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Jana Hromadová, Zdeněk Halas
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Sb́ırka vznikla v rámci projektu:
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1 Afinńı prostor

Úloha 1.1 Určete, zda An = (A, Vn, f) tvoř́ı afinńı prostor, jestlǐze

A = R2,

Vn = R2,

∀X,Y ∈ A : f (X,Y ) = Y −X = (y1 − x1, y2 − x2) = u⃗ ∈ V .

Úloha 1.2 Určete, zda An = (A, Vn, f) tvoř́ı afinńı prostor, jestlǐze

A = Rn,

Vn = Rn,

∀X,Y ∈ A : f (X,Y ) = Y −X = (y1 − x1, y2 − x2, . . . , yn − xn) = u⃗ ∈ V .

Úloha 1.3 Určete, zda An = (A, Vn, f) tvoř́ı afinńı prostor, jestlǐze

A = R3,

Vn = R3,

∀X,Y ∈ A : f (X,Y ) = Y −X = (y2 − x1, y3 − x2, y1 − x3) = u⃗ ∈ V .

Úloha 1.4 Určete, zda An = (A, Vn, f) tvoř́ı afinńı prostor, jestlǐze

A =
{
[x1, x2] ∈ R2;x2 > 0

}
,

Vn = R2,

∀X,Y ∈ A : f (X,Y ) =

(
x1 − y1 + log

x2
y2

, x1 − y1 − log
x2
y2

)
= u⃗ ∈ V .

Úloha 1.5 Určete, zda An = (A, Vn, f) tvoř́ı afinńı prostor, jestlǐze

A =

{
[x1, x2] ∈ R2;

x21
9

+
x22
16

= 1

}
,

Vn = R,
∀X,Y ∈ A : f (X,Y ) = x2 − y2 = u⃗ ∈ V .

Řešeńı.

1.1 Ověř́ıme 1. vlastnost z definice afinńıho prostoru (f (X,Y ) + f (Y,Z) = f (X,Z)).

X,Y, Z ∈ A

X = [x1, x2]

Y = [y1, y2]

Z = [z1, z2]

f (X,Y )+f (Y,Z) = (y1 − x1, y2 − x2)+(z1 − y1, z2 − y2) = (z1 − x1, z2 − x2) = f (X,Z)
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Ověř́ıme 2. vlastnost z definice afinńıho prostoru (je-li P ∈ A, P = [p1, p2], pak ∀X ∈ A

lze jednoznačně přǐradit vektor u⃗ = P⃗X; ∀u⃗ ∈ V ∃!X tak, že u⃗ =
−−→
PX).

u⃗ =
−−→
PX = (x1 − p1, x2 − p2)

u1 = x1 − p1 x1 = u1 − p1
u2 = x2 − p2 x2 = u2 − p2︸ ︷︷ ︸

jednoznačné vyjádřeńı

Ke každému vektoru u⃗ ∈ V tedy existuje právě jeden bod X ∈ A tak, že u⃗ = f (P,X),
zobrazeńı f má tedy i 2. vlastnost z definice afinńıho prostoru.

Trojice (A, Vn, f) je tedy afinńı prostor.

1.2 Postup stejný jako v př́ıkladu 1.

1.3 A je neprázdná množina, V vektorový prostor. Ověř́ıme 1. vlastnost z definice afinńıho
prostoru (f (X,Y ) + f (Y, Z) = f (X,Z)).

L : (y2 − x1, y3 − x2, y1 − x3) + (z2 − y1, z3 − y2, z1 − y3)

= (z2 − x1 + y2 − y1, z3 − x2 + y3 − y2, z1 − x3 + y1 − y3)

P : (z2 − x1, z3 − x2, z1 − x3)

L ̸= P =⇒ nejedná se o afinńı prostor.

