A NOTE ON BIORTHOGONAL SYSTEMS

PETR HAJEK AND MICHAL JOHANIS

ABSTRACT. We consider the following problem (which is a generalisation of a folklore result Proposition|[T]below): Given a continuous
linear operator 7: X — Y, where Y is a Banach space with a (long) sub-symmetric basis, under which conditions can we find a
continuous linear operator S : X — Y such that S(Byx ) contains the basis of Y. As a tool we also consider a non-separable version of [HI}
Theorem 3.56]: Given an infinite subset A C X ™*, under which conditions can we find a biorthogonal system in X x A of cardinality
card A?

We are interested in a generalisation of the following two results into a non-separable and more general setting. The first one is
a folklore result, see e.g. [HJ, Proposition 3.33]:

Proposition 1. Let X be a Banach space, Y = {,, 1 < p < 00, or Y = co, and suppose there is a non-compact operator
T € £(X;Y). Then there are S € £(X;Y) and a normalised basic sequence {x,} C X such that S(x,) = ey, n € N, where
{en} is the canonical basis of Y. If X does not contain {1, then {x,} may be chosen to be weakly null.

It turns out that the following theorem by the authors which deals with finding biorthogonal systems in preduals is a good tool
for this problem.

Theorem 2 ([HJ, Theorem 3.56]). Let X be a Banach space and let { f,,} C X* be a bounded sequence. The following statements
are equivalent:
(i) {fu} is not a relatively compact set.
(ii) There are a subsequence {g,} of {f»} and an (infinite-dimensional) subspace Y C X such that {g, 'y} C Y* is a
semi-normalised w*-null sequence.
(iii) There is a semi-normalised basic sequence {x,} C X which is biorthogonal to a subsequence of { f,,}.

Moreover, we may assume in addition that {x,} is either weakly null or equivalent to the canonical basis of {,.

This theorem has useful applications, see e.g. [HJ] or [J].
To generalise these results into a non-separable setting we first need to define certain properties.
Let X be a normed linear space. For A C X™* and x € X we denote suppy x = {f € 4; f(x) # 0}.

Definition 3. Let X be a normed linear space and A C X *. We say that A has
e property € if supp, x is countable for each x € X;

e property Z if f, 2 0 for every sequence { f, } of distinct elements of A;

e property B if for every ¢ > 0 there is k(¢) > 0 such that card{ f € A4; | f(x)| > €} < k(¢) for any x € By.
Let u be an infinite cardinal. We say that X has

e property €, if there is A C Sy~ of cardinality u with property €;

e property Z,, if there is A C Sy~ of cardinality p with property Z;

e property B, if there is A C Sy~ of cardinality p with property 8.

For an application of property Z see e.g. [HSZ], property 8 comes from [B], where it is used for a construction of smooth
surjections, cf. [J]. First we gather some useful facts about these properties.

Fact 4. Let X be a normed linear space and A C X*. Then A has property Z if and only if for every x € X and every ¢ > 0 the
set{f € A; | f(x)| > &} is finite.

Proof. = Assume that there is x € X and ¢ > O such that B = {f € A; | f(x)| > ¢} is infinite. Then there is a sequence { f, } of
distinct elements of B and | f,(x)| > & for each n € N, a contradiction with { f,,} being w*-null.
< Let { f,} be a sequence of distinct elements of A, x € X,and ¢ > 0. Then B = {n € N; | f,(x)| > &} is finite and
| fu(x)| < & whenever n > max B.
O

In particular, note that 8 = Z = €.
Further, note that every normed linear space of dimension at least 2 has trivially property €,. Moreover, by the Josefson-
Nissenzweig theorem every infinite-dimensional normed linear space has even property Z,,.
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Fact 5. Let {(xy; fy)}yer be a fundamental biorthogonal system in a normed linear space such that { f, }yer is bounded. Then
{fy: v € I'} has property Z.

