6. INTEGRALS

6.1. Riemann integral.

Definition. A finite sequencer;}”_, is called apartition of the intervaka, b), if we have
a=xg <11 <--<x) =0

The pointszy, . . ., z,, are calledpartition points
By thenorm of partitionD = {z;}7_, we mean

v(D) =max{zr; —z;_1; j=1,...,n}.
We say that a partitio’ of an interval(a, b) is arefinement of the partitiod of the interval
(a, b, if each point ofD is a partition point ofD’.

Definition. Let f be a bounded function on an intenal b).
If D= {z;}"_,is a partition of(a, b), we denote

ZM x; —xj_1), whereM,; = sup{f(z); z € (z;_1,z;)}
(the upper Darboux sum gfwith respect taD),

ij —xj_1), Wherem; = inf{f(z); = € (z;_1,7;)}
(the lower Darboux sum qf with respect taD).
We further define
—b JE—
/ f(z)dz = inf{S(f, D); D is a partition of the intervala, b) }
¢ (the upper Riemann integral gfover (a, b)),

b
/ f(z)dz = sup{S(f, D); D is a partition of the intervala, b) }
== (the lower Riemann integral gf over (a, b)).
Definition. We say that a bounded functighis Riemann-integrablever the intervala, b), if
fabf(x) dz = fabf(x) dz. Then theRiemann integrabf f over the intervaka, b) is defined to

bef_abf(:l?) da and is denoted by’ f(z)dz. If a > b, we define[’ f(z)dzx = — [ f

, f(x)dw. If
a=b, we definef;’f(x) dx = 0.

Proposition 6.1(basic properties)Let f be a bounded function on the interval, b).
(i) Let D and D’ be partitions of the intervala, b) such thatD’ refinesD. Then we have

S(f,D) <S(f,D") < S(f,D") < S(f, D).

(i) Let D, and D, be partitions of(a, b). Then there is a partitio® which refines bottD; and
D,.
(iii) Let D, and D, be partitions of(a, b). ThenS(f, Dy) < S(f, Dy).

(V) [0 f(x)do < [ f(x)da
(v) f is Riemann-integrable over, b) if and only if for eache > 0 there is a partitionD with

g(f7D)_§(f7D) <e.



Theorem 6.2(Riemann integral as an interval function)(i) Leta functionf be Riemann-integrable
over(a,b) and let(c,d) C (a,b). Thenf is Riemann-integrable over, d).
(i) Let ¢ € (a,b) and a functionf is Riemann-integrable both ovét, ¢) and over(c, b). Then
f is Riemann-integrable ovér, b) and we have

/abf(x)dx:/acf(x)dx—l—/cbf(:c)dx

Theorem 6.3(linearity of Riemann integral)Let f and g be Riemann-integrable ove, b) and
leta € R. Then

(i) the functionaf is Riemann-integrable over, b) and it holds

/abaf(x)dx:oz/abf(:p)dx,

(i) the functionf + ¢ is Riemann-integrable over, b) and it holds

/ab(f(x)+9(x))dx:/abf(x)der/abg(x)dx_

Theorem 6.4 (monotonicity of Riemann integralleta,b € R, a < b, and letf and g be
Riemann-integrable ove, b).
(i) If f(x) > 0for eachx € (a,b), then

/f ) > 0.

(i) If f(x) < g(x) for eachz € (a,b), then

/f d:p</ g(z) d.

(iii) The function|f|is Riemann-integrable over, b) and it holds

[ 1wl < [ a

Theorem 6.5(existence of Riemann integrall.et a functionf be continuous on the interval
(a,b), a,b € R. Thenf is Riemann integrable ovér, b).

Theorem 6. 6(differentiating indefinite integral)Let f be a continuous function dfa, b) and let
€ (a,b). If we denoteF’(z) = [ f(t) dt for = € (a,b), thenF'(z) = f(x) for eachz € (a, b).