1.4 Ověř́ıme 1. vlastnost z definice afinńıho prostoru. Využijeme přitom vlastnost logaritmů

log
x2
y2

+ log
y2
z2

= log
x2
z2

.

f (X,Y ) + f (Y, Z) =

(
x1 − y1 + log

x2
y2

+ y1 − z1 + log
y2
z2

, x1 − y1 − log
x2
y2

+ y1 − z1 − log
y2
z2

)
=

(
x1 − z1 + log

x2
z2

, x1 − z1 − log
x2
z2

)
= f (X,Z)

Ověř́ıme 2. vlastnost z definice afinńıho prostoru.

Uvažujme P = [p1, p2], kde p2 > 0.

f (P,X) =

(
p1 − x1 + log

p2
x2

, p1 − x1 − log
p2
x2

)
Zvolme u⃗ ∈ V , u⃗ = (u1, u2), a hledejme X ∈ A tak, aby platilo f (P,X) = u⃗.

u1 = p1 − x1 + log
p2
x2

u2 = p1 − x1 − log
p2
x2

Sečteńım, resp. odečteńım rovnic źıskáme

2p1 − 2x1 = u1 + u2,

2 log
p2
x2

= u1 − u2.

Odtud ekvivalentńımi úpravami dostaneme

x1 =
2p1 − u1 − u2

2
,

x2 = p2 · 10
u2−u1

2 .

=⇒ ∃! X =⇒ zobrazeńı f splňuje i 2. vlastnost.

Trojice (A, Vn, f) tedy tvoř́ı dvojrozměrný afinńı prostor.
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1.5 Obecně plat́ı, že dimenze množiny bod̊u je rovna dimenzi vektorového prostoru. Body
A tvoř́ı křivku, tj. jednorozměrný objekt. V = R je jednorozměrný vektorový prostor.

Ověř́ıme 1. vlastnost z definice afinńıho prostoru.

X,Y, Z ∈ A

X = [x1, x2]

Y = [y1, y2]

Z = [z1, z2]

f (X,Y ) + f (Y, Z) = x2 − y2 + y2 − z2 = x2 − z2 = f (X,Z)

Ověř́ıme 2. vlastnost z definice afinńıho prostoru.

u⃗ = P⃗X

P = [p1, p2]

X = [x1, x2]

f (P,X) = p2 − x2

Vektor u⃗ je jednodimenzionálńı.

u⃗ = (u)

u = p2 − x2

x2 = p2 − u

x1 = ±
√

114− 9x22
16

=⇒ vyjádřeńı neńı jednoznačné, dvěma r̊uzným bod̊um přǐrad́ı stejný vektor.

Trojice (A, Vn, f) netvoř́ı afinńı prostor.

2 Lineárńı soustava souřadnic

Úloha 2.1 V afinńım prostoru A2 je dán trojúhelńık ABC. Zvolte pomoćı vrchol̊u A, B, C
lineárńı soustavu souřadnic, určete souřadnice bod̊u A, B, C, SBC , T (těžǐstě).

Úloha 2.2 V afinńım prostoru A2 je dán rovnoběžńık ABCD. Určete souřadnice jeho vrchol̊u
ve zvolené lineárńı soustavě souřadnic.

Úloha 2.3 V afinńım prostoru A3 je dána krychle ABCDEFGH. Určete souřadnice jej́ıch
vrchol̊u vzhledem k lineárńım soustavám souřadnic určených repéry

a) R = ⟨A;B −A,D −A,E −A⟩,
b) S = ⟨F ;D − F,G− F,H − F ⟩,
c) T = ⟨D;E −D,H −D,G−D⟩.

Úloha 2.4 V afinńım prostoru A3 je dán rovnoběžnostěn ABCDEFGH. Určete souřadnice
jeho vrchol̊u vzhledem k lineárńım soustavám souřadnic určených repéry
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a) R = ⟨A;B −A,D −A,E −A⟩,
b) S = ⟨F ;D − F,G− F,H − F ⟩,
c) T = ⟨D;E −D,H −D,G−D⟩.