Proof. Let {y,},~, be a sequence of distinct elements of I". If y € I'", then f,,(x,) # O for at most one n € N and hence
Syn(xy) = 0. Consequently, f,, (y) — O forevery y € Y = span{x,; y € I'}. Let C > 0 be such that || ;|| < C for each
y € I'. Now given x € X and & > 0 we find y € Y such that ||x — y|| < 5%. Then there is no € N such that | f,,,(y)| < £
whenever n > ng. So | f,, ()| < | f5,, V)| + | f,,(x — y)| < & whenever n > ny.

O

Fact 6. Let I be any set, let M be a non-degenerate Orlicz function, and let { f, }yer be the canonical coordinate functionals of
the Orlicz space hy (I'). Then { f,; y € I'} has property B.

Proof. We set k(e) = Ml(s). Now if x € By,,(r), then Zyep M(| fy(x)|) < 1and hence card{y € I'; | f,(x)| > e} < % =
k(e) for each ¢ > 0.
O

Fact 7. The properties €, Z, B are preserved by continuous linear mappings in the following sense: Let X, Y be normed linear
spacesand T € L£(X;Y). If A C Y™ has one of the properties €, Z, B, then T*(A) has the same property.

Moreover, if T*(A) C X* \ {0} and A is infinite in case of property Z or B, resp. uncountable in case of property €, then
card T*(A) = card A.

Proof. The first statement follows from the fact that
card{g € T*(A): [g(x)| > e} <card{f € A; [T*(f)(x)| > &} = card{f € A: | f(T(x))| > &}

— . T(x)
—card{f € A; ’f(”—Tx”)‘ > ﬁ}
for any x € X and ¢ > 0 (together with Fact[d).
To see the second statement, let g € T*(A) and let x € X be such that g(x) > 0. Then {f € A; T*(f) = g} C {f € A;
I T*(f)(x)| > %} = {f € A; | f(T(x))] > %} and the last set is finite in case of property Z or 8, or countable in case
of property €. Since A = UgeT*(A){f € A; T*(f) = g}, it follows that T*(A) is infinite and card A < card T*(A), and so
card T*(A) = card A.
O

Lemma 8. Let X be a normed linear space and let A C X* be an infinite set with property Z, resp. B, and such that there is
8 > 0 satisfying || f || = 6 for each f € A. Then B = {ﬁ, f e A} C Sx= has property Z, resp. B, and card B = card A.

Proof. Consider the mapping @: A — Sx=, @(f) = ﬁ Then B = @(A). Fix x € X. Then {g € B; |g(x)| > &} =

O(f € A [2(H(X)| > &}) = DS € A |[f(0)| > el fI}) € S € A: | f(x)] > &d}) and so card{g € B; [g(x)| > ¢} <
card{f € A; | f(x)| > &8}. The last quantity is finite (Fact[4) and in case of property B8 and x € By not greater than k(&5).

Consequently, B has property Z, resp. 8.

Now let ¢ € B and let x € X be such that g(x) > 0. Then {f € 4; @(f) = g} C {f € 4; |2(f)(x)| > @} c{f €4
| f(x)] > %8} and the last set is finite. Since A = {J,cp @~1(g), it follows that B is infinite and card A < card B, and so
card B = card A.

O

The generalisation of Theorem 2] to large cardinalities is actually a purely combinatorial result:

Theorem 9. Let X be a normed linear space and A C X* \ {0} a set with property € and card A > w,. Further, for each f € A
let xy € X be suchthat f(xg) = 1. Then there is B C A, card B = card A such that {(xr; f)}rep is a biorthogonal system.

Proof. Define F: A — P(A) by F(f) = suppy xr \ {f}. Then by the assumption card F(f) < w; for each f* € A. Therefore
by Hajnal’s theorem on free sets ([EHMR| Theorem 44.3]) there is B C A, card B = card A that is free with respect to F, i.e.
F(f)N B = @ foreach f € B. This means that g ¢ supp, xr,i.e. g(xy) =O0forany f,g € B, f # g.

