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1. Introduction

Recently there has been a rather large interest in proving gradient integrability
estimates-Calderén-Zygmund estimates- for elliptic and parabolic problems ([1],
2], [13]) especially under non-standard growth conditions. The aim of this paper
is to provide further, more general results in this direction.

Let ¢ be a convex, C! function. Let us consider the nonhomogeneous elliptic
system of p-growth

v (1pu pe ) = div (0P ) 1)

where u € WH?(R", RY) and F € L#(R",R™"). The standard examples for convex
functions ¢ are

cp(t):/o(/ﬁ+s2)p22 sds and gp(t):/o(/i+s)p_2sds, (2)

where x > 0.

In this paper we are interested in studying how the regularity of F' is reflected upon
the regularity of the solution of the system (1). More precisely if u € W1#(R™ RY)
is a weak solution of (1) i.e.

¢'(|Dul) [ YUFD .
/nW(Du,Dmdaj—/n (. D (3)

*The work by the author was partially supported by the European Research Council under FP7,
Advanced Grant n. 226234 “Analytic Techniques for Geometric and Functional Inequalities”.

ISSN 0944-6532 / $ 2.50 (© Heldermann Verlag



68 A. Verde / Calderdn-Zygmund Estimates for Systems of p-Growth

Vn € W'li’f(R”,RN ) compactly supported in R* and F € LY(R",R™Y) with 1
appropriately greater than ¢ (see Section 3), whether there exists a constant ¢ > 0

such that

(| Dul)dz < c [ P(|F|)dz.
Rn Rn

In case of linear growth ¢(t) = t* the global results follow from the well known
Calder6n-Zygmund theory (see [16]).

For the non-linear case we can refer to the papers due to Iwaniec [17] and DiBene-
detto-Manfredi [10] in which they proved higher integrability results for the gradi-
ents of weak solutions of elliptic systems like (1) when () = t”, p > 1. Later on a
large number of generalizations have been made. In particular it is worth to notice
recent advances in this direction due to Mingione [24].

Here we will extend the global results contained in [10], obtained in the power case,
to the context of a more general growth condition.

The basic idea to prove the results is to compare the gradient of a solution u of
our problem with the gradient of the solution of an homogeneous problem in a ball
with given boundary data u. For homogeneous systems of ¢-growth the C* excess
decay estimate has been proved in [14]. Important tools are the Hardy-Littlewood
maximal function and the sharp maximal function of Fefferman-Stein, for which
useful estimates are known.

We present in some case a unified approach to the superquadratic and subquadratic
p-growth, considering more general functions than the powers.

Furthermore in Section 3 we will present also some global estimates in the space
BMO.

Finally, in the last Section, we will focus our attention on a local higher integrability
result for gradients of solutions to a class of homogeneous elliptic systems of the

type
div A(z, Du) =0

where A : Q x R™ — R™V is a Carathéodory function satisfying non standard
growth-conditions and in particular A is close, in a C° sense, to be a constant
matrix. Here () is a bounded and open subset of R™.

This last result can be viewed as an extension of certain results [6], [18], [26]
obtained in the scalar case.

It is worth to point out that, at the same time, we are able to quantify the improved
higher integrability. The crucial point is that the degree of integrability may be
much greater than the natural exponent.

Let us observe that the results presented in this paper rely on some technical
lemmas that have been proved in a paper of Diening and Ettwein [11], where they
get fractional estimates for non-differentiable elliptic systems with ¢-growth.



A. Verde / Calderén-Zygmund Estimates for Systems of p-Growth 69

2. Notation and Preliminaries

To simplify the notation, the letter ¢ will denote any positive constant, which may
vary throughout the paper. If w € L , for any ball B C R" we set

wp = y—llg‘/Bw(as)das :]{Bw(x)dx, @)

where |B| is the n-dimensional Lebesgue measure of B. For A > 0 we denote
by AB the ball with the same center as B but A-times the radius. The following
definitions and results are standard in the context of N-functions. A real function
o : RZ% — R2% is said to be an N-function if it satisfies the following conditions:
©(0) = 0 and there exists the derivative ¢’ of ¢. This derivative is right continuous,
non-decreasing and satisfies ¢'(0) = 0, ¢'(¢t) > 0 for t > 0, and lim;_., ¢'(t) = oc.
Especially, ¢ is convex.