Úloha 2.5 Je dán afinńı prostor A2 = (A, V, f), kde

A = R2,

V = R2,

∀X,Y ∈ A : f(X,Y ) = (y1 − x1, y2 − x2) = u⃗ ∈ V .

Určete souřadnice bod̊u B = [2, 3], C = [−3, 5], D = [0,−1], E = [0, 0] vzhledem k lineárńım
soustavám souřadnic určených repéry

a) R = ⟨[1, 1] ; (1, 2) , (0, 1)⟩,
b) S = ⟨[2,−1] ; (2, 2) , (1,−1)⟩.

Úloha 2.6 Určete souřadnice bod̊u K = A + (3u⃗+ v⃗), L = A + (u⃗+ 2v⃗) ∈ A4 vzhledem
k lineárńı soustavě souřadnic určené repérem R = ⟨P ; e⃗1, e⃗2, e⃗3, e⃗4⟩, kde

A = P + (e⃗1 + 3e⃗2 − e⃗3) ,

u⃗ = e⃗1 − 2e⃗3,

v⃗ = e⃗1 + 3e⃗2 + e⃗4.

Řešeńı.

2.1

A = P

B

C

SBC

T

y

x

~u1

~u2

R = ⟨A;B −A,C −A⟩
A = [0, 0] počátek

B −A = b1 (B −A) + b2 (C −A)

B = A+ b1 (B −A) + b2 (C −A)

B = [b1, b2]

A [0, 0] B [1, 0] C [0, 1] SBC

[
1

2
,
1

2

]
T

[
1

3
,
1

3

]
2.2

A = P B

CD

y

x

~u1

~u2

R = ⟨A;B −A,D −A⟩

A = [0, 0] = P

B = [1, 0]

C = [1, 1]

D = [0, 1]
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A = P B

CD

y
x

~u1

~u2

R = ⟨A;C −A,D −A⟩

A = [0, 0] = P

B = [1, 0]

C = [0, 1]

D = [1,−1]

2.3 a)

A = P B

C

E F

GH

D

z

y

x

~u1

~u2

~u3

B −A = b1 (B −A) + b2 (D −A) + b3 (E −A)

B = A+ b1 (B −A) + b2 (D −A) + b3 (E −A)

B = [b1, b2, b3]

A = [0, 0, 0] = P E = [0, 0, 1]

B = [1, 0, 0] F = [1, 0, 1]

C = [1, 1, 0] G = [1, 1, 1]

D = [0, 1, 0] H = [0, 1, 1]

b)

A B

C

E
F = P

GH

D

z y

x

~u1

~u2
~u3

A = [1,−1, 0] E = [0,−1, 1]

B = [1, 0,−1] F = [0, 0, 0] = P

C = [1, 1,−1] G = [0, 1, 0]

D = [1, 0, 0] H = [0, 0, 1]

c)

H

~u1

~u2 ~u3

A B

C

E
F

G

D = P

zy

x

A = [1,−1, 0] E = [1, 0, 0]

B = [1,−2, 1] F = [1,−1, 1]

C = [0,−1, 1] G = [0, 0, 1]

D = [0, 0, 0] = P H = [0, 1, 0]
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2.4 a)

A = P B

C

E F

GH

D

z

y

x

~u1

~u2

~u3

A = [0, 0, 0] = P E = [0, 0, 1]

B = [1, 0, 0] F = [1, 0, 1]

C = [1, 1, 0] G = [1, 1, 1]

D = [0, 1, 0] H = [0, 1, 1]

b)

A B

C

E
F = P

GH

D

z y

x

~u1

~u2
~u3

A = [1,−1, 0] E = [0,−1, 1]

B = [1, 0,−1] F = [0, 0, 0] = P

C = [1, 1,−1] G = [0, 1, 0]

D = [1, 0, 0] H = [0, 0, 1]

c)

H

~u1

~u2

~u3

A B

C

E
F

G

D = P

z
y

x

A = [1,−1, 0] E = [1, 0, 0]

B = [1,−2, 1] F = [1,−1, 1]

