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Abstract. We prove C 1’O‘-regularity for local minimizers of functionals with ¢-growth,
giving also the decay estimate. In particular, we present a unified approach in the case of
power-type functions.

1. Introduction

Let ¢ be a convex, C !_function and consider the functional:

F(u) =/¢(|Vu|)dx (1.1)

Q

where  C R” is a bounded open set and u : Q@ — RV,
The standard examples for convex functions ¢ are

t 1

o) = /(K +s2)% sds and (1) = /(/c + )P %5 ds,
0 0

where « > 0.
We say that u is a local minimizer for F if

F(u,sptv) < Fu+v,sptv) Vve Cé(Q).

The associated Euler Lagrange system is

. , Vu .
— div ((p (|Vu|)m) —0 (1.2)
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In a fundamental paper Uhlenbeck [26] proved everywhere C!-*-regularity for
local minimizers of the p-growth functional with p > 2. Later on a large num-
ber of generalizations have been made. The case 1 < p < 2 was considered by
Acerbi and Fusco [1] where also the dependence of the functional from x and u
was investigated, (see [23] for a complete list).

Lieberman [18] generalized the regularity theory of Ladyzhenskaya and
Uraltseva for equations with ¢-growth. Lipschitz regularity results for systems or
functionals with nonstandard growth conditions have been considered by Marcel-
lini [19-21] and Esposito et al. [10, 11]. We refer to a recent book of Bildhauer [3]
for a general treatment.

In a recent paper [22] Marcellini and Papi proved Lipschitz regularity for local
minimizers of functionals with growth conditions general enough to embrace lin-
ear and exponential ones. A general approach in order to get C!%-regularity for
systems is to prove first Lipschitz continuity and then, using the C'-property of
the operator, conclude with the help of classical results. Another approach is con-
tained in a paper of Esposito and Mingione [12] in which they raised the question
of proving C1-%-regularity of ¢-growth by comparison with powers.

Unfortunately, this is not enough to get an excess decay estimate out of the
power case.

For this reason, our goal is to prove the C!-%-regularity for functionals with
@-growth giving the decay estimate of the excess functional:

@ (u, B) =][ [V(Vu) — (V(Vu)) g|> dx (1.3)
B

where V(Q) = /¢'(1Q])/1Q| Q and B C R is a ball. To this aim, we make suit-

able assumptions on the function ¢ in order to ensure the continuity of the second
derivatives of ¢. In particular, the case of slow growth [13] and fast growth are
ruled out.

Our main theorem is the following:

Theorem 1.1. Let u € WIL‘CW(Q) be a local minimizer of (1.1), where ¢ satisfies
Assumption 2.2. Then V(Vu) and Vu are locally a-Holder continuous for some
a>0.

We present a unified approach to the superquadratic and subquadratic p-growth,
also considering more general functions than the powers.

The results presented here rely on some technical lemmas that have been proved
in a paper of Diening and Ettwein [6], where they get fractional estimates for non-
differentiable elliptic systems with ¢-growth.

2. Notation and preliminaries

To simplify the notation, the letter ¢ will denote any positive constant, which may
vary throughout the paper. For w e LllOC (R™) and a ball B C R" we define

(w)p :=][w(x) dx = |1?|/w(x) dx, 2.1)
B

B



Everywhere regularity of functionals with ¢-growth 451

where |B| is the n-dimensional Lebesgue measure of B. For A > 0 we denote by
AB the ball with the center as B but A-times the radius. By ey, ..., e, we denote
the unit vectors of R”. For U, 2 C R" we write U € 2 if the closure of U is a
compact subset of 2. We define §; j := O fori # jand §;; = 1.

The following definitions and results are standard in the context of N-functions.
A real function ¢ : R=? — R=9 is said to be an N-function if it satisfies the fol-
lowing conditions: ¢(0) = 0 and there exists the derivative ¢’ of ¢. This derivative
is right continuous, non-decreasing and satisfies ¢’(0) = 0, ¢’(t) > 0 for t > 0,
and lim,_, o ¢’ (¢) = oo. Especially, ¢ is convex.

We say that ¢ satisfies the A-condition, if there exists ¢; > 0 such that for all
t > 0 holds ¢(2t) < c1 ¢(t). By A>(p) we denote the smallest constant c¢. Since
@(t) < @(2t) the Ay condition is equivalent to ¢(2t) ~ ¢(¢). For a family {¢; };
of N-functions we define Az ({g;};) := sup, Az2(@x).

By L¢ and W'-¢ we denote the classical Orlicz and Sobolev—Orlicz spaces, i.e.
f e LYiff [¢(f)dx < ooand f € WL iff f,Vf e LY. By Wol’(p(Q) we
denote the closure of C3°(2) in whe(Q).

By (¢/)~! : RZ% — R0 we denote the function

@)1 (@t) :==sup{s e RZ%: ¢/(s5) < 1}.

If ¢’ is strictly increasing then (¢')~! is the inverse function of ¢’. Then ¢* :
R=% — R=% with

t
P (1) = / @)~ (s)ds
0

is again an N-function and (¢*)'(¢) = (¢’ Y~ 1(¢) fort > 0. Itis the complementary
function of ¢. Note that ¢*(t) = sup,- (st — ¢(s)) and (¢*)* = ¢. Forall § > 0
there exists ¢s (only depending on A, ({g, ¢*}) such that for all 7, s > 0 holds

ts < 8p(t) + cs9™(s). (2.2)

For § = 1 we have ¢ = 1. This inequality is called Young ’s inequality. For all
t>0

t ,/t - - ,
30 (3) e =too. o
* 2 * .
w(w (t)) sgo*(t)fw( 7 (t))‘
t t
Therefore, uniformly in t > 0
o) ~ @' Dt, " (¢ (1)) ~ @), (2.4)

where the constants only depend on A({¢, ¢*}). If p(t) = ap(bt) for some
a,b > 0andall r > 0, then

(1) =ag* (). (25)
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If ¢ and p are N-functions with ¢(#) < p(t) for all # > 0, then

p*(1) < @*(1) (2.6)

forallt > 0.
Throughout the paper we will assume ¢ satisfies the following assumption.

Assumption 2.1. Let ¢ be an N-function such that ¢ is C' on [0, c0) and C? on
(0, 00). Further assume that

@' (1) ~ 19" (1) (2.7)
uniformly in ¢ > 0.

We remark that under these assumptions A ({@, ¢*}) < oo will be automati-
cally satisfied, where A, ({¢, ¢*}) depends only on the constant in (2.7). In the proof
of the regularity Theorem we will additionally require that ¢ is Holder continuous
away from zero.

Assumption 2.2. Let ¢ be as in Assumption 2.1 such that there exists 8 € (0, 1]
and ¢ > 0 such that

B
9" (s +1) —¢" ()| < cg” ) (I,ﬂ) (2.8)

forall7 > 0 and s € R with |s] < 3t.

Remark 2.3. Let ¢ satisfy Assumption 2.1. Further, let 1 > 0 and s € R with
Is| < %t. Then by Taylor’s formula, |s 4 #| ~ ¢ and A>(¢p) < oo get

'+ =0 <ce’(s+D)ls] < c L8 |5 < e/ (L.

So ¢’ is Lipschitz continuous away from zero. Compare this with (2.8).

We notice that assumption (2.8) is satisfied for example in all of the following
three cases.

) =17,
oty =tPlogle+1), B >0,
@(t) =t loglog(e + 1),

with 1 < p < o0.
For given ¢ we define the associated N-function i by

Y (1) == Vo (D1 2.9)

Note that

v 19" o' _1(¢"® V(1)
w(l)—z(gol(t)l-f-l) ; _2(<p’(t)t+1) — (2.10)
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It is shown in [6, Lemma 23] that if ¢ satisfies Assumption 2.1, then also ¢*, ¥,

and ¢* satisfy this assumption and " (¢) ~ /¢" (¢).
Define A, V : RVX? — RN*" i the following way:

AQ =¢'(IQ) ;. (2.11a)
VQ = v'(1QD G- (2.11b)

For A > 0 we define the shifted N-function ¢, by ¢, (t) = fé @5 () ds with

'L +1) .

2.12
A+t 12)

(1) =
for ¢ > 0. The shifted N-functions have been introduced in [6]. In [8] and [7] they
have been used in the a priori and a posteriori analysis of finite element approxi-
mations of (1.1). See [24] for a detailed study of the shifted N-functions.

