.,

,BE(uh) = If uh\wE EPl((DE) VEE¢€G&,.

Assumption (A4):
For any E € &;, with endpoints x; and x;, the function
Be (un)(Vuy)| g - tg is Lipschitz continuous in the sense that

Be (un) (Vup) | - te — Be(va) (Vvn) g - te

<C ) ‘ (un —vn))|E - ter|-
E'e&U8;




An improved estimate

Assumption (A3):

The limiters Bg possess the linearity-preservation property, i.e.,
,BE(uh):O If uh‘wEEPI((DE) VE€é&,.

Assumption (A4):
For any E € &;, with endpoints x; and x;, the function
Be (un)(Vuy)| g - tg is Lipschitz continuous in the sense that

Be (un) (Vup) | - te — Be(va) (Vvn) g - te

<C ) ‘ (un —vn))|E - ter|-
E'e&U8;

Lemma Under Assumptions (A3) and (A4) one has
2
dp (up;ipu,inu) < \uh—lhu\1Q+C .




Kuzmin’s Iimiter Zalesak (1979), Kuzmin (2007)

. o7
Z l], Z i R;r::mm{l,P:L},

j=1 l
aﬂéau
Z ij > :_Z ijo R ::min{l,%}.
j=1 i
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)
R if fii>0, r
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=49 1 if f;;=0, BE := < 5 else
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\ R; If fij <0,




Kuzmin’s Iimiter Zalesak (1979), Kuzmin (2007)

. o7
Z l], Z i R;r::mm{l,Pﬂr},

j=1 l
aﬂéau
Z ij > :_Z ijo R ::min{l,%}.
j=1 i
@i = fij = dij (uj — u;)
y
R if >0, 4 .
~ : _fl] o 1—OCi]' ifajiga,-j,
=49 1 if f;;=0, BE := < 5 else
. LT Gy :
\ R; If fij <0,

Assumption (A2) satisfied if min{a;;,a;;} <0 Vi, je{l,...,N}



Kuzmin’s Iimiter

-y g

j=1
aﬂéau
-y 5
j=1
aji < aij
(L
R; Iffij>0,
OCZ']'I:< 1 iffij:(),
Ryt fi <0,

_Z ij

Zalesak (1979), Kuzmin (2007)

Zu’

_|_
R ::min{l,Q:L } :
Pi

1—66ij If Cljl' §aij,

|l -aj; else.

Assumption (A2) satisfied if min{a;;,a;;} <0 Vi, je{l,...,N}
= DMP guranteed for Delaunay meshes for lumped react. term
.. and often holds on non-Delaunay meshes!!!



BJK limiter Kuzmin (2012), Barrenechea, John, K. (2016)

u; " = max uj, u™ = min u;, =% Yy dij,
’ jesiufiy : jesu{iy ! 9= ;S'i Y
Pt = Z + Q+ . ( . max R — mi 1 Q;L
l' « l] ’ l « ql I/tl—lxtl ), l « — l'IlIIl 7P_—|_ ;
JES; i
P_ .- — — e min — . . 1 Ql_
i Z ijo O; :==qi(ui—uw;™"), R; :=min " [
JES; i
(L
=< 1 if f;;=0, Be :=1—min{q;, @i }.
\ Ri_ If fij < O,




BJK limiter Kuzmin (2012), Barrenechea, John, K. (2016)

u; " = max uj, u™ = min u;, =% Yy dij,
’ jesiufiy ’ jesu{iy ! 9= ];'i Y
P+ = 1 T e . : max R—|— e ol 1 Ql+
i -—Z ij o O =qi(ui—u;"™"), ; -— 1nin ' pF [
JES; i
P_ .« - — e min — . . 1 Ql_
i Z ijo O; :==qi(ui—uw;™"), R; :=min " [
JES; i
(L
Ri If fij > O,
Qjj = < 1 |f fij — (), ﬁE =] —min{OCl'j,OCji}.
\ Ri_ If fij < O,

Assumption (A2) always satisfied
= DMP guranteed for arbitrary meshes!



Validity of Assumption (A3) (linearity preservation)

Kuzmin’s limiter: only for b = const. and special meshes
(e.g., Friedrichs—Keller)

BJK limiter: for arbitrary meshes if

max |x; — x|
XjEBA,' . 1 M
 — Il = c e
M Qist(xy, 0A0™) e




Validity of Assumption (A3) (linearity preservation)

Kuzmin’s limiter: only for b = const. and special meshes
(e.g., Friedrichs—Keller)

BJK limiter: for arbitrary meshes if
max |x; — x|
XjEBAi

| = , =1,....M
" dist(y, 0a0my

Improved error estimate on special meshes

h .
lu—unllp < Chllullo+C —=linu

NG

1,0



Example 1 (polynomial solution)

Q=(0,1*, b=(3,2), c¢c=1, u,=0.