We say that ¢ satisfies the As—condition, if there exists ¢; > 0 such that for all
t >0 holds ¢(2t) < ¢; ¢(t). By Aa(p) we denote the smallest constant c¢;.

Since p(t) < ¢(2t) the Ay condition is equivalent to ¢(2t) ~ ¢(t). For a family
{©a}, of N-functions we define Ay({pa},) := sup, Aaz(py).

By LY and W' we denote the classical Orlicz and Sobolev-Orlicz spaces, i.e.
feLl?iff [o(f])de < oo and f € Whe iff f,Df € L?. Let us observe that if
As(p) < 0o then the closure of C2° in strong-L¥ coincides with the space L?.

By (¢')™' : R2% — R2% we denote the function
(@) (t) :=sup {u e R7? : ¢'(u) < t}.

If ¢ is strictly increasing then (¢')~! is the inverse function of ¢’. Then ¢* : R=Y —
R=0 with

is again an N-function and (p*)'(t) = (¢')~*(¢) for t > 0. It is the complementary
function of . Note that ¢*(t) = sup,>q(ut — ¢(u)) and (¢*)* = ¢. For all 6 > 0
there exists ¢s (only depending on Ay({p, ¢*}) such that for all ¢, > 0 holds

tu < 6p(t) + s ™ (u). (5)

This inequality is called Young’s inequality. For all ¢ > 0

%s@’ (%) < p(t) <te(t),

@(901@)) <et(t) < w(w:(t))-
Therefore, uniformly in ¢ > 0
p(t) ~ )t @ (1) ~ elt), (7)

where the constants only depend on Ay({p, ¢*}). Throughout the paper we will
assume ¢ satisfies the following assumptions.
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Assumption 2.1. Let ¢ be an N-function such that ¢ is C* on [0,00) and C? on
(0,00). Further assume that

'(t) ~ (1) (8)

uniformly in ¢ > 0.

We remark that under these assumptions As({p, p*}) < oo will be automatically
satisfied, where Aqs({¢, ¢*}) depends only on the constant in (8).

Assumption 2.2. Let ¢ be as in Assumption 2.1 such that there exist 3 € (0, 1]
and ¢ > 0 such that

s 8
(s 1) — (0] < e (1) (’—') (9)

t

for all ¢ > 0 and s € R with [s| < 3t.

We notice that assumption (9) is satisfied for example in the following three cases.
p(t) =17,
o(t) =t log’ (e + 1), g >0,
o(t) = t?loglog(e + t),

with 1 < p < 0.

For given ¢ we define the associated N-function x by

X'(t) == V¢g'(t)t. (10)
Note that
ey _ L") p't) 1" X'(t)
R A N EoRD i

It is shown in [11, Lemma 25| that if ¢ satisfies Assumption 2.1, then also ¢*, ¥,
and x* satisfy this assumption and x"(¢) ~ \/¢"(1).

Define A,V : R™ — R™ in the following way:

AQ) = ¢ (12)

Vi@ = (@l (12b)
For \ > 0 we define the shifted N-function py by px(t) = [} ¢h(s) ds with

Aty = £OLD, (13

for ¢ > 0. The shifted N-functions have been introduced in [11]. See [12] for a
detailed study of the shifted N-functions.

The connection between A, V', and {¢x}, is best reflected in the following lemma
(see [11]).
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Lemma 2.3. Let ¢ satisfy Assumption 2.1 and let A and V' be defined by (12).
Then

(A(P) — A(Q)) - (P - Q) ~ |V(P) = V(Q)I (14a)
~ op (1P = QJ), (14b)
~ [P=Q* " (1P| +1Q)), (14c)

and
|A(P) — A(Q)| ~ ¢{p (IP — Q) (14d)
~¢" (IP|+1Q|) |P - Q| (14e)

uniformly in P,Q € R™. Moreover,

AQ)-Q ~ [V(Q)* ~ ¢(1Q)), (14f)
IAQ)] ~ ¢(1QI) (14g)

uniformly in Q € R™V.

Note that if ©"(0) does not exists, the expression in (14c) and (14e) are continu-
ously extended by zero for |P| = |Q| = 0.