The connection between A, V, and {@,}, > is best reflected in the following
lemma.

Lemma 2.4. Let ¢ satisfy Assumption 2.1 and let A and V be defined by (2.11).
Then

(A(P) —AQ) - (P—Q) ~ [V(P) - V(Q/ (2.13a)
~ op|(IP—QI), (2.13b)
~ P - QI ¢"(IP| +1Ql). (2.13¢)

and
|A(P) — AQ)| ~ ¢[p(IP - QI) (2.13d)
~¢"(IP|+ Q) IP — Q| (2.13e)

uniformly in P, Q € RN*"_ Moreover,

AQ) -Q~ VP ~ ¢(QD, (2.13f)
AQ)] ~ ¢"(1QD (2.13g)

uniformly in Q € RN,
Note that if ¢"(0) does not exists, the expression in (2.13c) and (2.13¢) are
continuously extended by zero for |[P| = |Q| = 0.

Proof. The lemma is a direct consequence of Lemma 3 and Lemma 21 of [6]. O

Remark 2.5. By definition of ¢, if follows directly, that (¢;)x, = @a+n, for
A, A2 > 0.

It has been proved in [6] that the functions ¢, with A > 0 share the same
properties of ¢. In particular, we have the following result.
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Lemma 2.6. Let ¢ satisfy Assumption 2.1. Then for all . > 0 the function ¢
satisfies Assumption 2.1 and Ax({¢:.}y>0, {(‘Pk)*}kzo) < 0. Moreover,

¢'+1 @)
A+t ot

@ (@) ~ @" (1) ~ (2.14)

uniformly in A,t > 0 with . +t > 0. In particular, ¢, satisfies Assumption 2.1
with constants independent of A > 0. Moreover, for t > 0 holds

"+t A+
A+t A+0n? "

9 (1) = (2.15)

If A > 0, then ¢ is C?on [0, 00).
If o satisfies Assumption 2.2, then @, satisfies Assumption 2.2 with > 0 and
the constant in (2.8) does not depend on A.

Proof. Let ¢ satisfy Assumption 2.1 The formula for ¢}’ follows directly from the
definition of ;. This implies the C2-property on [0, o) for A > 0. The other
claims have been proved in [6, Lemma 24 and 27].

Assume now that ¢ satisfies Assumption 2.2 with § > 0. Then it follows after
a short computation from (2.15), (2.8), and Remark 2.3 that (2.8) holds for all ¢,
with the same § such that the constant does not depend on A > 0. O

We state a generalization of Lemma 2.1 of [1] to the context of convex functions .
Lemma 2.7. [6, Lemma 20] Let ¢ be an N-function with Ay ({¢, ¢*}) < 00. Then
uniformly for all Pg, Py € RNX" with |Po| + |Py| > 0 holds

1

/<P/(|P0I) 46 ~ @' (I[Po| + [P1])
[Py | [Po| + [Pq]

(2.16)

where Py := (1 — 0)Py + OP|. The constants only depend on Ay({@, ¢*}).
Remark 2.8. Some of the results in this paper are stated under the condition that
Ar({p, *}) < oo or that ¢ satisfies Assumption 2.1. Due to Lemma 2.7 all of

these results remain valid for ¢, with A > 0 as well.

The following result is contained in [6, Lemma 31].

Lemma 2.9. Let ¢ be an N-function with Ar({p, ¢*}) < oo. Then there exist
q2 > 1, ¢ > 0 which only depend on Ay ({@, ¢*}) such that

@1 (01) < cOP@; (1) (2.17)

forallt,» > 0andall 6 € [0, 1].
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Since (¢™*)’ is the inverse of ¢/, it follows that
ATNQ) = (@M (1Q) & 2.18)
Q) = ()" (1D (2.

for all Q € RV*" In particular, A is invertible. The same holds for A, and V.
The following result generalizes Lemma 3 of [9] to the context of convex func-
tions.

Lemma 2.10. Let ¢ satisfy Assumption 2.1. Then there exists 8 > 0, which only
depends on the constant in (2.7), such that ¢', (p*)', ¥', and (y*)" are B-Hélder
continuous on [0, 00) and A, ALV, and V=1 are B-Holder continuous on RNxn,

Proof. Let g be as in Lemma 2.9, then g2 only depends on Ax({¢, ¢*}). We will
show that ¢’ is B-Holder continuous, with 8 := g — 1. Let a, b € [0, 0o) with
|a — b| < 1. Then by (2.13d) applied to the case n = 1 we get

l¢'(a) — ¢’ (b)| < cqp(la — bl).

Now, with 7¢’(t) ~ ¢(t) and (2.17) follows

—-b
ella =D _ iy )

0@ =g/ s e s

This proves that ¢’ is B-Holder continous, where 8 > 0 only depends on
Ax({e, ™).

Due to [6, Lemma 25] also ¢* and 1 satisfy Assumption 2.1. Thus, we see that
also (¢*)’, ¥/, and (*)’ are a-Holder continuous, where a > 0 only depends on
the constant in (2.7). Now, the definition of A and V and (2.18) imply that A, A1,
V, and V! are o-Holder continuous. O

Remark 2.11. Due to Lemma 2.6 it is possible to apply Lemma 2.10 also to the
shifted-versions uniformly in A > 0. For example there exists 8 > 0 such that V;l
is B-Holder continuous for all A > 0.

Remark 2.12. Let ¢ satisfy Assumption 2.1. Then, forallQ, H € RY*7 with Q #0
holds

> Ouy Aij Q) Hij Hay ~ ¢"(1Q1) [HI.

ijay

This follows easily from

Ouy Aij (Q) = S8 80y + (w”(IQI) - %(IED)QIQ—Q (2.19)

and (2.7).
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3. Caccioppoli estimates and a Gehring type result

In this paragraph we recall some estimates obtained in the paper [6] for ¢-systems.
Since they are local estimates, they hold true for local minimizers.
If u is a local minimizer of the functional 1.1, then u = (uy, ..., uy) solves

— div (A(Vu)) = 0. 3.1)

In other words for all test function § € C3°(<2)
Ok U j
/Z(Ajk(Vu))akgj dx =/Z ¢ (IVu))—L )& dx =0. (3.2)
ik ik [Vl

Since u € W,.¢(Q), it follows that (3.2) also holds for & € W, ¢ ().

Theorem 3.1. [6, Theorem 4 and 9]! Ler ¢ satisfy Assumption 2.1 and let u be a
local minimizer of the functional (1.1). Then there exists K1 > 0 such that for all
balls B C Qwith2B € Q holds

][¢(|Vu|)dx <K, ][w(W) dx. (3.3)
B

2B
Note that K1 only depends on the constant in (2.7).
Note that similar results as Theorem 3.1 regarding higher integrability have
been proved in [5] by Cianchi and Fusco and [4] by Cianchi.

Another important tool in our proof will be the following generalization of the
Poincaré inequality.

Theorem 3.2. [6, Theorem 7] Let ¢ be an N-function with Ay ({¢, ¢*}) < co. Fur-
ther, let B C R" be some ball with diameter R. Then there exist 0 < 0 < 1 and
K > 0, which only depend on A>({@, ¢*}) and R, such that for all v.e W'¢(B)

holds
][ w(%) dx < K ( ][ (w<|vV|))0dx)9. (3.4)
B B

We also need the following estimate of Gehring type.

Theorem 3.3. [6, Theorem 9] Let ¢ be an N-function with Ay({, ¢*}) < oo and
let u be a local minimizer of (1.1). Then there exists q1 > 1 and ¢ > 1 such that
forall balls B with2B € Q2 and all q € [1, q1] holds

1
(][ IV(Vu) |24 dx)’ < c][ IV(Vu) [ dx (3.5)
B 2B
Especially, we have ¢(|Vu|) € L?OIC(Q). The constants ¢ and qy only depend on

Ar({p, o*}).

I The original version is stated with (u) g rather than (u); g. The proof for (u); g requires
no change.
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In the following we will derive an improved version of this theorem. For this
we start with a reverse Holder estimate.

Lemma 3.4. Let ¢ satisfy Assumption 2.1 and let u be a local minimizer of the
functional (1.1). Then there exist 0 < 6 < 1 and Ko > 0 such that for all balls
B C Qwith2B € Q and all Q € RN*" holds

1

][ IV(Vu) — V(Q)|*dx < K ( ][ IV(Vu) — V(Q)|¥ dx) "G
B 2B

Note that 6, K> only depend on the constant in (2.7).

