A QUANTITATIVE VERSION OF THE CONVERSE TAYLOR THEOREM:
Ck»_SMOOTHNESS

MICHAL JOHANIS

ABSTRACT. We prove a uniform version of the Converse Taylor theorem in infinite-dimensional spaces with an explicit relation between
the moduli of continuity for mappings on a general open domain. We show that if the domain satisfies certain conditions (e.g. if it is convex
and bounded), then we can extend the estimate up to the boundary.

The converse to the Taylor theorem is a well-known result, see e.g. [LS]] or [AD]. We could not find in the literature a version
of this theorem for mappings with uniformly continuous derivatives that deals explicitly with the moduli of continuity, so we prove
such a version below (Theorem [9). Usually when dealing with quantitative uniform estimates for derivatives of mappings on
general open domains there are troubles when we approach the boundary. We show that if the domain satisfies certain conditions
(e.g. if it is convex and bounded), then these problems can be avoided.

All vector spaces considered are real. We denote by B(x, r), resp. U(x, r) the closed, resp. open ball in a normed linear space
centred at x with radius » > 0. By By we denote the closed unit ball of a normed linear space X, i.e. By = B(0,1).Let X, Y
be normed linear spaces and n € N. By £°("X; Y') we denote the space of symmetric n-linear mappings from X to Y with the

norm | M| = supy,  y ep, IM(x1,...,xn)[l. By P("X;Y) we denote the space of n-homogeneous polynomials from X to Y

with the norm || P|| = sup,cp, [|P(x)|. By P"(X;Y) we denote the space of polynomials of degree at most 7 from X to ¥

with the norm || P || = supycp, || P(x)||. We will use the following convention: for k € Ng = N U {0} and x € X we denote

kx = x,...,x.If P € P("X;Y), then we denote by P the uniquely determined symmetric n-linear mapping that gives rise to the
k times

polynomial P,i.e. P(x) = P ("x). We start by recalling a few well-known results on polynomials that will be needed later on.
They can be found e.g. in [M].

Lemma 1. Let X, Y be normed linear spaces,n € N, P € P("X;Y), and x,y € X. Then

Pa+n =Y (”.)Fax,"—fy).
j=o

Theorem 2. Let n € Ny. There are numbers ay; € R, k,j = 0,...,n, such that whenever X, Y are normed linear spaces,
P e PM(X:Y), and P € P(*X:Y) are such that P =Y ;_, Py, then Pi(x) = Y 7_gar; P(%x) for every x € X.
In particular, there are constants K, > 0 such that

10k ()1l = Kn e max |0 (%))
whenever X, Y are normed linear spaces, Q € P*(X;Y), x € X,andk € {0, ...,n}, where Qy is the k-homogeneous summand
of 0.
The next lemma shows that the Polarisation formula applied to a non-homogeneous polynomial extracts its “leading term”.

Lemma 3 ([MQI). Let X, Y be normed linear spaces, n € N, and let P € P"(X;Y) be such that P = ZZ:O Py where
P € P(*X;Y). Then

- 1 n
Pn(xl,...,xn)zm Z 81---8nP<a+Zajxj)
! =

£j ==+1

foreverya,xi,...,x, € X.
The following lemma is useful for estimating the norm of a homogeneous polynomial using its values on an arbitrary ball.

Lemma 4. Let X, Y be normed linear spaces, n € N, let P € P"(X;Y) be such that P = ZZ:O Py, P, € J)(kX; Y), and let
a € X. Then

nn
I1Pa()] = — sup [[P(a+tx)
n te[-1,1]
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for every x € X. In particular, for any r > 0

nn
sup ||[Pp(x)| =~ sup )IIP(X)||~

x€B(0,r) * x€B(a,r

Proof. By Lemma[3]

n
1Pn ()] = n" -

=

sup ||P(a + tx)|.

n
n!
©re[—1,1]

X n"
P"(;) H = 2np! Z

g;==%x1

n
X
P — .

|

Let X, Y be normed linear spaces, U C X open, f: U — Y, and x € U. By Df(x) we denote the Fréchet derivative of f
at x, and by Df(x)[h] we denote the evaluation of this derivative at the direction # € X. Similarly we denote by DX f(x) the
kth Fréchet derivative of f at x. By d¥f(x) we denote the k-homogeneous polynomial corresponding to the symmetric k-linear
mapping D¥ f(x), and by d¥ f(x)[h] we denote its evaluation at & € X, i.e. dXf(x)[h] = D*f(x)[*n].