An immediate consequence of (13) is the following estimate:

p(IP = Ql) < cpp(IP = Q) +c(|P]) VP, Q € R™. (15)

In fact Vo € (0,1) we get

"(|P — P —
o(1P-a) < e (P-Qhip - = LU= L b+ 1p—q)
_AIPQ) e, 0P QNP -Ql
P+ 1P =q F=Qf +e [P+ [P —Q 7D
(1P| +|P -
< =P = QP + o (1P - QD) (17D

< copp|(|P = Q) + cs(|P]) + d(|P = Q)

where we have used Young’s inequality and (13). Finally absorbing on the left
hand side the last term in the right hand side we obtain (15).

Let us observe that the functions ¢, with A > 0 share the same properties of ¢. In
particular, the following result holds (see [11]):

Lemma 2.4. Let ¢ satisfy Assumption 2.1. Then for all X > 0 the function p)
satisfies Assumption 2.1 and Aa({0x}rs0,1(92)" Fas0) < 00. Moreover

‘A1) i)
”tN //>\ twgp( ~ A
A1) ~ @ (A1)~ R~ P
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uniformly in \;t > 0 with A+t > 0. In particular, ¢y satisfies Assumption 2.1
with constants independent of XA > 0. If X > 0, then ¢y is C? on [0, 0).

If ¢ satisfies Assumption 2.2, then @, satisfies Assumption 2.2 and the constant
in (9) does not depend on \.

Since (*) is the inverse of ¢', it follows that

Q
Q|

for all Q € RY*"_ In particular, A is invertible. The same holds for Ay and V.

ATHQ) = (¢ (1QD) (16)

Now, let ¢, ¢ be N-functions. We shall write

w1 =@
if ¢ = ¢, 0 o=t is an N-function too.

Remark 2.5. Next let us recall that if a function ¢ satisfies Assumption 2.1, then
there exist ¢ > p > 1 such that ¢(t)/t? is increasing and ¢(t)/t? is decreasing. We
refer to the exponents p and ¢ as lower and upper index of ¢ respectively (see [7],
9], [21] for more details).

If f € LYR") let Mf(-) the maximal function of Hardy-Littlewood defined as
follows

Mf(m):sup][ |f|dx, e R"
BP(I)

p>0

and the sharp maximal function of Fefferman-Stein

fi(x) = sup ]{3 = (gl e R

p>0

The following version of the Fefferman and Stein inequality holds:

Lemma 2.6. Let ® : [0,00) — [0,00) be an increasing and continuous function
with ®(0) = 0. Let € > 0 and f : R* — R™ be a compactly supported and
essentially bounded Borel map. Then

[ amris

5 |f*] "
<2 [ (_) dz +2- 53”6/ ® (5" 2" M) d.
R™ "

€ €

(see [20] and [26] for a local version).

Now let us recall that if f is such that f* is bounded, we say that f is a function
of bounded mean oscillation and we denote by BMO the space formed by these
functions. For f in BMO we write

£ llsaro = [1¥]loo-
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Note that the null elements in the BM O norm are the constants, so that a function
in BMO is defined only up to an additive constant (see [25] for more details).

Let us consider f € L7 (R"), with ¢ verifying Assumption 2.1. Let Mf,( f, o)

loc
denote the maximal function defined by

ME(f, o) = sup o™ (f o(lf - (f)xo,pl)dfv> , m €R™
p>0 By (z0)
Let us observe that the BMO-norm of f satisfies

| fllBao < ||Mf,(f, Moo < cllfllBro- (18)

In fact let us recall the well known John-Nirenberg inequality for a function f €
BMO: i
{z € B:[f(x) — fp| > a}| < celflswmo - |B]

for every a > 0 and every ball B, with ¢ positive constant. We get the following

/B o(1f — (F)sl)de = / TS € B If(0) — fal > t}ldt

c/ S (H)e o dt - |B] :c|B|/ o (SHf”_BMO> . (HfHBMO) o
0 0 c c

C|B| (90 (HfHCBMO) /1 e ®ds + 2 (_HfoM_O) /oo gq_l . e_st)
0 1

< ¢|Ble([|fllBro)

where ¢ is the upper index of ¢ as in the Remark 2.5.

IN

IA

3. The global LY-estimate

We will prove a global estimate for the gradient of weak solutions to the nonlinear
degenerate system (1).

We will denote by D#(R" R") the space of distributions whose gradient is in
Le(R™, R™Y).