Proof. Letgy > 1beasinLemma2.9andlets := qzqfl > 1.Letn € C5°(2B) with
xB <1 < x2p and |Vn|s < ¢/R, where R is the radius of B. Let§ := n*(u—q),
where q : 2 — R” is a linear function such that Vg = Q and sz u—qdx =0.
We use & as a test function for (3.1) and get

0 :][ (A(Vu) —AQ) : V(1 (u — q)) dx.

2B

Using V(n* (@—q)) = 1 (Vu—Q)+s7*~' V@ (u—q) (2.13d), and | V| < ¢/R
we get

[u—q|
R

dx

][ 7*(A(VW) — A(Q) : (Vu—Q)dx < ¢ ][ 1" ¢lg (IVu — QI

2B 2B

Using Lemma 2.4 and Young’s inequality (2.2) we deduce

]l n*[V(Vu) — V(Q)|*dx <& ]1 (<P|Q|)*(ns_1¢|’Q|(|Vu - Q|)) dx
2B

2B
+c5][<po|(|u;q|)dx. 3.7)

2B

We estimate the first term on the right-hand side using (2.17), (s — 1)g2 = s (2.4),
and Lemma 2.4 by

5 ][ @) (1 glg (IVu - QD) dx < 5 ][ 7°9Qi(IVu — Q) dx
2B

2B

<éc ][ 7°IV(Vu) — V(Q)|* dx.

2B

So we can absorb this term for small § > 0 in (3.7) on the left-hand side. The
second term on the right-hand side of (3.7) can be estimated with the help of the
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Poincaré inequality, (see Theorem 3.2), f2 pU—qdx =0, and Lemma 2.4 by

1

Cs][ §0|Q(|u ; ql) dx < cs C(][ ((proD(IVu — QI))Q dX)e
2B

2B

( 26 7
<csc ][|V(Vu) - V()| dx
2B

where 6 € (0, 1) is as in Theorem 3.2. Combining the estimates starting with (3.7)
we have proved (3.6). O

Note that Lemma 3.4 is an improved version of Theorems 3.1 and 3.2. Indeed,
if we combine Theorems 3.1 and 3.2 with the estimate ¢(|Vu|) ~ [V(Vu)|? from
Lemma 2.4, then we immediately get 3.5 with Q = 0. Lemma 3.4 is an improve-
ment, since we are allow to substract V(Q) in the integrals, providing us with a
reverse Holder estimate for the oscillation.

Applying the ingenious lemma of Giaquinta and Modica to Lemma 3.4 we
immediately get the following improved version of Theorem 3.3.

Lemma 3.5. Let ¢ satisfy Assumption 2.1 and let u be a local minimizer of the
functional (1.1). Then there exists g3 > 1 and ¢ > 1 such that for all balls B with
2B € Q, all g € [1, 3], and all Q € RN*" holds

(][ IV(Vu) — V(Q)* dX) ’ =c ][ IV(Vu) — V(Q)* dx (3.8)
B 2B

Note that ¢ and g3 only depend on the constant in (2.7).
Let us introduce the following notations: For x, s € R” we define
Ti(x) :==x+s, ()x):=f(x+s)— fx).
The following result is based on [6, Theorem 11].

Theorem 3.6. Let ¢ satisfy Assumption 2.1 and let w be a local minimizer of the
functional (1.1). Then there exists ¢ > 0 such that if B C Q2 is a ball with2B € Q2
and if h € R"\{0} with |h| < R, where R is the radius of B, then
2 |I? 2
[t V(Vu)|“dx <c Rz [V(Vu)|~dx. 3.9
B 2B

Passing in Theorem 3.6 to 7 — 0" we immediately get the following estimate
for the gradients of V(Vu).

Corollary 3.7. Let ¢ satisfy Assumlption 2.1 and let u be a local minimizer of the
functional (1.1). Then V(Vu) € WlO’CZ(Q) and there exists ¢ > O suchthatif B C 2
is a ball with radius R and 2B € 2, then

][|V(V(Vu))]2dx < %][ V(v dx. (3.10)
B 2B
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Corollary 3.8. Let ¢ satisfy Assumption 2.1 and let u be a local minimizer of the
functional (1.1). If n > 3, then there exists ¢ > 0 such that if B C Q is a ball with

2B € Q, then
( ][ [V(Vu)
B

If n = 2, then the inequality holds if we replace on the left-hand side nzT”z and %
by q and 37, respectively, where q € [1, 00). In this case c = c(q). If n = 1, then
we can use q = oQ.

n=2

2n n
=2 dx) < c][ |V(Vu)|* dx. (3.11)
2B

Proof. The result follows from the Sobolev embedding wl2(Q) — LHZTH2 (R2) for
n>3 Wh-2(Q) — L1(Q) forn =2and g € [1,00), and W'2(Q) — L®(Q)
forn = 1. |

4. Approximated system

In order to study system (1.1) it is sometimes more convenient to examine an
approximated version of the system. For the approximation we use the shifted-
N-functions as introduced in (2.12). We will see that ¢, is a good approximation
of ¢ while it has a better behaviour at zero, see in particular Lemma 2.6. Later we
will pass to the limit A — O to transfer our results to the original system (1.1).

If not stated otherwise we will assume that ¢ satisfies Assumption 2.1. As an
approximation of (1.1) we consider for A > 0 the functional

Fir(v) =/¢A(|VV|)dx~ 4.1)
Q

In analogy to (2.11) we define A;, V; : RV>X* — RN*" for 1 > 0 by

ALQ = ¢, (1QD s (4.2)
Vi(Q =¥, (1QD s (4.2b)

where 1, is the associated N-function (compare (2.9)) given by

Yi(t) = /e, (). (4.3)
N e+, Y+
Vi) =gt =\t = e

for A, t > 0, the function v, is just the shifted version of . Therefore, there will
be no confusion in the notation.

Since @9 = ¢, we recover for A = 0 in (4.1) our original system (1.1). In
particular, Fo = F, Ag = A, Vo =V, and g = ¢.

Since
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Remark 4.1. Let ¢ be an N-function with A, ({¢, ¢*}) < oco. The following version
of Young’s inequality has been shown in [6, Lemma 32]. It holds

@(1)s < cpa(t) + cpa(s) (4.4)

for all A, s,t > 0, where ¢ does only depend on A({g, ¢*}). It has been shown
in [6, Lemma 30] that

PO 2) < cOp(N), (4.5)

forall A > 0 and 6 € [0, 1], where ¢ does only depend on A, ({¢, ¢*}). Moreover,
it has been shown in [7, Lemma 25 + Corollary 26] that

2
91Q|(1) < cop(t) +¢c|[V(Q) — V(P)| (4.6)
forall Q,P € RV>*" and all r > 0 and

9(1) < ¢ (p() +9(), 4.7)

for all ¢, A > 0, where ¢ does only depend on Az ({¢, ¢*}).
In particular, (4.7) implies that LY () = L.(Q) and W,2¢(Q) = W27 (Q)
for all L > 0. So for all local results we can still work within the scope of the spaces

LY and Whe.
Moreover, it has been shown in [6, Lemma 26] that

@ (1) ~ (@) (1), (4.82)
(@) 1) ~ @),y ®) (4.8b)

uniformly in A, # > 0.

Lemma 4.2. Let ¢ be an N-function with Ar({@, ¢*}) < o0. Then there exists
so > 1 such that LY () — L° (). Note that so only depends on A (¢, ¢*).

loc

Proof. Since A(p*) < oo it follows from [17, Lemma 1.2.2+1.2.3] that <p9 is
quasiconvex for some 1 — % < 0 < 1, i.e. there exists an N-function p with
¢? ~ pand Ar({p, p*}) < oo. It is important to remark that 6 and A>({p, p*})
only depend on Ap({g, ¢*}). Let s := é, thens > 1. Forr < 1 we have t* < 1.
On the other hand for ¢ > 1, we have by the quasiconvexity of ¢ that ¢(r) =
(<p9(z))é > (cr<p9(1))5 = ct* p(1). Overall, we have r* < 1 + co(t)/¢(1) for
all > 0. This proves the claim. O

Due to Lemma 2.6 the result above also holds with ¢ replaced by ¢;, where sq
is independent of 1 > 0.