C = [0,−1, 1] G = [0, 0, 1]

D = [0, 0, 0] = P H = [0, 1, 0]
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2.5 a)

P

B

C

D

E x

y

~u1

~u2

B = P + b1 · u⃗1 + b2 · u⃗2
[2, 3] = [1, 1] + b1 (1, 2) + b2 (0, 1)

2 = 1 + b1

3 = 1 + 2b1 + b2

b1 = 1

3 = 1 + 2 + b2

b2 = 0

BR = [1, 0]

C = P + c1 · u⃗1 + c2 · u⃗2
[−3, 5] = [1, 1] + c1 (1, 2) + c2 (0, 1)

−3 = 1 + b1

5 = 1 + 2b1 + b2

c1 = −4

5 = 1− 8 + c2

c2 = 12

CR = [−4, 12]

D = P + d1 · u⃗1 + d2 · u⃗2
[0,−1] = [1, 1] + d1 (1, 2) + d2 (0, 1)

0 = 1 + b1

−1 = 1 + 2b1 + b2

d1 = −1

−1 = 1− 2 + d2

d2 = 0

DR = [−1, 0]

E = P + e1 · u⃗1 + e2 · u⃗2
[0, 0] = [1, 1] + e1 (1, 2) + e2 (0, 1)

0 = 1 + b1

0 = 1 + 2b1 + b2

e1 = −1

0 = 1− 2 + d2

e2 = 1

ER = [−1, 1]
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b)

P

B

C

D

E x

y

~u1

~u2

B = P + b1 · u⃗1 + b2 · u⃗2
[2, 3] = [2,−1] + b1 (2, 2) + b2 (1,−1)

2 = 2 + 2b1 + b2

3 = −1 + 2b1 − b2

5 = 1 + 4b1

b1 = 1

b2 = −2

BS = [1,−2]

CS =

[
1

4
,−11

2

]
DS =

[
−1

2
,−1

]
ES =

[
−1

4
,−3

2

]

2.6

K = P + (e⃗1 + 3e⃗2 − e⃗3) + 3 (e⃗1 − 2e⃗3) + (e⃗1 + 3e⃗2 + e⃗4)

= P + 5e⃗1 + 6e⃗2 − 7e⃗3 + e⃗4

=⇒ K = [5, 6,−7, 1]

L = P + (e⃗1 + 3e⃗2 − e⃗3) + (e⃗1 − 2e⃗3) + 2 (e⃗1 + 3e⃗2 + e⃗4)

= P + 4e⃗1 + 9e⃗2 − 3e⃗3 + 2e⃗4

=⇒ L = [4, 9,−3, 2]

3 Transformace lineárńı soustavy souřadnic

Úloha 3.1 V afinńım prostoru A2 jsou dány body P = [−1, 3], P ′ = [2,−3] a vektory
u⃗ = (1, 4), v⃗ = (5, 2), u⃗′ = (6, 6), v⃗′ = (−3, 6). Napǐste transformaci lineárńı soustavy
souřadnic L určené repérem R = ⟨P ; u⃗, v⃗⟩ na lineárńı soustavu souřadnic L′ určenou repérem

S =
〈
P ′; u⃗′, v⃗′

〉
.

Úloha 3.2 V afinńım prostoru A2 jsou dány dvě lineárńı soustavy souřadnic L a L′ určené

repéry R = ⟨P ; e⃗1, e⃗2⟩ a S =
〈
Q; d⃗1, d⃗2

〉
. Dále jsou dány souřadnice bodu PS = [2,−1]

a vektor̊u ⟨e⃗1⟩B′ = (1,−3), ⟨e⃗2⟩B′ = (−1, 1) vzhledem k soustavě L′.

a) Napǐste transformaci lineárńı soustavy souřadnic L určené repérem R na lineárńı sou-
stavu souřadnic L′ určenou repérem S.

b) Určete souřadnice bodu D vzhledem k soustavě L′, je-li DR = [0, 3].
c) Napǐste analytické vyjádřeńı př́ımky p vzhledem k soustavě L, je-li dáno jej́ı analytické

vyjádřeńı vzhledem k L′, tj. p : 2x′ − y′ + 1 = 0.