O

For cardinality w; we have at least the following well-known weaker statement.

Lemma 10. Let X be a normed linear space and A C X* an uncountable set. Suppose that for each f € A there is a given
X € X and that supp, Xy is countable (this holds in particular if A has property €). Then there is a long sequence { fo }a<w, C A
such that fg(xz,) = 0 whenever oo < < w.

Proof. We will use transfinite induction. Let 8 < w;. Then card(J, g suppy X7, < max{card 8,w} < w; and so there is
Jp € A\ Ua<ﬂ SUPP4 Xfy -
|

For cardinalities not larger than w; it is already not a purely combinatorial problem and a bit of analysis gets involved. For the
countable case see the proof of [HJ, Theorem 3.56]. For cardinality w; we have the following proposition.
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Proposition 11. Let X be a Banach space and A C X*. The following statements are equivalent:
(i) There is a biorthogonal system {(xy; f,)}yer C X x A of cardinality w;.

(ii) There is a system {(zy; fy)}yer C X x A of cardinality wy such that f,s are distinct, fo(zq) # 0 and Zyer|fy(1a)| <
400 foreacha € I.

Proof. (1)=(ii) is trivial.

(ii)=(i) By scaling the z, s we may assume that f,(zq) = 1 for each « € I". Further, by passing to a subset of I" we may
assume that {z, },er is bounded, say by C > 0. By Lemma we may pass to a further subset of I" and reindex by ordinals so
that

f8(za) =0 whenevera < 8 < w;. ()
Pick any § € (0, 1). By the assumption for each & < w; there is a finite set F'(«) C w1 \{a} suchthat >, ¢, \(F@uian!fy (@] <
8. By Hajnal’s theorem on free sets ([EHMR] Theorem 44.3]) there is B C w1, card B = w; that is free with respect to F, i.e.
F(x) N B = @ for each « € B. By passing to this set B we may assume that

DG <8 @)
y<a

for each & < w;. (Note that we can retain the ordering during reindexing so that (T)) still holds.)
Finally, we will construct a long sequence {Xq }o<w, C X such that {(x4; fo)}a<w, is a biorthogonal system. Fix o < w;. By
induction we construct a sequence {yx jpe; C X. Set y1 = z4 and

Yir1 =y — Y fy(i)zy
y<a
for k € N. The fact that yy is well-defined for each k € N will follow inductively from the following claim:
> LGl <8 3)
y<a

for each k € N. For k = 1 it follows from (2). Now let k € N. If 8 < «, then by the inductive hypothesis and (I)) we obtain
T8Okr1) = fsO) = D fr 0 f3Gy) = =D S0 fay) == Y [0 fa(y)

y<a ;;% B<y<a
Therefore
Y Gkl < Z( > |fy(yk)||fﬁ(zy>|) = Z(ny(yk)nfﬁ(zm) = Z(m(ykn Z|fﬂ(1y)|)
B<a B<a \ B<y<a y<a \ B<y y<o B<y
<8 1f )l <81,
y<o

where we used the Fubini theorem for non-negative functions, (2), and the inductive hypothesis.

From (3) it follows that [[ye+1 — vl < X, ol fy 0i)lllzy | < C8%. Consequently, |y — yell < X4yt — sl <

C Zﬁ;lk 8 < 1%81‘ forany k,I € N, k < [. Thus {yz} is Cauchy and hence convergent to some x, € X. Using and

induction it is easily seen that fo(yx) = 1 and fg(yx) = 0 whenever § > « and k € N. Thus f,(x,) = 1, while fg(xy) =0
for B > a. Now if B < «, then (3) implies that | fg (yk)| < 8k for each k € N and hence Jp(xe) = limg 00 fa(yx) = 0.

O

We note that the proof is based on a similar idea as in the countable case. The main difference is that in the countable case we
easily get rid of the “head” of the vector and the analysis is used to get rid of the “tails”, while in the the proof above it is the other
way round.