Lemma 4.3. Let ¢ satisfy Assumption 2.1. Then there exists s1 > 1 such that the
following holds. If A > 0 and w,, is a local minimizer of the functional (4.1) then

w, € W2H(Q).
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Proof. Let B be aball withradius R and 2B € Q2. We will show thatu;, € W>*(B)
for some s > 1, independent of B and A > 0. Let s, > 1 be such that L?(Q2) —
L*(2B).Choose s € (1, 2) such that 5>~ < s,. Leth € R"\{0} with |z < R. With

Holder’s inequality with % and 2 we estimate
—S N

(1817 e Vwl)” < (¢ (IVwl + 5 V) =
AR AN iAW
=)+ UI).
We will show that (/) and (/7) are integrable over B with bounds independent of /.
With Lemma 2.4 we estimate (I1) < ¢ |h| 2|t Vi(Vuy)|?. So with Theorem 3.6
we see that (/1) is integrable over B with bound independent of /. Let us now
consider (). For t > 0 we estimate with (2.7)
1 A+t A+t
" =c / = / .
@5 (1) P'(h+1) — ¢'(A)
If wereplace t by |Vu, |+|t, Vu, |, integrate over B anduse LY (2) < L**(2B) —

L7 (2B), then we see that (/) is integrable over B with bound independent of 4.
‘We have shown that

/(Ihl_llthuxl)sdx <c,

B

where ¢ depends on 1 and u,, but is independent of /. It follows that u, € W29 (B).
O

Lemma 4.4. Let ¢ satisfy Assumption 2.1 and be C? on [0, 00). Let B C Q be a
ball with radius R and 2B € Q and let w € W25 (2B) for some s > 1 such that
V(Vw) € WH2(2B). Then

o (IVW)9; VW|* ~ |3;V(Vw)|?
almost everywhere withi = 1, ..., n. In particular,
/(p//(|VW|)|3,‘VW|2dx ~/|8iV(Vw)|2dx.
B B

Proof. Let r € (0, R). Then by Lemma 2.4 (applied to V and ) and ¢ (r) ~
V' (t) it follows that

@' (IVW| =+ |Tre; VWDI 2110, VW2 ~ 12|76, V(VW)2. 4.9)

Since V € W2(B), we have r_lrre[V(Vw) — 9;V(Vw) in L?(B) forr — 0
and r_2|r,e[.V(Vw)|2 — |8,~V(VW)|2 in L'(B). So the right hand side of (4.9)
converges in LY(B) to |9; V(Vw)|?. It remains to prove that
O"(IVW] + 7o, VW)r 2|70, VW2 — @ (IVW])[8;VW|>  ae.in B,
(4.10)
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since then the theorem of dominated convergence proves the claim. Now, w €
W25 (2B), so for a subsequence ry — 0 we have 7., VW — 0 and rk_lrrkei Vw —
9; Vw almost everywhere in B. Now, the continuity of ¢” on [0, 0o) proves the
claim. O

Lemma 4.5. Let ¢ satisfy Assumption 2.1. If . > 0 and u,, is a local minimizer of
the functional (4.1), B is a ball with radius R and2B € , and V(Vu,) € L*1(2B)

2 2
with q > 1, then g3 (|Vu;]) € W54 (B), ¢ (|Vu; )|V2u;| € L7 (B) and

Itg 2\ 14
AN / 20 V) ¥
Vo (vw| ™) = e ( £ (e0vVmD19%w))
B 2B

1
<cR™ (][ IV, (Vuy )2 dx) ‘)
2B

Moreover,
3jox(IVur ) = @5 (IVur)d; [ Vuy |
forj=1,...,n.

Proof. Let A > 0. Then by Lemma 4.3 we have u,, € WI%’CS‘ (2B) and therefore

|Vu, | € WIL‘C“ (2B). So |Vu, | is absolutely continuous on almost every line (par-
allel to the coordinate axes). Since ¢, is Lipschitz on [0, 00), we get that

Ve, IV )| < @) (1Vu )V (4.11)

on almost every line. This, Young’s inequality with ¢ + 1 and qqil, and (2.7) imply

A

29
< (@ (VW) V2uy )
29
¢ (Ver(VuD /¢ (V) V2, 1) ™7
29
= ¢ (10 Vor (VD) 15 Vus ) V2w, )

2 2
¢ (e (VD) 157 + c @) ((Vw ) |[VZu| " 152

2
IV (V. )| 7

IA

IA

on almost every line, where 7y > 0 will be chosen later. From Lemma 4.3 we know
that u,, € le’sl (2B). So with Lemma 4.4 and Corollary 3.7 we deduce that

ocC

][wg’(wumwzuuzdx < c][ VYV, (Vuy)|* dx < cR—2][ Vi (Vuy)| dx.
B B 2B

On the other hand with Lemma 2.4 we have

][ (e.(IVu ) dx < ¢ ][ IVi(Vuy) [ dx.
B

B
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Overall, we have shown that

24
][imqwxnﬁ
B

< tgqc][ IVi.(Vw) % dx + cto—zlrz][ V5. (Vup) [ dx
B 2B

1/q
< tgqc][ IV (Vup) [ dx + cto_zR_z(][ IV, (V) [ dx)
2B 2B

Minimizing over fy > 0 proves

2

2q _2q 2 I+q
][ |V, (IVw, )| 7 < ¢ R (fw V. (V)[4 dx) .
B

This proves the claim. O

Note that Theorem 3.3 and Lemma 2.6 ensures that the requirements of
Lemma 4.5 are always satisfied for some g > 1, where ¢ is independent of A > 0.

Corollary 4.6. Let ¢ satisfy Assumption 2.1. Let A > 0, let uy, be a local minimizer
of the functional (4.1), and let B be a ball with radius R and 2B € 2. Forn > 3

we have ¢, (|Vu,|) € Wl’ﬁ(B) and

(][ [Vor(IVu; )
B

The constant does not depend on » > 0. Ifn = 1 orn = 2, then for all s € [1,2)
holds ¢;.(|Vu,,|) € WS (B) and

1
(][ |V¢A(|Vux|)|"') < cR*‘][ Vi (V) |* dx.
B 2B

The constant does not depend on A > 0.

n—1

n"l) b < cR*l][ IV,(Vuy)[? dx. (4.12)
2B

Proof. The result immediately follows from Lemma 4.5, Corollary 3.7, and
Corollary 3.8. O

We need the following auxiliary results.

Lemma 4.7. Let ¢ satisfy Assumption 2.1. Further, let a > 0 and U C [0, a] x
RNX" Then sup.)ev 1Ql < 00 if and only if sup;, qyey |AL(Q)] < 00. More-
over, sup; gyeuv |Ql < 0o if and only if sup; gyev VA (Q)] < 0.
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Proof. 1t suffices to prove the result for A, since the result for V) is the same with
¢ replaced by ¥r. Let sup;, g)er 1Q| < 00, then by (4.7)

sup [Ax(Q)l = sup ¢ (IQ) < sup c(¢'(IQ) + ¢’ (V) < oo.
*,QeU *,QeU *,QeU

Assume now that sup(; gyer [A1(Q)| < co. With (A;l)(Q) = ((@A)*)’(|Q|)%,
(4.8), and (4.7) (applied to ¢*) it follows that

sup Q= sup [A;'(AL(Q)] = S(l)l)pU((m)*)/(IAx(Q)l)

.QeU .QeU *,

<c s (@0 (A QD
*.QeU

=c s (@) 1AQD + @) (W)
A, QeU

=c swp (@) (AQD +2) < oo,
1, QeU

This proves the assertion. O

Lemma 4.8. Let ¢ satisfy Assumption 2.1. Then the (1, Q) — A;(Q), (1, Q) —
AA_I(Q), A, Q) — Vy(Q), and (1, Q) — V/\_l(Q) are continuous on [0, 00) X
RNX”.

Proof. Let (Ag, Qr) = (1, Q) for k — co. If L 4+ |Q] > 0, then

@ (A +1QD o' (A +1QD
A = =A .
e (Qr) PP Qx — PRy Q 2(Q)
If L+ |Q| =0,then A =0, Q = 0, and Ag(Q) = 0. Moreover,
@' (i + 1Qx))

|A% (Qu)| = 1Qkl < ¢’ (hx + Qi) — 0.

A+ 1Qkl
So A, (Qr) — A, (Q) also in this case. This proves that (A, Q) — A, (Q) is
continuous.