Theorem 3.1. Let u € D?(R",RY) be a weak solution of (1) in R", where ¢
satisfies Assumption 2.2. If F € LY(R",R"™™), for an N-function 1) = ¢ such that

As(1) < oo and Ay ((Yop ")) < oo, (19)

then |Du| € LY(R") and there exists a constant ¢ depending only on n, @, 1 such
that
[Dullpe < cl[Fllps. (20)

If 2o € R™ let Br(zy) C R", R > 0 and let v € W4?(Bg(z0), RY) be the solution

of the problem

'"(|Dv|) D
div%:() in Bgr(zo)

v=1u on 0Bg(zo).

(21)
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Let us observe that the existence of a unique solution of the problem (21) is due to
the fact that since the map w — — div(A(D(w +u))), with A defined in (12a) and
u solution of (1), is strictly monotone and hemicontinuous from Wy'#(Bg(xo), RY)
to W% (Bg(z),RY), there exists a unique solution w € Wy*(Bg(zo), RY) such
that

/ {AD( ), D8 =0

for all & € Wy#(Bg(xo),RY). Therefore if we define v := w + u, then v €
Wt?(Bg(xg), RY), v =u on OBg(zy) and

/B (A, DY =0

for all &€ € Wy#(Bg(zo), RN).

The following facts concerning v can be found in [14]. First of all

Dvl)dz < Dul)dzx. 22
/Bmﬁ”(' ) _/ o(1Du]) (22)

Br(zo)
There exists a constant ¢ = ¢(n, ) such that Voo € R", V0 < p < &
sup p((Deh < e [ p(Dul)de. (23)
By (z0) Br(zo)

There exists constants « € (0,1), ¢ > 1 depending only on n, ¢ such that such
that Vg e R*, VO < p < R

f V(Do) — (V(D0))o o2 dt
By(z0) (24)

<c(f)'f, VD0~ VD)l

(see Theorem 1.1 in [14]).

Lemma 3.2. Fiz an arbitrary e € (0,1). There exist constants v = ve(n, ¢, €)
such that Vzg € R", VO < p < hR

][ |V (Du) — V(Dv)2dz
By (o)

R\" R\"
< (—) / go<|Fr>da:+e(—) £ i
1Y Br(z0) P Br(zo)

Proof. After a translation we may assume zo = 0. Subtract (21) from (1) and let
us take the test function w = u — v in the weak formulation, to obtain

[ (om0 | ().

(25)
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Since (14a) we can estimate the left hand side from below as

/B \V(Du) — V(Dv)*dz > [ |V(Du) — V(Dv)|*dx.

By

On the other hand we can estimate the right hand side of (26) using Young’s
inequality and (7)

c/ ¢(|F|)dm+e/ o(|Du — Dv|)dx
Br Br

<cf (P + / p(1Dul)ds

where we have used (22). Therefore considering the integral mean we get

][ |V (Du) — V(Dv)|*dz
BP(IO)

R\" R\"
< (—) / ¢<|F|>dx+e(—) £ eipuin =
P Br(zo) 1Y Br(zo)

Proposition 3.3. Fiz an arbitrary § € (0,1). There ezist constants vs = vs(n, ¢, )
and h = h(n,,d) € (0,1) such that Yz, € R", Y0 < p < hR

]i IR (LIRS

R\" R\"
< (—) / w(IFI)dm+5(—) £ ipuar
P Br(zo) 1Y Br(z0)

Proof. Assume as before that o = 0. Then for all p € (0,hR) and for every
n € (0,1) we have

]é VD0 = VD ds

(27)

< ][B VDU = V(D)

< c]{gp(xo) HV(DU)\Q - |V(Dv)’2| dx + c][ HV(DU)]? _ ‘(V(Dv))xo,p’2| dr

By (o)

< c(ﬁ( )IV(DU) = V(Du)[(IV(Du)| + [V (Dv)])dz

+]i( )\V(Dv)—(V(Dv))xo,p!(IV(Dv)H!(V(Dv))xo,p!)dw>

< 05][ |V (Du) — V(Dv)|2 dx + 05][ |V(Dv) — V(Dv)xw|2 dx
Bp(fEO) B

(o)
R n
+ 0 (—) ][ o(|Du|)dx
P Br(zo)

=1+11+) (E) o(|Dul)dz,
P Br(zo)
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where we have used Young’s inequality and (22). By Lemma 3.2 choosing € small
enough we estimate