We say that f is C¥-smooth if D¥f (i.e. the mapping x — D* f(x)) is continuous in the domain. We denote by C*(U;Y)
the vector space of all C*¥-smooth mappings from U into Y . For convenience we put C®(U;Y) = C(U;Y), i.e. the continuous
mappings.

Lemma 5. Let X, Y be normed linear spaces, U C X open, f:U — Y, k € N, anda € U. Then d*f(a) exists if and only if
D(d*'f)(a) exists.

Proof. Denote by I: P(*71X;Y) — £5(*~'X;Y) the canonical isomorphism I(P) = P from the Polarisation formula. Then
D¥1f =T odk=1f and d*1f = I=' o D¥~1f and so the equivalence follows from the Chain rule.
O

Notice that by the Polarisation formula f € C¥(U:Y) if and only if the mappings x > d/f(x), j = 1,...,k, are continuous
on U. Recall the following two versions of Taylor’s theorem:

Theorem 6 (Peano’s form of Taylor’s theorem). Let X, Y be normed linear spaces, U C X anopenset, f: U — Y,a € U,
k € N, and suppose that D¥ f (a) exists. Then

=o(||x —a||k), X —a.

k
F0) =Y ~d/ f@lx —al
j=0 7

Theorem 7. Let X, Y be normed linear spaces, U C X an open convex set, k € N, and f € CK(U:Y). Then for any x € U
and h € X satisfying x + h € U we have

k
H Ft =3 d () lh]

j=0 /"

1
= F( sup ”dkf(x +th) _dkf(x)H) . ||h||k,
- \trel0,1]

Let X, Y be normed linear spaces, U C X anopenset, f: U — Y, and k € Ny. We say that f is T*-smooth at x € U if
there exists a polynomial P € £¥(X:Y) satisfying P(0) = f(x) and

f(x+h)—P(h) = o(|h]|*), h — 0. (1)

We say that f is T*-smooth on U if it is T¥-smooth at every point x € U.
We remark that the polynomial in (I} is uniquely determined. It is easy to see that Tk +1_smoothness implies 7%-smoothness.

If # is T'-smooth at x, then f is Fréchet differentiable at x with Df(x) = Py, the 1-homogeneous term of P.

Theorem@implies that a C¥-smooth mapping is also 7%-smooth and the approximating polynomial is given by Z;‘ZO % d7f(x).
The converse is not true in general: consider f: R — R, f(x) = x¥*1sin xlk’ £(0) = 0. Then f is T¥-smooth but not even
C '-smooth. Nevertheless, under certain uniformity assumptions the converse does hold.

Theorem 8 (Converse Taylor theorem). Let X, Y be normed linear spaces, U C X an open set, f: U — Y, and k € Ny. Then
f e CXW:Y) ifand only if f is a T*-smooth mapping satisfying
RO
Gm—x.0  |h|*
h#0

2)

for every x € U, where R(x,h) = f(x + h) — P*(h) and the polynomials P* € P*(X;Y) come from the definition of
Tk -smoothness at x. In this case P* = Z?:o ﬁdjf(x).

The proof of the uniform version below reuses significant parts of the proof of this theorem. For this reason (and also for the
reader’s convenience) we give our version of the proof. The main ideas are the same as in [ADI.
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Proof. = 1If f € C¥(U:Y), then f is T¥-smooth, and P* = Z?:o %d J f(x) by the uniqueness of the Taylor polynomial. Fix
x € U and choose any & > 0. Let § > 0 be such that B(x,28) C U and ||d*f(z) —d*f(x)| < & for z € B(x,26). By Theorem
1 2¢e
IR = i ((sop akr@ - a5l ) - Inlk < it
* \z€B(y.8) :

whenever y € B(x,§) and i € B(0, §), from which (2)) follows.

< We use induction on k. For k = 0 the assertion is obvious, since both 7'°-smoothness and C°-smoothness mean just the
continuity of f. So assume that k € N and the theorem holds for k — 1.

Fix x € U and let § > 0 be such that U(x, 2§) C U. We have

fx+h+y)=P (h+y)+ R h+y),
S 4R+ y) = P(y) + R(x +h,y)
forall h, y € U(0,8). Set g(h, y) = P*T"(y) — P*(h + y). Denote by sz the j-homogeneous summands of P%, j =0,...,k.