We will now show the continuity of (A, Q) > A;l(Q). Let (Ax, Q) —
(A, Q). We set P, := A;kl (Qy) and P := A;l(Q). We have to show P, — P.
By Lemma 4.7 it follows that Py is bounded. Thus there exists a subsequence Py;
that convergences to some P € RV Now the continuity of (A, Q) - A, (Q)
implies Qk; = Akk,.(Pk,-) — Ay (P) for j — oo. Since Q¢ — Q it follows that
A, (P) = Q = A, (P). This implies P = P and therefore P, — P. Since the
argument works for any subsequence of Py it follows that the whole sequence Py
converges to P. This proves the assertion.

The claim for V; and V;l follows by replacing ¢ by v and the remark
after (4.3). |

In the following we will show how to transfer results for the approximated
system (4.1) back to our original system (1.1). We will do it only for Corollary 4.6.
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Theorem 4.9. Let ¢ satisfy Assumption 2.1 and let u be a local minimizer of the
functional (1.1). Then Corollary 4.6 holds with ¢, replaced by ¢.

Proof. We consider the case n > 3. The other case follows analogously. By a sim-
ple covering argument, it suffices to prove the result for balls B with 4B < Q. For
A > 0 let u), be the minimizer of

Fi(w) =/§0A(|VW|)dx (4.13)
4B

within the class {(w € W"¢(4B) : w = u on 3(4B)}. Using the properties of ¢ it
is standard to see that such a minimizer exists and is unique. We will show that u;,
converges for A — 0 to u. We proceed similarly as in [2].

By (4.7) and Corollary 3.7 we know u, is equibounded in w9 (2B) and
V,.(Vu,) is equibounded in W12(2B) for » — 0. So we have (passing to a subse-
quence)

w, —~v inwWh?2B),
V,(Vu) = H in W'2(2B),
V,(Vu,) > H inL*>(2B)

for some v e Wh¥(2B) and H € W!2(2B). Passing to a subsequence we have
V,.(Vu) - H almost everywhere in 2B.

So by Lemma 4.8 we deduce that Vu, — V~!(H) almost everywhere in 2B.
Since the weak limit coincides with the pointwise limit, we get V™! (H) = Vv and
H = V(Vv). Since by Corollary 4.6 ¢, (|Vu,)| is equibounded in whit (2B),
there holds ¢, (|Vu,|) — g in Wl’n"TI(ZB) for a subsequence. Since Vu, — Vv
almost everywhere, we get ¢, (|[Vu,|) — ¢(|Vv]) in Wl’nnTl(ZB). This is enough
to pass in (4.12) (for our subsequence) to the limit A — 0 and we see that (4.12)
holds with ¢, and u, replaced by ¢ and v, respectively. The uniqueness of the
minimizer of (4.13) for A = 0 impliesu = v. |

5. Subsolution

As in the paper by Uhlenbeck [26] and Acerbi and Fusco [1] we prove that the non-
linear quantity ¢ (]Vu|) is a subsolution of an uniformly elliptic system. As a first
step, we will show this for the approximated system (4.1). We proceed similarly
to [1].

Lemma 5.1. Let ¢ be an N-function with Az(¢) < o0o. Then there exists s > 1
such that

(@) <2(p()* o) + (p(1)* (5.1

uniformly for all t > 0. Note that s > 1 only depends on A>(p).
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Proof. Let K > 2 denote the Aj-constant of ¢. Then there exists k € N with
K < 2k Define s := 1 + %

If + € (0, 1], then by convexity ¢(z)/t < ¢(1), which proves (5.1). Assume
now, that # > 1. Choose m € N such that 2"~! <t < 2" then

(0)’ < (e®)F o) < (p@™)F o) < K ¥ (p(1) (1)

1 1
< 2"(p(1) 1) < 21(p(1)* ().
This implies for ¢ > 1 that

(@) =020 (p0) =2(p)" i,

This proves the claim. O
Using (2.7), the convexity of ¢, and A;(¢) < oo we have

G0 < cg Ot 1) <c (ED)E)LT_:)? < ea o+ 1) < A2 (p(h) + 9()

5.2)
uniformly in A > O and ¢ > 0.

Lemma 5.2. Let ¢ satisfy Assumption 2.1. Then there exists so > 1 such that if
A > 0 and wu,, is a local minimizer of the functional (4.1), then A;(Vu,) €
w52 ().

loc

Proof. Choose s > 1 as in Lemma 5.1 and let s, := 2s/(1 + 5) € (1, 2), then
s =s5/R2—s)and 1 < s» < 5. Let B C 2 be a ball with radius R such that
2B & Q. Thenuy, € Wh¥+(2B) and V, (Vuy,) € W'2(2B). With Lemma 2.4 and
Lemma 5.1 we estimate

AL (V) < (@) (IV))* < C(M)

[Vuy |
<2 (D) (V) + ¢ (g (D)’

Since u; € W% (B), it follows from the estimate above that Ay (Vuy) € L*(B).
Since 57 < s, we also get A, (Vu,) € L*2(B).
Let h € R™\{0} with |2| < R. Then

/|h|_2‘rth(VuA)|2dx 5/yv(vk(vm))\2dx. (5.3)
B 2B

With Lemma (2.4) and Young’s inequality, with ¢ = 2/sp and ¢’ = 2/(2 — s3), we
estimate

(Ih1~ [th A (Vay)]) ™

IA

¢ (@ (IVusl + [taVur DIR ™ | V)™

() (V| + [ta Vs ]))’

+ @] (IVw] + |7 Var )| 72 7 Vuy |2

(@ (V] + 1% Vur))* + ¢ [h] 2w V(Vuy)
= () + D).

IA

IA
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Due to (5.3) the term (IT) is in L!(B) with bound independently of /. With <p§f (1) ~
oA +1)/(A+ 1)? we estimate (I) by Lemma 5.1 as follows:

e+ V| + [V DY’
(I =c 3
A+ [Vu,| + [t V)
< ,\—s(‘ﬁ(?» + [V, | + ITthlxl))s
- A+ IVu| + |7V, )
< c(p), s) A ok + |V | + |7 Vg ]) + c(p(1), s)A7°.

The convexity of ¢ and Ay (¢) < oo imply that
() < clp), ) 2 (9N + (V) + (I V(7 4 )]) 4 c(p(1), )25

Since u, € W1-¢(2B), we get that (/) is in L(B) with bound independently of /.
Overall, we have shown that || -1 7,A5.(Vu,) is in L®(B) with bound indepen-
dent of h. Thus A; (Vu,) € WH5(B). O

Lemma 5.3. Let ¢ satisfy Assumption 2.1 and let ). > 0. Let G : R" — RN sqt-
isfy G € W'5(B) and A;.(G) € W'S(B) for some s > 1. Then almost everywhere
on B

9, (IGD
|G|

/ 9, (IGD) G jk
3,-G-+(/(G)—— ——0;|G]. 5.4
Jjk (2N | | |G| |G| | |

3:A5(G) =

Proof. Since G and A;(G) are in W!(B), they are absolutely continuous on
almost every line (parallel to the coordinate axes). Due to Lemma 2.6, we know
that Q — A, (Q) is C! on R¥N*", So (5.4) follows immediately on almost every
line. |

Let ¢ satisty Assumption 2.1. For A > 0 and # > 0 we define

eyt — @i (1)

wy (1) == (5.5)
@, (1)
Then by (2.7) and (2.14) it follows that there exists cg, ¢; > 0 such that
co— 1 <wp(t) <cy. (5.6)

forall + > 0 and all A > 0. Note that cg and ¢1 only depend on the constant in (2.7).
The next lemma shows that ¢, (|Vu,|) is a subsolution to a uniformly elliptic
problem, where the constants of ellipticity do no depend on A > 0.

Lemma 5.4. Let ¢ satisfy Assumption 2.1. Let A > 0, let uy be a local mini-
mizer of the functional (4.1), and let B be a ball with 2B € 2. Then there exists
G, : 2B — R™" which is uniformly elliptic and c3 > O (which is independent
of A) such that

/ > [Gil(vux)al (¢A(|Vu)\|))i|3k77 dx < —c / n|VVi(Vuy)|*dx <0
kl

(5.7)
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holds for all n € Cé (2B), n > 0. Moreover,
min {c, 1}1§1* < D" G (Q&& < (c1 + DIEP (5.8)

k.l

for all Q € RN and all & € R", where co, c1 > 0 are the constants from (5.6),
which depend on the constant in (2.7) but are independent of A > 0.