R\" R\"
[ < <—> ][ ¢(|F|)dx+5<—> ][ (| Dul)dz.
P Br(zo) P Br(zo)

On the other hand we can estimate /] with (24) as follows

mee(p)f VD) = (VD (28)

Now we can conclude that for every § € (0, 1) there exist constants v5 = vs(n, ¢, 0)
and ¢ = ¢(n, ) such that

]i IR (LIRS

<u(5)'f L elipin L(2) e (8)H  elipulyin

where we have used again (22). O

Proof of Theorem 3.1. From Proposition 3.3, taking p = %, for every d € (0, 1)
there exists a constant 75 = v5(n, ¢, d) such that

(IV(Du)P)(x0) < vsMlp(|F]))(x0) + dM[p(|Dul)](20), ae. zo € R (29)

Step 1. Assume momentarily that
|Du| € L¥(R™),  F e CR™,R™). (30)

If we define ® := 1) o ! we get

n n

[ wDuas = [ a(eDu)ar < [ a(Mp(Dul))ds

where we have used the definition of the Hardy-Littlewood maximal function. Since
(17) and (19) we get that there exists a constant ¢ = ¢(n, ¢, 1) such that

[ (v
<o [ SV +ce [ aMIVDWP)ds

Now using (29) and choosing € small enough we obtain
[ em(v (D)
R”’L

<o [ MEF))ds+ 5 [ MIVDwP)da,

n
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Thanks to the assumption (19) we can apply the Hardy-Littlewood maximal the-
orem in the Orlicz spaces (see for instance [19]) in order to obtain

[ eMqvDwPyis < [ e

n

which implies together with (30) that

| V([ Dul)dr < c/ (e(IFD)dr = C | w(F)da.

where ¢ = ¢ (n, p, ) .
Step 2. Let us remove the assumption (30) using an approximation argument.

Let F,, € C°(R",R™) be a sequence converging to F in L¥(R",R™™) and in
Le(R™, R™) and let u, € W2 (R, RY) be the unique solution of

v (10w gt ) = div (1A ) (31)

Since F}, is compactly supported in R™, we have

Duh) .
=0 in{|z| >k
S {Je] > k)

div <¢’(|Duh|)

for sufficiently large k. Next we prove that |Duy| € L¥(R") like in [10]. By
inequality (23), for all |x| > 2k

¢<|Duhr><x>sc<][ ()¢<|Duh|><y>dy) < =% / o (| Dus|)(y)dy.
Big—k(z "

This and inequality (20) imply that

/{x>2k} v(IDur)w)dy < /{x|>2k} ® ((|5’5| i k?)") o

[e.9]

< ¢(n, @, 1) /% (ﬁ) r"tdr < oo

where s > 1 is the lower index of ®. In fact the assumption (19) implies that the
function ® has a lower index s > 1 (see [21]). Thus since u, verifies the system
in (31) and F), € C°(R™,R™Y) we get that |Duy| is locally bounded and it is in
L¥(R™). From Step 1 we gain

O([Dupl)de < c | (|Fp])de
RTL RTL
where ¢ = ¢(n, ¢, ). It remains to show that Du; — Du a.e. in R", in order to
apply Fatou’s Lemma. To this aim let us subtract (31) from (1) and take u — uy,
as test function to obtain

©'(|Dul) ¢’ (| Dup|)
Du — D Du—D
/< Du| T |Duy| T R

'(|F "(|1F
:/ <90(! DA hl)thDU_Duh>_
B\ |F] | F|

(32)
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Since (14a) we can estimate the left hand side from below as

|V (Du) — V(Duy,)|*dz.