Thanks to the results of Stevo Todorcevi¢ Proposition [TT|can be applied in the case when we assume Martin’s axiom MA,,, :

Theorem 12. (MA,) Let X be a Banach space and A C X* a set with property Z and card A = w;. Then there are semi-
normalised systems { fo}a<w; C A and {Xq}a<w, C X such that {(xy; fo)}a<w, is a biorthogonal system.

Proof. Let { fo}a<w, C A\ {0} be such that all fys are distinct. For each @ < w; choose z, € X such that f,(z) = 1. The
axiom MA,,, allows us to pass to a subset of indices of cardinality w; so that we may assume that Zy<w1 | fy(2a)| < 400 for
each ¢ < wp. The proof can be found in [T, pp. 699-700] (we set Z = {z4; o < w1}), cf. also [HMVZ pp. 153-154]. We
conclude the proof by appealing to Proposition and then passing to subsets of indices so that both { fo }a<e; and {xq}oa<w, are
semi-normalised.

O

We note that Theorem [I2] actually follows from the proof of [T, Theorem 1]. However, the argument using Proposition [IT]as
above is orders of magnitude simpler. Further, we remark that we do not know of any counterexample to a general version of
Theorem (without additional axioms), since the space C(K), where K is a Kunen-type compact, does not have property Z,,
([HSZ, Proposition 4]).
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As we shall see, non-separable versions of Proposition |l| are tied with the behaviour of the dual operator. The next three
propositions record some useful properties of the dual operator.

Proposition 13. Let X, Y be normed linear spaces and T € £(X;Y). Let A C Y* be a bounded infinite set of cardinality
with property € if & > w or Z if i = . Then the following statements are equivalent:

(i) There are § > 0 and B C A with card B = u such that |[T*(f)|| = § for every f € B.
(ii) Both T (Bx) and T*(A) contain uniformly separated sets of cardinality .

Proof. (ii)=(1) If T*(B) is 25-separated, then the ball U(0, §) contains at most one member of 7*(B).
(i)=(ii) From Fact [7] we get that card 7*(B) = card B = . Let C > 0 be such that A C B(0, C). By Theorem [9] (for
p > 1), Lemma [10] (for & = @), or Theorem P (for 4 = w) there are {g4}a<x C T*(B) and {Xq}a<u C Bx(0, R) for

some R > O such that go(xy) = 1 and gg(x,) = 0 whenever @ < 8 < u. For each o < p choose any f, € B such that

T*(fa) = &a- Then ||gq — gﬂ” = M(ga - gﬂ)(xot) = ||x1a|| = % and ”T(xﬂ) —T(xa)| = Wlﬁnfﬂ(T(x,B) - T(xa)) >

S(T*(fp)(xp) = T*(fp)(xa)) = &(gp(xp) — g8(xa)) = & Whenevera < B < .

O

Proposition 14. Let X be a normed linear space, y an infinite cardinal, and T € £(X;co(u)). Denote by {(eq; fa)}a<u the
canonical basis of co(w). Then the following statements are equivalent:

(i) T*({ fo: o < u}) contains a uniformly separated set of cardinality ji.
(ii) T(Bx) contains a uniformly separated set of cardinality (L.

Proof. (i)=>(ii) follows from Proposition[I3]and Fact[5]

(ii)=(1) Let A C By be such that card A = p and ||T(x) — T(y)|| > & for some § > 0 and every x,y € A, x # y. We
will construct a sequence {yq }o<y, Of distinct ordinals such that ||T*(fy, )|l > g by (transfinite) induction. The proof will then
be finished by using Proposition(and Fact . Soleta < w. Denote I, = {yg: B < a}, Zo = span{ey; y € Iy}, and
Pr,: co(n) — Zg4 the canonical projection. Then card I, < carda. Note that Pr, (T (x)) € Bz, (0, ||T]) for every x € A.
There are x, y € A, x # y such that || P, (T (x)) — Pr,(T(»))|| < 8. Indeed, if @ < w, then it follows from the compactness of
Bz, (0, |T]|), while for > w it follows from the fact that dens Bz, (0, || T'||) < cardor < p. Since ||T'(x) — T'(y)| > 8, there is
Yo € 1\ Ty such that | fy, (T(x) = T(»)| = 8. Then | T*(fr )|l = 3IT* () (x = ¥)| = 3| fra (T(x = y))| = .