By Lemmawe can write ¢(h, y) = Zf:o q;(h,y), where

3)

k
l — g .
4i(hy) = PP =3 (].)P,xd i),
I=j
Note that ¢(h,-) € P¥(X;Y) and qi(h,") € PUUX;Y),j =0,... .k forh € U(0,8). By subtracting the equalities (3) we obtain
q(h,y) = R(x,h+y)— R(x + h,y). Thus for any &, y € U(0, ) such that || y|| < |||, y # 0, and y # —h we obtain

R(x.h R h
||q(h,y)||s||R<x,h+y>||+||R<x+h,y>||5(2"” okl | (”k’y)”)nhnk.
TS i

It follows (using also simpler versions of the above estimate if y = 0 or y = —h) that

llge, )1l = o(1A1F), (h, y) = (0,0), [|y]| < [IAl.
Applying Theoremwe get [|q; (h, y)|| < Kk, j mlaxk||q(h, %y)” forall h € U(0,8), y € X,and j € {0, ..., k}. Therefore
0<l<

lg; (B )1 = o(I2]F). (h.y) = (0.0). [yl < |IA].
So finally by taking the supremum over y € B(0, ||/]|) and using the j-homogeneity of ¢; (A, -) we obtain

(h. Ny
llgj (h, )1l = sup ||||q;(h,y)ll = sup Ja; @ I _ o(lh|*=7), h — 0 “4)

17217 1y < Iyi<ial Al

foreach j € {0, ..., k}.
Since g (h,-) = P; th_ P}, it follows that the mapping x > P} is continuous on U. Further, since for & # 0

k-1
[/ +m =% PP W] _IRG.WI+ 1P _ (||R(y,h)|| N “Py”) .
[[72]]%=1 h [[72]|%=1 B [l k ’
n-=Y5Zb PY(h
the continuity of x > P implies  lim I7r+ )” hﬁ’__lo PP _ 6 and so by the inductive hypothesis f is C¥~'-smooth

(y,h)—(x,0)
h#0

and P¥ = %djf(x),j =0,...,k— 1. Thus

Q11 ) = - (@57 G+ DT = D) - kP ()
and from (@) we get
| f (x 4+ by — d* 1 (x) = kU PE (R, ... )| = o(llk]]), b — 0.

Therefore d* f(x) exists by Lemma and consequently d* f(x) = k!P; by Theorem@ which finishes the proof.
O

A modulus is a non-decreasing function w: [0, +00) — [0, +00] continuous at 0 with w(0) = 0. The set of all moduli will be
denoted by M. An important subset of all moduli consists of the sub-additive moduli. A nice feature of a sub-additive modulus @
is that it is real-valued and uniformly continuous with modulus of continuity w. It is easy to check that the minimal modulus of
continuity of a uniformly continuous mapping defined on a convex subset of a normed linear space is sub-additive.

Let X, Y be normed linear spaces, U C X anopenset,k € N, f € Ck(U; Y), and let ® € M. We say that f is C*_smooth
on U if d¥f is uniformly continuous on U with modulus .

Let X, Y be normed linear spaces, V C X anopenset, f: V — Y, and k € Ny. We say that f is U T*_-smooth on V if there
exists @ € M such that for each x € V there is a polynomial P € £*(X;Y) satisfying

I/ (e +h) = P < o(RDIAI* forx+heV.
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We note that U T%*+!-smoothness in general it does not imply U T*-smoothness — the function f(x) = x3 is U T?-smooth
on R but it is not U T''-smooth on R.

Theorem [7| implies that a C*®-smooth mapping on a convex U is UT*-smooth on U with modulus %a). The converse
statement is contained in the next theorem.

Theorem 9. Let X, Y be normed linear spaces, U C X an open set, f: U — Y, and k € N. Suppose that f is U T*-smooth
on U and the modulus  from the definition of U T*-smoothness is sub-additive. If V. C U is an open bounded subset satisfying
dist(V, X \ U) > 0, then f is C*™®_smooth on V, where m > 0 is a constant depending on k, diam V, and dist(V, X \ U).

If moreover U is bounded and there exists r > 0 such that for each x € U there is a € U satisfying conv({x} U B(a, r)) cU,

then f is C*™®_smooth on the whole of U, where m = cy, (M)k and ¢ > 0 is a constant depending only on k. The same
holds if U = X (in this case m = cy).

