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is a matrix whose entries are constant along

(7.1)

A semi-infinite matrix of the same form is known as a Toeplitz operator,
and a doubly infinite matrix of this kind is a Laurent operator.! A circulant
matrix, which is the finite-dimensional analogue of a Laurent operator, is
a special case of a Toeplitz matrix in which the entries wrap around peri-
odically: a; = aj_nyfor1<j < N -1

The symbol of a Toeplitz matrix or Toeplitz operator or Laurent oper-

ator is the [unction

f(z) =) az*;
k

(7.2)

Spectra of Toeplitz and Laurent operators

number.

Theorem 7.1 Let A be a circulant matriz or Laurent or Toeplitz op-
erator with continuous symbol f.

(i) If A is a circulant matriz, then o(A) = f(Tn).
(ii) If A is a Laurent operator, then o(A) = f(T).

(iii) If A is a Toeplitz operator, then o(A) is equal to f(T) together
with all the points enclosed by this curve with nonzero winding

In §7 we considered four types of matrices:

no boundary

boundary

infinite

Laurent operator
on{...,—2,-1,0,1,2,...}

Toeplitz operator
on {1,2,3,...}

finite

circulant matrix
on {1,2,...,N}
(periodic)

Toeplitz matrix
on {1,2,...,N}
(nonperiodic)




Nyni:
Let ag,...,a, (a; # 0) be a set of real or complex numbers, and let A
denote the degree-d differential operator

dd

d
0 N T e i 10.1
4o T dz %d dzd ( )

acting in L? on a domain and with boundary conditions to be specified.!
The symbol of (10.1) is the function

d
f(k) =) a;(-ik)), keR. (10.2)
3=0
no boundary boundary
constant-coefficient | constant-coefficient
infinite | differential operator | differential operator
on (—oo0, 00) on [0, co)
constant-coefficient | constant-coefficient
. differential operator | differential operator
finite
on [0, L] on [0, L]
(periodic) (nonperiodic)

Spectra of constant-coefficient differential operators

Theorem 10.1 Let A be a degree-d constant-coefficient differential op-
erator with symbol f: on [0, L] with periodic boundary conditions, on
[0,00) with B homogeneous boundary conditions at z =0 (0 < 3 < d),
or on (—o0,00).
(i) On [0,L], o(A) = f(27Z/L).
(ii) On (—o0,0), o(A) = f(R).
(iii) On [0,00), o(A) is equal to f(R) together with all the points
enclosed by this curve with winding number that differs fromd— (.

In this theorem, the statement that there are 3 homogeneous boundary
conditions means that

w(0) =u'(0) =---=ufV(0)=0.





















Priklad na Vétu 10.1:
A defined by

3
Au = (1 - i) u=u+3u +3u" +u"” (10.3)
dz

with symbol
fk) = (1-ik)® = i(k+i)>. (10.4)

Figure 10.1: Symbol curve in the complex plane for the example (10.3)-(10.4).
The numbers indicate regions associated with various winding numbers I(f, A).
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Figure 10.2: Rightmost parts of the spectra of constant-coefficient differential
operators of the four types associated with the symbol (10.4). In the final case
there are two boundary conditions at the left and one at the right.
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Figure 10.3: Eigenfunction v(z) = ze™* of the differential operator (10.3) on
[0,00) with 3 = 2 associated with eigenvalue A = 0 on a linear and a logarithmic
scale. The eigenfunction is exponentially localized at the left boundary.



Pseudospectra of Toeplitz matrices

Theorem 7.2 Let {Ay} be a family of banded or semibanded Toeplitz
matrices as defined above, and let A be any compler number with
I(f,A) #0. Then for some M > 1 and all sufficiently large N,

1.l P it " il (7.10)

and there erist nonzero pseudoeigenvectors vIV) satisfying

Ay = AvD] _N
< M
v M
such that
Sl e
[”:—m_ {M,_N ijf ¢ Lt ezl el N o )
max [v;" | M tif I(f,2) = 0,
j

The constant M can be taken to be any number for which f(z) # A
in the annulus 1 < |z| < M (if I(f,A) < 0) or M~! < |2| < 1 (if
It Y A= )

Pseudospectra of constant-coefficient differential operators

Theorem 10.2 Let {A} be a family of degree-d constant-coefficient
differential operators on [0, L] with 3 homogeneous boundary conditions
at x = 0 and v homogeneous boundary conditions at x = L, and let A
be any complex number with I(f,\) <d— B or I(f,\) > . Then for
some M > 0 and all sufficiently large L,

IO = AL) 7 = e, (10.9)

and there exist nonzero pseudomodes v'E) satisfying ||(AL — A)v(E)|/
v < e=EM such that for all z € [0, L],

v ()] {e‘Mz i 1N < d—B;
W < e-—M{L—-I] if I[:_f, }‘) > 7. (1010]

The constant M can be taken to be any number for which f(z) # X in
the strip —M < Imz < 0 (if I(f,A\) < d—0) or 0 < Imz < M (if
I(f,A) > 7)-




Behavior of pseudospectra as N — o0

Theorem 7.3 Let A be a Toeplitz operator with continuous symbol f
and let {A} be the associated family of Toeplitz matrices. Then for

any € > 0,
n}im oe(Apn) =0:(A), (7.18)
and thus
lim lim o.(Ay)=c(A). (7.19)

g=0 N—oo

Behavior of pseudospectra as L — oo

Theorem 10.3 Let A be a degree-d constant-coefficient differential op-
erator on [0, 00) with symbol f and 3 homogeneous boundary conditions
atz =0 (0< 8 <d), and let {AL} be the associated family of oper-
ators on [0, L] with 3 homogeneous boundary conditions at x = 0 and
v = d — 3 homogeneous boundary conditions at x = L. Then for any

>0,
Llim oe(Ap) = o.(A), (10.14)
and thus
lim lim o.(Ap) = o(A). (10.15)
e—0 L-soc
Ptiklad:
Au=1u +u",  f(k)=—ik -k (10.11)
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Figure 10.7: Spectrum and e-pseudospectra of the advection-diffusion operator
(10.11) on [0,24] for e = 107,107 2, ... with one (left) and two (right) boundary
conditions at z = 0.



Priklad:

Au=—4u' +6u” — 150" — 120 — 20 (10.12)
with symbol
f(k) = 4ik — 6k* — 151k® + 12ik° + 2k5, (10.13)
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Figure 10.8: Spectrum and e-pseudospectra of the sixth-order differential opera-

tor (10.12) on [0, 120] with 3 = v = 3 homogeneous boundary conditions at each
endpoint, for e = 1071,1072,...,1075.