O

Proposition 15. Let X be a normed linear space, 1 < p < oo, and p an infinite cardinal. Denote by {(eq; fo)}a<y the canonical
basis of £, (). Then the following statements are equivalent:

(i) Thereis T € £(X;Lp(1)) such that {T*(fy); o < [} is uniformly separated.
(ii) Thereis T € £(X;€,(1)) such that T (Bx) contains a uniformly separated set of cardinality [i.

Proof. (i)=(ii) follows from Proposition[I3]and Fact 5]

(i))=(@) Let A C By be such that card A = p and ||T(x) — T(y)|| > & for some § > 0 and every x,y € A, x # y. Put
&= 85(1 — ZL,,)% > 0. Forany A C p denote by P4: £,(t) — Span{e,; y € A} the canonical restriction projection. We will
construct (long) sequences {Aq }o<, C p of finite disjoint subsets of p and {gq }o<, C X ™* by (transfinite) induction. Let o < p.
Denote I, = Uﬂ<a Ag and Z, = span{e,; y € I,}. Then I}, is finite if o < @ and card I, < card @ otherwise. Note that
Pr,(T(x)) € Bz,(0,||T|) for every x € A. There are x,y € A, x # y such that | Pr, (T(x)) — Pr, (T (»))| < % Indeed, if
o < o, then it follows from the compactness of Bz, (0, || T'||), while for « > w it follows from the fact that dens Bz, (0, || T'||) <
carda < ju. Denote z = x —y € 2Bx. Then 87 < |T(x) = T(W)I|” = IT@)|1” = [ Pr, (T@)I? + [ Pirr (TE)IP < 57 +
| Pr, (T(2))||? and hence || P\ r, (T (2))|| > §(1 — le)% = 2¢. Thus there is A, C u \ I finite such that || P4, (T'(z))]| = 2e.
Further, let hy € Sy, (4,)* be such that ha(PAa (T(Z,))) = ||P4,(T(2))|| = 2¢ and set g = hy o P4, o T. Then g € X*,
lgall < T and ||go |l > 284(2) = 2ho(Pa,(T(z))) = e. This finishes the induction step.

Now define §: X — foo(t) by S(x) = (ga(x))a<u. Then § is clearly a linear mapping. Further, Za<u|ga(x)|1’ =
> aep |ha(Pag (TCN)|” < 3l Paa TEDNP = Xepy Xopean | (TP < [T (x)||” for any x € X. Consequently,
S maps into £, (1) and S € (X;£,(1)). Moreover, S*(fo) = ga, and so [|S*(fo)| = llgall = & for each « < p. We finish by
applying Proposition [[3] (passing to another restriction).

O

Finally, the next four theorems offer various variants of the generalisation of Proposition
Theorem 16. Let X be a Banach space and . an infinite cardinal. Let Y be a Banach space with a (long) sub-symmetric Schauder

basis {(eq; fu)}a<u- Consider the following statements:

(i) Thereare T € £(X;Y) and § > 0 such that |T*(fy)| = 8 for every a < .
(ii) Thereis T € £(X;Y) such that T(Sx) D {ea}a<p-

Then (ii)=(i). If u # w1 or if we assume MA,,,, then the statements are equivalent.
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Proof. (ii)=(i) For each o < p let x, € By be such that T'(xy) = ey. Then |T*(fo)|| = T*(fo)(Xa) = fo(T(xq)) =
Jalea) = 1.