Proof. Letn € Cé (2B). Let B be a ball of radius R and let 7 € R™\{0} with |k| <

min {dist(supp(n), 3(2B)), 1}. Define & := |h|~21_j,(nTHu;), then & € Wol"p(ZB),
so & is an admissible test function for (3.1). This implies

0 = /|h|’221h(A{k(Vu,\))8k(n Thty, j) dx
Jok
= / 1172 1 (AL (V) @Gem)Thus, ; dx
J.k
+/|h|_221h(A{k(VuA))n Okt dx
J.k
=: () + (I]).

By Lemma 2.4 there exists ¢z > 0 (independent of A) such that
(I > c3 / n |h|’2|thV,\(Vu,\)|2 dx =:c3(I11). (5.9)

We choose h :=re; withl € {1,...,n}and 0 < r < dist(supp(n), d(2B)). Then
with Corollary 3.7, we have forr — 0

17 — /n|81VA(Vu;L)|2dx. (5.10)
We claim that for r — 0

(I — /Za;(A{k(VuA))(akn)azux,j dx (5.11)
ik

and the integral is well defined in L. By Lemma 5.2, we have A, (Vu,) €
WLs2(2B) for some s, > 1 and certainly we have u;, € W1¥(2B). So it fol-
lows (for a suitable subsequence) that

V) = 172>t (AL (Vu) @ aes.
j.k
- >0 (AT (Vw)) @mdus j =: (V) (5.12)
J.k

almost everywhere for r — 0. So it remains to find a majorant for the left hand side
of (5.12) that converges in L!(2B) in order to conclude (5.11) by the dominated
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convergence Theorem. For these calculations we can keep 7 fixed, so the constants
in the following estimates for (/ V') may depend on 1. By Lemma 2.4 we have

[IV)| < clhl™? | (A (Vu) llzusl < clh]™2(00) gy, (T Vu)) [Tausl.

Now we proceed exactly as in [6] (see therein the estimate of (/3) in the proof
of Lemma 12). Define Ty, : R* — R" by T4, (x) := x 4+ o¢;. Then tpu;, =
Jo 9y o Ty, do, so we estimate

,
|IV)] < ¢ |h 72 (@) gy, (ITa V) 7 ][ |V, o Ty, | do.
0
With Young’s inequality (4.4) for () vy, | and Jensen’s inequality we get
r
(V)] = el @ wu (D + ¢ 1172 f (910 w0, 1 o Tr ) dor
0

By (4.6), (4.5), and Lemma 2.4 we have

(@) 1V, | (r VW 0 Tog ) < € (@) |VuroTye, | (7 VU 0 Tog ) 4+ ¢ [VI(Vuy)
—V(Vuy, o Tpe,)?
< cr? (@) (Vs 0 Tog]) + ¢ |Toe, V(VIR) 2.
< cr? ViV, 0 Toe) 1> + ¢ 7o, V(VI) 2.

So with the previous estimate and |2| = r we get
|h]
(V)] = eIV )P +e f 1Vi(Vus o TP do
0

|h|
telh? ][ e V(VW) P do

0
|h]

< c|h|7Hm V(Vu) > + c][ IVi(Vwy, 0 Ty,)|* do
0

A
e 1ot VTu) P do.
0

From Corollary 3.7 it follows that |h|*1thV;L (Vu,) converges to 9;V,(Vu,) in
L2(2B) for |h| — 0. As a consequence |72 V(Va) |2 = 19V (Vay)|? in
L'(2B) as [h| — 0. We will show now that the second and the third term on the
right-hand side converge to |V, (Vu;)|? and |9;V,.(Vuy)|? in L' (2B) for |h| — 0,
respectively. First, observe that V3 (Vu, o T5¢)) = Vi (V) o Tpey — Vi(Vuy)
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in L>(2B) for ¢ — 0. Thus, |V,(Vuy o Ty,)|> — Vi (Vwy)|? in L'(2B) for
o — 0. Second, we have already shown that lo] 7217 V(Vuy))? — 8 Vi(Vuy)|?
in L'(2B) as & — 0. So the second and the third term on the right-hand side both
look like h ay do with some function a, € L'(2B) with ay — a in L' (2B).

We claim that fo ay do — a in L'(2B). Indeed, for arbitrary ¢ > 0 there exists
oo > 0 such that |la, — a||L1(2B) < ¢ for all o € (0, 0pg). Now, we estimate for
|h] < 0.

|h| |h]

H][agda—a =H][ag—ad0 5][||ag—a||L1(23)d0§8.
0

L'(2B) 0 L'ep O

Since ¢ > 0 was arbitrary, this proves ﬂ)hl ay do — a in L'(2B) for |h] — 0.
As a consequence we have shown the desired convergence of the second and third
term to |V, (Vuy)|? and |9;V, (Vu,)|? in L' (2B) for |h| — 0, respectively. In total
we have found a majorant of (/ V) that converges in L'(2B). This and the already
mentioned almost everywhere convergence prove our claim (5.11).

Using (I) = —(I1), (5.9), (5.10), and (5.11) we get after summation over
l=1,...,n

/Za, Af (Vup)) (@mduy,jdx < —c3 /nW(VA(VuA)H dx <0.

1,j,k
(5.13)

Now, with Lemmas 4.3, 5.2 and 5.3, we calculate almost everywhere
ik
> (a(ad vus) o, )
Jjl

@ (IVul) ¢ (IVa; )
- - NIV | dus, ; s,
%[( [Vu, | |Vll)\|2 i | O A j Ol j

010y, |

8 .
V| (luk,])j|
8ku}»/ al”)»J ” ’
= Z ( (V) V| —m(wum)azwm

+§0)L(|V“A|)ak|vu}»|

Oy 3zux
= Z( Lk wmwmsog(Wun)azWuu) + @}, (1w ) | Vg |

+ ¢, (V)

Okuz, j
_ Z( KT BT s (IV ) al(m(lvml))) + (e (IVw),

where w;, : [0, 0c0) — R is given by (5.5). Define G, : RNxn _, Ruxn by
2(Qjk Q1)

GE(Q) = ks + oF

w.(1QD)-
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Then
> (@Al Vun)aw, ;) = X GH (Vuar (e (Vu).

jl !

This together with (5.13) implies
/= [G’;Wux)al (quu))}Bkn dr < —c [VV,TuPdx <0,
kL
This proves (5.7). For all Q € RV>" and all £ € R” holds

> G Qas = g + % w00,
k,l

This implies
> G Q&& < &P +ci EF = (c1 + D IEP,
k,l

> G Q& = (&1 (1 +min {0, co — 1}) = min {co, 1},

k,l

where cg and c; are the constants from (5.6).

Let us transfer this result to our original system by passing to the limit A — O.

Theorem 5.5. Let ¢ satisfy Assumption 2.1, let u be a local minimizer of the func-
tional (1.1), and let B be a ball with 4B € 2. Then there exists G : 2B — R™"
which is uniformly elliptic, i.e.

min {c., }1§1* < D G*(Q&& < (o1 + DIES

k.l

for all Q € R™N and all § € R", where ¢y, c; > 0 only depend on the constant
in (2.7), such that

/Z [le(Vu)81(<p(|Vu|))]akndx < —c/ n |VV(Vu)|2dx <0
kl
(5.14)
holds for all n € C{(2B),n > 0.

Proof. We proceed as in the proof of Theorem 4.9. In particular, let u; be the
minimizer of F; (w) = f4B ¢ (IVW|) dx within the class {w € W (@4B) : w =
u on d(4B)}. Again we restrict ourselves to the case n > 3. The other case follows
analogously. From the proof of Theorem 4.9 we know that V, (Vu,) — V(Vu) in
W12(2B) and Vg, (|Vu,|) — Ve(|Vu|) in Lﬁ(ZB).