R’ﬂ
On the other hand we can estimate the right hand side of (32) with (14d) to obtain

/ ¢\p| (|F = Fy|) |Dup — Duldz.
Rn

Now we can use Young’s inequality and the equivalence (7) with Clr) PIF| and gpi Fl

instead of ¢*, ¢, ¢’ (see Lemma 32 and Lemma 34 in [11]). We get that for all
€ > 0 there exists C. such that

R

<c / ot (el (IF = Fu)) de + ¢ | oy (|Dun — Dul)dz
Rn R™

IN

CE/ @|F|(|F—Fh|)d$+6/ @\F‘(|Duh—Du|)dx
R™ Rn
\Duh—Du|2

<C [ P =FRldte [ o (1F1+1Du, — Dul) ottt
<c. [ on(F-Rl+e [ #(2/F )| Dw, ~ Dul
Rr {IDuy,—Dul<|F|}

—1—6/ ¢ (2| Duy, — Dul)|Duy, — Dul
{IDup—Dul>|F|}

< Ce/ 90|F|(|F—Fh|)dx+6/ ©'(2|F|)|Duy, — Dul|dz
Rn

+ e/ ©(2|Duy, — Dul)dzx.
Using again Young’s inequality applied to ¢ and ¢* and using (7) we arrive to
CE/ oip (|F — Fh|)dx+ce/

R

<c. ¢|F|(|F—Fh|)dx+ce/

Rn

©(2|F|)dx + ce/ ©(2|Dup, — Dul)dx

n n

o(|F|)dx + ce/ o(|Duy, — Dul)dx

n n

< / o (IF — Fyl) do + e / (| Fl)dz

+ce | |V(Duy) — V(Du)|*dr + ce/ o(|Du|)dx
Rn
where we have used (15) and (14b).

n

Therefore for € small enough we get

|V (Du) — V(Duy)|*dx

R

<

1 — ce /Rn op| (|F — Fp|) do + (1i—ece)/n o(|F|) + ¢(|Dul)da.
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Next letting h to co and then € to 0 we obtain
|V (Du) — V(Duy)*dz — 0.
R’ﬂ

In particular, up to a subsequence, we get V(Duy,) — V(Du) a.e. in R". Now let us
observe that V=1 is continuous (see Lemma 2.9 in [14]). As a consequence we have
that Duyp — Du a.e. in R" and then the Theorem will follow by Fatou’s Lemma.

4. The global BMO-estimate

Theorem 4.1. Letu € D?(R™,RY) be a weak solution of (1) in R™, where ¢ satis-
fies Assumption 2.2 and ¢" is an increasing function. ]f% € BMO(R",R™Y),

then V(Du) € BMO(R",R™), and there exists a constant ¢ depending only on

n, @, such that
) : (33)
BMO

In order to prove this result will be useful to recall that, under the assumption ¢”
increasing function, the following inequality holds:

<s@’(lnl)n G
] €l

for all £, € R™ (see [26] for the proof).

i
£

IV (D)o < e (

,n—§> > ¢ (In— €l — &P (34)

Proof. As in Lemma 3.2 we get
/ |V (Du) — V(Dv)2dx
Br

/ /
[ (£, LD, o,
b\ IDu D]

- <so’|<§|>F_(so/|<§|>F) 7Du_Dv>dx
Br xzo,R

where v is a weak solution of the system (21). Now we apply the Young’s inequality
to the right hand side in order to get Vn > 0

|F| |F|
Since ¢” is an increasing function, we can apply inequality (34) and (14c) to obtain

)d:c—l—n/ ©(|Du — Dv|)dz.
Br

/B o(|Du — Dv|)dx < / |V (Du) — V(Dv)|*dx.

Br
Therefore since (18) we get
BMO) .

/BR |V (Du) — V(Dv)Pdx < c| Bgly® (H%
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Now V 0 < p < R, using again (24) we obtain
[V(Du) = (V(Du)),[dz < [V(Du) — (V(Dv)),|*dx
B, B,

< 4 |[V(Du) = V(Dv)[’dz + 4 |[V(Dv) — (V(Dv)),|*dz

B, B,

<e¢ (?)n]éR V(Du) — V(Do) *dz + ¢ (%)a]éR V(Dv) — (V(Dv))g|*dz

5gc(§)n¢*<Hg%§PE BM;)+c<%>iﬁ%ﬂun)—VXDWFdx
+e <f%>a]{93 V(Du) — (V(Du))g|?dx
<o (%)ngo* (H% BMO) +e (%)a]iR V(Du) — (V(Du)) .

Next choosing p = hR, h € (0,1) we arrive to

]{9 |V (Du) — (V(Du))pg|*dx

n "(|F|)F
< o (205D

BMO) ! Cha]iR [V(Du) = (V(Du))g[*de.

By choosing a suitable A and taking the sup over all R > 0 we obtain

R

and the result follows. O

V(D0 < e (

5. Higher Integrability for certain quasi-regular systems

Let A : Q x R"™W — R"™™ where A(z,§) is a Carathéodory function and (2 is a
bounded and open subset of R™.