Now assume that either it # @, or MA,, holds and let us prove (i)=(ii). By Facts andthe set {T*(fy); @ < u} has
property Z and is of cardinality u (note that { fo }o<,, is automatically semi-normalised, as the basis is sub-symmetric). Using
Theorem ] (for 4 > wy), Theorem[I2|(for 1 = wy), or Theorem 2] (for 4 = w) we obtain I" C p with card I = p and a bounded
{xy}yer C X such that {(x,;T*(fy))}yer is a biorthogonal system. Denote Z = span{e,; y € I'}. Define S: X — Z by
S(x) =2 erlxyll fy (T (x))ey. The unconditionality of {eq }o<, implies that S is a well-defined continuous linear mapping.
Also, S (x—”) = e, for each y € I'. Finally, since {eq }¢<,, is sub-symmetric, there is an isomorphism /: Z — Y that maps

[EA
{ey }yer onto {ey}o <, The operator we seek in our proof is then / o S.

O
Theorem 17. Let X be a normed linear space and |1 an uncountable cardinal. Denote by { fo }a<y the canonical coordinate
Sfunctionals on £ () and by {eq}o<yu the canonical coordinate vectors in LS (1), i.e. eq = x{oy. Consider the following
statements:

(i) X has property €.
(ii) Thereis T € £(X;L5 (1)) such that T (Bx) contains a uniformly separated set of cardinality pu and {T*(fo)}a<u C Sx*
is uniformly separated.
(iii) Thereis T € L(X; L5, (1)) such that card{o; T*(fy) # 0} = .
(iv) Thereis T € £(X ;€5 (1)) suchthat T(X) D {eq}a<u-
(v) Thereis T € £(X; L5, (1)) such that T(Sx) D {ea}a<u-
Then (i)&(ii) <& (iii)<(iv) & (v). If L > w1, then all the statements are equivalent.

Proof. (i))=(ii) Let A C Sx= be a set of cardinality u with property €. For each f € A choose any xy € 2By such that
f(xf) = 1. By Theorem@, resp. Lemmathere is {ga}a<u C A such that gg(xg,) = 0 whenever @ < B < . Define
T:X — loo(p) by T(x) = (8¢ (x))a<y- Property € implies that T actually maps into £5 () and it is clearly a bounded linear
operator. Note that 7*( fy) = ga € Sx* for every o« < u. Further, ||T(%xga) — T(%xgﬁ)H > |fﬂ (T(%xga) — T(%xgﬁ))| =
|28 (5%g.) — 88(5%g5)| = 3 and [ T*(fo) = T*(fp)|| = llga — 81l = (8o — 28)(5Xg,) = 5 Whenevera < < pu.

(i1)=(iii) is trivial.

(iii)=>(i) Let I' = {o: T*(fy) # O} and consider the mapping F: I' — Sx«, F(a) = =l Set A = F(I'). Given
g € Aand x € X, note that g(x) # 0 if and only if fo(T(x)) = T*(fx)(x) # O for every o € F~!(g). It follows that
supp,4 x C F(supp T'(x)) and so supp, x is countable for each x € X. Hence A has property €. It also follows that F~!(g) is
countable for each g € A. Consequently, card I = card UgeA F~(g) < max{card A, w}, and so card A = card I" = p.

(iv)=>(iii) For each o < p let x4 € X be such that T'(xy) = ey. Then T*(fo) (X)) = fa(T (X)) = faleq) = 1.

(v)=(v) is trivial.

(iv)=-(v) Assume that © = w;. For each @ < u let x, € X be such that T (xy) = e,. Consider 4, = {a < u; ||xq|| < n}.
Then u = |J;2, Ay and since cfju > o, there is n € N such that card A, = p. Define S: X — €5 (A,) by S(x) =
(||xa||fa(T(x)))a€An. Then S € £(X;L5,(A,)), |S|| <n||T]|, and S(”i—‘;”) = ey foreach o € A4,,.