Proof. First notice that f € C¥(U;Y) by Theorem Let V' C U be a non-empty bounded open set for which dist(V, X \ U) > 0.
Put p = diam V and ¢ = min{p, dist(V, X \ U)}. Fix any x € V and h € X such that x + & € V. We use the notation from the
proof of Theorem 8] For any y € X satisfying || y|| < |||l and x + h + y € U we have

lg(h, I < IRCGe, h+ )|+ IR+ b, 9L < ok + y DI+ y1IF + oy DIy

(5)
< oQ[hN2FNAIF + o(hDIRIF < @5+ Do) |A]F.

Therefore by Theorem
ld*f(x + Wyl = d*F) | = klige . )l < KKk max ||q<h,ky>|| < k'Ky g CFFL 4 Do (1)) |17]*

for all y € X satisfying ||y] < §||h||. Consequently, if & # 0,

1 k
|a*f(x +m) —d*fo] = (SHTH)" | ”Sllp"h” |a*f(x + Myl = d*f 0| < i—kk!Kk,k(Zk“ + Do([[A]).
) =%

Note that in the case U = X we can take the supremum over || y| < ||&|| (since x + & + y always lies in the domain of f') and
thus we obtain the estimate for any x,h € X.

Finally, let us suppose that U is bounded and there exists r > 0 such that for each x € U there is a € U satisfying
conv({x}UB(a.r)) C U.Fixanyx € U andh € X\ {0} suchthatx+% € U.Puta = 1= and s = a|/4||, and note that o < 1
ands < r.Leta € U be such that conv({x +h}U B(a,r)) CU.Setu = aif[[a—x—h| < ||h| andu = x +h + ”Z = Z" 12l
otherwise. Note that B(u,s) C U. Indeed, if ¥ = a, then we use the fact that s < r. Otherwise, every z € B(u, s) can be
expressed as a convex combination z = (1 — %)(X +h) + Ta ”2” AW, Where w = a + (z—u) ”“]ﬁh” € B(a,r).

Nowif y € B(u —x —h,s),thenx +h+y € B(u,s) CU and |y|| < lu—x—h||+s < ||h|| +s = (1 + o) | k| < 2|k]-
Hence, similarly as in (3)),

g, I < o(lh + yDIE + y1F + oy DIVIF < oGIADE + o)F|A1F + o@lIhD (A + )F||h|*
< (3@ +a)f +2(1 + )F)o (IR 2IF < 52 + ) o(|hIDIIA]F.

Thus using Lemmafd] we obtain

1 k!
|d*f(x+h)—d*fo)| = = sup |d*f(x +m)y]—d* S]] = = up ||qk(h,y)||
$ yeB(0,s) s

Y&

k % k
= s lgGuy)ll = 5@+ o odlh Al = 5k¢ (1 + ) o(||h)-
$* yeBu—x—h,s)

In the convex case the assumption on the sub-additivity of the modulus @ can be dropped:

Corollary 10. Let X, Y be normed linear spaces and let U C X be an open convex set that is either bounded or has the property
that there are a € X, r > 0, and {uy}nen C X, |un|l = n such that B(a + u,,nr) C U for each n € N (this holds in
particular if U contains an unbounded cone). If f: U — Y is UT*-smooth, k € N, and w is the modulus from the definition

of UT*-smoothness, then fis Ckm _smooth on U for some m > 0. More precisely, in the bounded case m = Cke’{/, where

i . . . k
ey = Sup{r;dlg(% and ¢y > 0 is a constant depending only on k; in the unbounded case m = cj, (1 + %) .

Proof. First suppose that U is bounded and B(a,r) C U. By the convexity the assumption of Theorem [J] is satisfied and
from the proof it is easily seen that we obtain Hdkf(x + h) — d¥f(x) || < 2kk (1 + M)k o3|k for any x,h € U.
Thus wy (t) < cke’{]w(3t), where w; is the minimal modulus of continuity of d k f on U. But since w; is sub-additive, we get
w(t) < 3a)1(%t) < 3cke’{]w(t).



A QUANTITATIVE VERSION OF THE CONVERSE TAYLOR THEOREM: C*¥-®_SMOOTHNESS 5

In the unbounded case choose any n € N and put V = U NU(a,n + nr). Then U(a + u,,nr) C V and so by the first part of
the proof f is C*™®_smooth on V form = ck(z(%r”r))k = 2k¢ (1 + %)k Since this constant is independent of 7, it follows
that f is C*™®_smooth on the whole of U.

O
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