For any A > 0 there exists by Lemma 5.4 a function G, : 2B — R"*" such
that (5.7) holds for all n € C(l) (4B). These G, satisfy (5.8) and are therefore uni-
formly elliptic independent of the choice of . In particular, there exists a sequence
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Aj — 0 such that Gy; converges almost everywhere to some G : 2B — R
which is also uniformly elliptic and satisfies (5.8). So for n € Cé (2B) the term
Gﬁ (Vu,)dgn in (5.7) converges strongly in L"(2B) to G* 3n for » — oco. This
and Vg, (|JVu,]|) — Ve(|Vu]) in Lnnj(ZB) proves the convergence of the first
integral in (5.7) to the first integral in (5.14) for j — oo. The convergence of the
second integral for j — oo follows by the lower semicontinuity of the integral with
respect to weak convergence in L?>(2B) and VV,(Vu,) — VV(Vu) in L2(2B).
It is obvious that the limit is non-positive. O

Due to Theorem 5.5 we know that ¢ (| Vu|) is a subsolution of a uniformly ellip-
ticequation. If p(|Vu|) € Wll)f (£2), then we could apply Harnack’s inequality to get

1,1
local L estimates. Unfortunately, we only know so far that ¢ (|Vu|) € WIOC"’1 (2),
see Theorem 4.9. To overcome this difficulty, we need the following result due to
Marcellini and Papi, proved under more general hypotheses.

Proposition 5.6. [22, Theorem A] Let ¢ satisfy Assumption 2.1. Let . > 0 and let
uy, be a local minimizer of the functional (4.1). Then u),_ € WIL‘COO(Q).

Note that we need Proposition 5.6 only to justify ¢, (|Vu,|) € WIL’CQ(Q). We
do not use any qualitative estimates for u; in WIL’COO(Q).

Lemma 5.7. Let ¢ satisfy Assumption2.1. Let . > 0 and letu,, be a local minimizer
of the functional (4.1). Then u,, € Wé’f(Q) and ¢, (|Vuy|) € Wll)'cz(Q).

Proof. Let B be a ball with 2B € . Due to Proposition 5.6 we have u, €
WL(B). Let M := ||Vu, | Loo(B)- Due to Lemma 4.3 and Corollary 4.6 we have

u; € Wli’cs'(Q) and ¢, (|Vuy|) € WIL’CS} (Q) for some sy, s3 > 1.Soby Corollary 3.7
we have V; (Vu,) € W!2(B). So with Lemma 4.4 and ¢} (1) ~ ¢" (A +1) ~
@k 4+ 1)/(A + 1) uniformly in A > 0 and r > 0 we deduce that

2 @A) 2
oo > /(p;f(|Vu;L|)|V2u;L| X{|Vuy <M} dX > Cm/wzuﬂ dx.
B B

This proves Vu,, € W22(B). With Lemma 4.5 we estimate

, 2
/|V‘PA(|V“A|)|2dx = C/(%(IVUAI))ZIVZUAI dx
B B

= C(‘/’;(M))z/ |V2uxlzdx < 0.
B

This proves ¢, (|Vuy,|) € WH2(B). O

Using the previous lemma we can now provide the desired W!-?-estimate for
p([Vul).
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Lemma 5.8. Let ¢ satisfy Assumption 2.1, let u be a local minimizer of the func-
tional (1.1), and let B be a ball with 2B € Q2. Then

sup p(IVal) < ¢ ][ o(IVul) dx. (5.15)
b 2B
][|V(p(|Vu|)|2dx < cR—2][ |¢(|Vu|)|2dx. (5.16)
B 2B

Proof. First, we prove the lemma with ¢ replaced by ¢;. Due to Lemma 5.7 we
can apply Harnack’s inequality to (5.7) to get (5.15). The estimate (5.16) follows as
usual with the test function n := /c2go)\(|Vu;L |) in Lemma 5.4, where « € C(‘)>o 2B)
with xp < k < y2p and ||Vk| o < ¢/R. Now, exactly as in the proof of Theo-
rems 4.9 and 5.5 the claim follows by passing to the limit . — 0. O

We will now apply the theory of subsolutions to ¢(|Vu|) to derive the weak
Harnack inequality.

Theorem 5.9. Let ¢ satisfy Assumption 2.1. Let u be a local minimizer of the func-
tional (1.1), and let B be a ball such that 2B € 2. Then

@ (u, %B) < c(sgp ¢(IVul) - s;ggouvm)) (5.17)

where @ (u, B) := fB [V(Vu) — (V(Vu))13|2 dx is the excess functional.

Proof. Due to Theorem 5.5 we know that ¢(|Vu|) is a subsolution of the uni-
formly elliptic equation (5.14). Moreover, by Lemma 5.8 we know that ¢ (|Vu|) €
WIL’CZ(Q). Therefore, we can proceed exactly as in [1] and [15, Proposition 3.1] and
apply Harnack’s inequality for subsolutions to get (5.17). O

6. Holder continuity of the gradients

In this section we will prove that V(Vu) and Vu are Holder continuous. For this we
have to strengthen our requirements on ¢. In particular, we assume that ¢ satisfies
Assumption 2.2, which states that ¢” is Holder continuous away from zero. We
will use this property of ¢ in form of additional regularity of A, which is expressed
in the following lemma.

Lemma 6.1. Let ¢ satisfy Assumption 2.2 and let B > 0 be as Assumption 2.2.
Then there exists ¢ > 0 such that for all H, Q € RN*" with |H| < %|Q| holds

B
|VNxnAQ+H) — Vi, A(Q)|ds < cw”(lQI)(%) ;

where ¢ depends on ¢ only via the constants in (2.7) and (2.8).

Proof. The claim follows immediately from (2.19), (2.8), and Remark 2.3. m|
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Following the ideas of Lemma 2.10 in [1] we prove the following excess decay
estimate.

Lemma 6.2. Let ¢ satisfy Assumption 2.2 and let w be a local minimizer of the
functional (1.1). Then there exists ¢ > 1 such that for every © € (0, 1) there exists
g0 > 0 such that for every ball B € Q2 holds

@ (u, B) <gpsupe(|Vu|) = @(u,7B) < ct? ®d(u, B).
1p
2

Note that ¢ and ¢y depend on ¢ only via the constant in (2.7).

Proof. We fix T € (0, 1) and will choose gy > 0 later. Without loss of generality
we can assume 7 < % Let B € Q2 beaball suchthat @ (u, B) < g9 sup%B o(|Vu)).

Let Q € RV*" be such that
V(Q = (V(Vw)p
From the Lemma 5.8, Lemma 2.4, and the definition of @ (u, B) we get
supp(|Vul) < c][ o(|Vul)dx < c][ IV(Vu)[*dx < c(@(u, B) + [V(Q)?).
L B B
Soifgy < %c we can conclude

sup o (|Vu)) < c|V(Q)I* < co(1Q)), 6.1
1B
where we have also used Lemma 2.4.
If Q = 0, then we get by (6.1) that Vu = 0 on %B and the conclusion of the

lemma is immediate. So in the following we can assume that Q # 0.
Since ¢ is strictly increasing, we deduce from (6.1) that

sup [Vu| < ¢Q, (6.2)
1B

where we have also used that A>(p) < oo. This proves |Vu| + |Q| ~ |Q] on %B,
so with Lemma 2.4, ¢(t) ~ ¢” (t) t*, and As(p) < 0o, we get

1 2
(D(u, EB) ~][ IV(Vu) — V(Q)|? dx

1B
~ ][ ¢"(1QI + |Vu])|Vu — Q|* dx
1B
~ ][ ¢"(1Q))IVu — Q* dx. (6.3)

1
5B
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We define w := u — q, where q : Q — R” is a linear function such that Vq = Q
and ftB u — qdx = 0. Note that (6.2) implies that

1
IVw| = |Vu—-Q| <c|Q|] on EB. (6.4)
Let v be the unique solution in w + W&’z(%B , RV satisfying

> 9y Aia(Q)d,vj0,zi dx =0 (6.5)
jeyig
T

forall z € WO1 ’Z(L—ILB, RY). Then by Remark 2.12 the system (6.5) is uniformly
elliptic with lower and upper constants of ellipticity proportional to ¢” (|Q|). Thus
by the theory of elliptic systems we have (with constants independent of Q)

][|Vv—<Vv>,B|2dx5cz2][ |VV—(VV)%B|2dx (6.6)
B %B
for all T € (0, 4—1‘]. From (3.2), Vu = w + Q, and Taylor’s formula we get

0= Z][ (Aie(Vu) — Ai4(Q))dyz; dx

i
7B

1
= Z iy Aig(Q + sVW(x)) ds 8, w2 dx
ijoy 10
7

for all z € W,'>(1 B). In combination with (6.5) this implies

Z][ 3y Aig(Q) (B, v; — 8, w;)dyz; dx
ijey g
i

1
= Z ][ / [8ijiot(Q + SVW(X)) - 3ijio,(Q)]ds 8ywj8az,- dx.
ijay 10
(6.7)

Our goal is to estimate the right-hand side of (6.7). For fixed x € JTB

1

(1= 3 [ 105 4@+ VW) = 85, A1 (@),

ijey
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Let B > 0 be as in Assumption 2.2 and g3 > 1 as in Lemma 3.5. Define 8, :=
min {8, g3 — 1}. We claim that

B2
|VW(X)|) ' 6.8)

I 4
(I =co (IQI)( 0l

Case |[Vw(x)| < %IQl: Then s|Vw(x)| < %|Q| for all s € [0, 1]. So with
Lemma 6.1 we estimate

1
V ,32 V /32
(I)sc/so”(IQl)(l W(’C)') dSSC<p”(IQ|)(| W(x)') .
0

Q| 1Ql

Case |Vw(x)| > %|Q|: Then (6.4) implies |Vw(x)| ~ |Q|. We estimate

1

() < Z/!aijm(Q+st(x)>| + (85 Aia(Q)]ds.
ijoy |

So with (2.19), Lemma 2.7, (2.7), A2(¢) < 00, and [Vw(x)| ~ |Q]| we get

" 7 " " [Vw| P
(1) < c(@"(QI+ VWD) +¢"(1QD) < ¢"(IQ) <co (|Q|)(W) .