Now assume that i > w; and let us prove (i)=(v). Let A C Sy= be a set of cardinality p with property €. Foreach g € A
find x; € 2By such that g(x;) = 1. By Theorem@]there is B C A with card B = p such that {(x,; g)}gep is a biorthogonal
system. Define T: X — {oo(B) by T(x) = (||xg ||g(x))geB. Then clearly T is a bounded linear operator with || 7’| < 2 and by
property € it maps into £5_(B). Finally, T(”iﬁ) = eg foreach g € B.

O

Corollary 18. Let X be a Banach space and (. an infinite cardinal. Denote by {(eq; fo)}a<u the canonical basis of co(L).
Consider the following statements:
(i) X has property Z,,.
(ii) Thereare T € £(X;co(n)) and § > 0 such that |T*(fy)| = § for every o < p.
(iii) Thereis T € £(X;co()) such that T (Bx) contains a uniformly separated set of cardinality |i.
(iv) Thereis T € £(X;co(n)) such that T(Sx) D {ea}a<u-
Then (i) (ii) <& (iii)<=(iv). If @ # w1 or if we assume MA,,,, then all the statements are equivalent.

Proof. (1)=>(ii) Let A C Sy~ be a set of cardinality p with property Z. Let {gq}a<, C A be along sequence of distinct elements
of A. Define T: X — Loo(ut) by T(x) = (8a(X))a<p- FactE]implies that 7" actually maps into co(u) and it is clearly a bounded
linear operator. Obviously 7*( fo) = go € Sx= for every o < L.

(ii)=(i) follows from Fact[5] Fact[7] and Lemmal[3]

(ii)=>(iii) follows from Fact[5|and Proposition[13]

(iii)=-(ii) From Propositionit follows that there are § > 0 and I C u with card I = p such that |T*(f,)| > § for each
y € I'. Define a bounded linear operator S: X — co(I") by S(x) = (fy (T(x)))yer. Then clearly S*( f,) = T*(,) for each
yel.

The rest follows from Theorem [16l
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Corollary 19. Let X be a Banach space and . an infinite cardinal. Denote by {(eqy; fa)}a<u the canonical basis of the Orlicz
space hpg (). Consider the following statements:
(i) X has property 8B,,.
(ii) There are a non-degenerate Orlicz function M, T € £(X; hpr (1)), and § > 0 such that |T*(fy)|| = 6 for every a < p.
(iii) There are a non-degenerate Orlicz function M and T € £(X; hp(n)) such that T(Sx) D {eata<pu-
Then (i)& (ii)<=(iii). If & # w1 or if we assume MA,, then all the statements are equivalent.
Moreover, the Orlicz function M in (ii) and (iii) can be the same.

Proof. (i)=(ii) Let A C Sx+ be a set of cardinality  with property 8. Let {gq }a<u C A be a long sequence of distinct elements
of A. We may assume without loss of generality that the function & — k(¢) is positive and non-increasing. Let {e,}52; C (0, 1) be
any sequence decreasing to 0. Let ¢ : [0, 1] — R be a function affine on each [g,+1, &,] and satisfying ¢(g,) = niz -1/ k(";”jl1 ),
©(0) = 0. Let M be the convex envelope of . It is easily seen that M can be extended to a non-degenerate Orlicz function. We
define T: X — Loo(it) by T'(x) = (8¢ (x))a<u- Then T is clearly a linear operator. Further, if x € B(0, p), then card{o < p;

|ga(X)| > &} = card{er < p; [ga(3)] > £} < k(%), and so if p > 1, then (putting 9 = p)
p ) o

> Mlga()) = Y > Mg = D M-k (2) = 3 M-k (2) + 3 M-k (2)
a<p n=1 {a; ey <|ga(X)|<en—1} n=1 P n=p p n>p "
. 1
= gM(gn—l)k(%> + ’;p m < +00.

It follows that T actually maps into sps (@) and that T € £(X; hpr (). Clearly T*(fy) = go € Sx* forevery o < p.
(ii)=(i) follows from Fact[f] Fact[7] and Lemmalg]
The rest follows from Theorem
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