Assume, moreover, the following:
(a) A(z,0) = 0;

(8) (DyA(z,m)€,€) =7 ¢"(InDIE*
(7) [DyA(z,m)| <T(1+¢"(Inl)),

with ¢(t) satisfying Assumption 2.2. Here v and I > 0 are positive constants.
We shall need the following theorem.

Theorem 5.1. Let n, d € N, Q C R" be a bounded and open set, o € (0,1),
M >0, H € L?(Q,RY) be such that for every cube Q CC ) either

]{2 o(|H|)dx < M (35)
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or

][ ([H — Hg)dz < ][ o(|H])de (36)
[®) Q

where 0 < € < €y = €9(n, Az(y)).
Then there exists a constant ¢ = c(e,n, Ao(p)) such that for all = ¢ with Ay(1)) <
¢, it is He LY (Q,R?) and for each O cC Q

loc

o (v ([ wtmac) ) < o [ et +anas 0

where p = dist(Y,0Q) and C' is a constant dependent only on o, n, As(p), Aa(1)),
Q.

The proof of the Theorem 5.1 can be found in [26]; in the power case can be found
in [18] and [15].

Let us state the main result of this Section.
Theorem 5.2. Let A be as before and ¢ as in Theorem 5.1.
Let p> 2 and u € WH?(Q,RY) be a weak solution of the system

div (A(x, Du)) = 0. (38)
If it holds, for all ¢ € R™V,
g0,<||§|D§ — Az, )| < e ([¢]) ae xeQ. (39)

with 0 < € < €y(n, p, ), then V(Du) € L

loc

(Q,R"™M),

Proof. The proof can be obtained adapting to the systems the arguments used
in [26] to prove Theorem 4.2 in the scalar case. Let B = B, CC Q and let
v € WH(B,RY) be the solution of the system

/
gDy
| Dol (40)
V=1 on 0B.

We have, by (14a):

[ Wow -viopae<e [

o' (| Du|) D o' (|Dv|)D
<Du—Dv, (| Dul) v_ (|Dv]) v>d$.
B

| Dl | Dv|

The right hand side of the last inequality coincides with

"(| Du|)D
/ <DU_DU,M>M
B |DU‘

'"(|Dul|)D
= c/ <Du — Du, ¢(|Du)Du_ Az, Du)> dx + c/ (Du — Dv, A(x, Du)) dz.
B | Dul B
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Now, since u is a weak solution of the system in (38), Young’s inequality and
estimates (39) and (15) imply

/ |V (Du) — V(Dv)*dz

< c/ <DU—DU,M —A(:U,Du)>dx
B | Dul

< ce/B|Du—Dv|g0’(|Du\)dx

< ce/Bgo(|Du—Dv|)dx—|—ce/ng(|Du|)dx

< ce/ @DU(|Du—Dv|)d:c+ce/Bg0(|Dv|)dx+ce/B<p(\Du|)dx
/|V (Du) — V(Dv)| dx+ce/ o(|Du|)dx

B
where we have used (14b). Hence, we obtain

][ |V (Du) — V(Dv)|*dz < ce][ o(|Du|)dz < cef |V (Du)*dzx (41)
B B

Then, for 0 < o < 1, we have
][ V(Du) — V(D) [2d < _][ WV (Du)[2da. (42)
ocB

Now,letQ:QRCCQ,O<J<\/LﬁsothataQCB(%\/ﬁ)RCB% C @, and let v
be the solution of the problem (40) in the ball B = Bx. Applying (42), (24) and
(23) in the ball Bg, we obtain

L 1w — (v (D)ol

2

dx

< C]{,Q V(Du) = (V(DW)s,

2

< ‘V(Du) — (V(Du))g dz

Byt
< c][ |V(Du) — V(Dv)|* dx
Bloynk)

+ c][ )V(Dv) — (V(Dv))s

Bloynk)

¢ (U—En n 0“)]{9 V(Du)2d

R
2

(ovnd)

2

dx

(ovnE)

IN

<c <£ + 00‘)]{2 |V (Du)|*da.

The result comes immediately from Theorem 5.1 with H = V(Du) and p(t) = 2,
choosing, for example, o™ = y/e. Il
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