The right-hand side f is chosen such that, for given &,

u(x,y) = 100x* (1—x)*y (1 —y) (1 —2y)

IS the exact solution.



Example 1, Kuzmin’s limiter, ¢ = 1078

1o ord. dhl/z(uh) ord.

ne lenllo  ord. ey,

32 | 5457e—-3 1.85 2.287e—1 110 1.163e—2 2.11
64 | 1.408e—3 1.95 1.074e—1 1.09 2.683e—3 2.12
128 | 3.493e—4 2.01 5.113e—2 1.07 6.410e—4 2.0/
256 | 8.652e—-5 2.01 2546e—2 1.01 1.633e—4 1.9/
912 | 2.152e—-5 2.01 1.321e—2 0.95 4.099e-5 1.99
1024 | 5.357e—6 2.01 6.822e—3 0.95 1.018e—5 2.01




Non-Delaunay meshes




Example 1, Kuzmin’s limiter, € = 10
(non-Delaunay mesh)

ne | |lenllpo  ord. lenl o ord. lenll, ord.

16 | 5.637e—2 0.22 6.741e—1 0.41 2.626e+0 0.24
32 | 5.385e—2 0.0/ 5.908e—1 0.19 2.437e+0 0.11
64 | 5.332e—2 0.01 b5.661e—1 0.06 2.380e+0 0.03
128 | 5.321e—2 0.00 5.593e—1 0.02 2.363e+0 0.01
256 | 5.319e—-2 0.00 5.575e—1 0.00 2.358e+0 0.00
512 | 5.320e—2 0.00 5.570e—1 0.00 2.356e+0 0.00




Example 1, BJK limiter, ¢ = 10
(non-Delaunay mesh)

ne | |lenlloo  ord. len]1.0 ord. lenll, ord.
16 | 1./786e—2 1.74 4.726e—1 0.8/ 1.522e+4+0 0.88
32 | 4.218e—-3 2.08 2.404e—1 0.98 7.633e—1 1.00
64 | 1.016e—-3 2.05 1.213e—1 0.99 3.841e—1 0.99
128 | 2.545e—4 2.00 6.082e—2 1.00 1.924e—1 1.00
256 | 6.439e—5 1.98 3.045e—2 1.00 9.632¢e—2 1.00
912 | 1.628e—5 1.98 1.524e—2 1.00 4.819e—2 1.00




Example 2 (interior layer and exponential boundary layers)

u=1
e=10"%
bl =1
/3
M:O b C:O
=0
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Example 2, BJK limiter
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Example 3 (P. Hemker’s problem)

u—=>:0

e=10""
b| =1
c=20



Example 3, Grid 1 (left) and Grid 2 (right), both level 0




Example 3, width of the interior layer at x =4

— reference |1
B8 Grid 1, Kuz

=
B
T
©)

1.2} B3 Grid 1, BJK |-
® o Grid 2, Kuz
1.0} @ @ Grid 2, BJK

layer width
o
oo

©
AN
T

.
N
T

1
)
'
bl 1




Example 3, level 3 (~ 10000 dofs), errors along x =4

— Grid 1, Kuz, |le||, = 8.540e-02, ||¢||.. = 0.371
—0.4r | — Grid 1, BJK, ||e||, = 4.569e-02, |le||.. = 0.279 |
..« Grid 2, Kuz, [le||, = 7.476e-02, |le||.. = 0.396

Grid 2, BJK, |le|, = 6.478e-02, |le||.. = 0.402

error to reference cutline

_06 I I I ! !
0.6 0.8 1.0 1.2 1.4
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Example 3, level 5 (~ 150000 dofs), errors along x = 4

0.2} _
Q
£
—
o 0.0
Q
)
c
Q
O
“é —-0.2} -
®)
)
§ — Grid 1, Kuz, ||e||, = 2.159e-02, ||e||,, = 0.137
qL) —0.4r | Grid 1, BJK, |le||, = 7.045e-03, |le||,, = 0.059 []
-+= Grid 2, Kuz, |le||, = 2.019e-02, |le||,, = 0.144
Grid 2, BJK, |le||, = 1.222e-02, ||e||,, = 0.098
_06 | ] !

0.6 0.8 1.0 1.2 1.4
y



Conclusions

— unified theoretical analysis for algebraic flux correction
schemes applied to convection—diffusion—reaction equations

— theory applicable to various limiters

— properties of the limiters illustrated by numerical results