So we have proved our claim (6.8) in both cases.
We choose z = v — w in (6.7) and with (6.8) we estimate

][ ¢"(1Q) Vv — Vw|?dx < ¢ ][ ¢"(1QD) 1QI 2 |Vw|'" 2| Vv — Vw| dx,

1 1
1B 1B

where we have used again that (6.5) is uniformly elliptic with lower and upper
constants of ellipticity proportional to ¢” (|Q|). It follows that

][ ¢"(1QD VY = Vwl* dx < c¢"(1QD) QI ][ VW[ dix.

1B 1B
Note that due to (6.2), Vw = Vu — Q on %B, and Lemma 2.4 we have
¢"(1QDIVW> ~ ¢"(IQ| + |Vu))|Vu — Q> ~ [V(Vu) - VQ2.  (6.9)

So with the previous estimate and ¢(t) ~ ¢” (z‘)t2 (see (2.4) and (2.7)) we get

][ ¢"(1QN Vv — VWP dx < ¢ (p(1QD) ][ IV(Vu) — V(Q)21+2) .

1 1
3B 3B
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Now with Jensen’s inequality and Lemma 3.5 (using 1 < 1 + 8> < ¢3) we deduce

][ @"(IQD VY — Vw*dx < ¢ (¢<IQI>)*ﬁ2][ V(Vu) — V@8 dx

B 1B
) 1+62
< ¢ (e(1QD) Z(J[IV(Vu)—V(Q)Izdx) :

Y]

(6.10)

We will use this estimate later in our calculations. Let us now start to estimate
@ (u, tB). Using Lemma 2.4 we estimate

O, 7B) = ][ IV(Va) — (V(V)) s dx
B

= inf ][|V(Vu)—H|2dx
HGRNXN
B

< ][ V(Vu) — V(Vu)ep) dx

B
< c][ ¢ (Vul + (V) 5) [Vu — (Vu)e ]2 dx
B
- c][ ¢ (V] + | (Vu)es]) VW — (Vw)eplPdx.  (6.11)
B

We claim that
[Vu| + [{(Vu): | ~ |Q]. (6.12)

From (6.2) it is clear that |Vu| + [(Vu);p| < ¢ |Q] on B (using t < %). To show
the converse, we will show that |(Vu);g| > ¢ |Q]|.

2(1QD) < c¢”(1QNIQI?
< cg”(1QD (I(Vu)zg — Q* + [(Vu)-z|?)

< w”(IQI)(][ |Vu — Q*dx + |<Vu>rB|2)
B

< cw”(IQI)(r‘”][ [Vu—Q*dx + I(Vll)r3|2).
B

Now, (6.3), our assumption @ (u, B) < &g sup%B ¢(|Vul|), and (6.1) imply

9(1QI) < ¢ (t"eo sup e(IVw)| + ¢"(1QD(Vu).5%)
5B

< c(t "0 ¢(1QD + ¢"(1QD (V). 5]%).
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Now, this is the first of two places where we need to choose &g > 0 small (depending
ont) If 17 "¢ < 21—C then we obtain (using ¢” (|Q|) |Q|> ~ ¢(|Q|)) that

Q1% < ¢ [(Vu)-rl*.

This was the missing step to prove (6.12). Now, combining (6.12) with (6.11) (using
also ¢” (1) 1> ~ @(t) and As (@) < 00) we get

P(u,tB) <c ][ ¢"(1Q) |VW — (VW) 5| dx. (6.13)
B

We estimate
][ VW — (VW) 5| dx
B

< 2][ [IVv — (VV)eg)? + | Vv — Vw|2] dx

B
< c(r2][ Vv — (VV)%B|2dX + r_"][ Vv — Vw|2dx)
1B 1B
< c(r2][ |IVw — (Vw)%B|2dx + r_”][ Vv — VW|2dx).
1B 1B

Now, combining (6.13), the previous estimate, Vw = Vu — Q, (6.10), and (6.3)
we get

®(u,tB) <c rzw”(lQI)][ IVu — Q% dx + et "¢ (p(IQD)
IB

1+82
X (][ IV(Vu) — V(Q)|2dx)
1p

<ct’®u, B)+ct " (<.0(|Q|))_ﬂ2 (®(u, B))Hﬁz'

Using @ (u, B) < g9 Sup . p ¢(|Vu|) and (6.1) we estimate

®u,tB) < c (> +17"e)?) D (u, B).

Now, this is the second place where we need to choose gy > 0 small (depending
24n
on 7). If we additionally assume &g < t %2 , then

®(u, TB) < cr 2P (u, B) (6.14)

for some ¢ > 0. Note that ¢; does not depend on 7. O
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Exactly as in [15, Proposition 3.2], we can remove the hypotheses in Lemma
6.2 by proving the following lemma.

Lemma 6.3. Let ¢ satisfy Assumption 2.2 and let u be a local minimizer of the
functional (1.1). Then there exists ¢ > 1 such that for every v € (0, 1) there
exists &g > 0 and & € (0, 1) such that for every ball B € Q one of the following
alternatives holds:

(a) ®(u,tB) <ct?®(u, B),
(b) @(u, B) > eosup1 g p(IVu)) and sup1 g ¢(|Vu)) < §sup 5 ¢(IVul).

Proof. Fix T € (0, 1). Without loss of generality we can assume 7 < ;11. Choose
go > 0 as in Lemma 6.2. We will choose § > 0 later.
If the second alternative (b) is not true, then

@ (u, B) < gosup ¢(|Vul) (6.15)
1p
2

or

®(u, B) > ggsupe(|Vu|) and supe(|Vu|) > ssupep(|Vu|). (6.16)
1p 1p 1p
2 4 2

In the case of (6.15) we deduce from Lemma 6.2 that (a) holds. So in the following
assume that (6.16) holds. The Harnack inequality (5.17) then yields

@(u, %B) < c(S;Ew(IVul) - S;lg)w(IVUI))

<c(—=38)supe(|Vu|) <c
lp
2

& (u, B)
€0

and therefore

n 1 _,1=9
du,tB)<ct @(u,ZB) <ct "——®(u, B)
€0

So choosing § close to 1 in such a way that ct

—n % < 72, we conclude again that

@(u,7B) < t’®(u, B)

‘We notice that § depends on t, but not on B. m]

Now, based on Lemma 6.3 the standard iteration technique (see the proof of
Theorem 3.1 in [15]) allows us to conclude with the following theorem.

Theorem 6.4. Let ¢ satisfy Assumption 2.2 and let w be a local minimizer of the
functional (1.1). Then there exists o > 0 such that for all balls B € 2 and all
A€ (0, 1) holds

@ (u, AB) < cA°®(u, B).
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From Campanato’s characterization of Holder continuous functions, see chap-
ter III of [14], we immediately conclude the local o-Hdélder continuity of V(Vu).
So together with Lemma 2.10 we get the following result.

Theorem 6.5. Let ¢ satisfy Assumption 2.2 and let u be a local minimizer of the
Sfunctional (1.1). Then there exists 0 > 0 such that V(Vu), Vu, and A(Vu) are
locally o -Holder continuous.

Acknowledgments. We would like to thank the referee for many helpful comments, which
improved the quality of the paper significantly.
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