Úloha 3.3 Napǐste inverzńı transformaci k předchoźı úloze, tj. transformaci lineárńı soustavy
souřadnic L′ určené repérem S na lineárńı soustavu souřadnic L určenou repérem R.
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Úloha 3.4 V afinńım prostoru A2 je dána lineárńı soustava souřadnic L určená repérem
R = ⟨P ; e⃗1, e⃗2⟩. Dále jsou dány souřadnice bod̊u Q = [5,−2], T = [2, 1] a vektor̊u u⃗ = (−1, 2),
v⃗ = (2, 4) vzhledem k soustavě L.

a) Napǐste transformaci lineárńı soustavy souřadnic L určené repérem R na lineárńı sou-
stavu souřadnic L′ určenou repérem S = ⟨Q; u⃗, v⃗⟩.

b) Určete souřadnice bodu T vzhledem k soustavě L′.

Úloha 3.5 V afinńım prostoru A2 je dán rovnoběžńık ABCD se středem O a lineárńı sou-
stava souřadnic L určená repérem R = ⟨A;B −A,D −A⟩.

a) Určete souřadnice bod̊u A, B, C, D, O vzhledem k soustavě L.
b) Určete souřadnice bod̊u A, B, C, D, O vzhledem k soustavě L′, která je dána repérem

S = ⟨O;D −O,C −O⟩.
c) Napǐste transformaci lineárńı soustavy souřadnic L určené repérem R na lineárńı sou-

stavu souřadnic L′ určenou repérem S.
d) Napǐste transformaci lineárńı soustavy souřadnic L′ určené repérem S na lineárńı sou-

stavu souřadnic L určenou repérem R.

Úloha 3.6 V afinńım prostoru A3 je dán rovnoběžnostěn ABCDEFGH se středem O
a lineárńı soustava souřadnic L určená repérem R = ⟨A;B −A,D −A,E −A⟩.

a) Určete souřadnice vrchol̊u rovnoběžnostěnu vzhledem k soustavě L.
b) Určete souřadnice vrchol̊u rovnoběžnostěnu vzhledem k soustavě L′, která je dána

repérem S = ⟨C;B − C,D − C,G− C⟩.
c) Napǐste transformaci lineárńı soustavy souřadnic L určené repérem R na lineárńı sou-

stavu souřadnic L′ určenou repérem S.
d) Napǐste transformaci lineárńı soustavy souřadnic L′ určené repérem S na lineárńı sou-

stavu souřadnic L určenou repérem R.

Řešeńı.

3.1

XS = A ·XR
XR = P + x1u⃗+ x2v⃗

XS =P ′ + x′1u⃗
′ + x′2v⃗

′

P = [p1, p2]S

P = P ′ + p1u⃗′ + p2v⃗′

−1= 2+ 6p1 − 3p2 / · 2
3=−3+ 6p1 +6p2

)
+

1 = 1 + 18p1 p1 = 0, dosad́ıme do (II): 3 = −3 + 6p2 p2 = 1
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u⃗ = (u1, u2)S

u⃗ = u1u⃗′ + u2v⃗′

1= 6u1 − 3u2 / · 2
4= 6u1 +6u2

)
+

6 = 18u1 u1 =
1

3
, dosad́ıme do (II): 1 = 2− 3u2 u2 =

1

3

v⃗ = (v1, v2)S

v⃗ = v1u⃗′ + v2v⃗′

5= 6v1 − 3v2 / · 2
2= 6v1 +6v2

)
+

12 = 18v1 v1 =
2

3
, dosad́ıme do (II): 5 = 4− 3v2 v2 = −1

3

 1

x′

y′

 =

1 0 0

0 1
3

2
3

1 1
3 −1

3

 ·

1

x

y

 x′ = 1
3x+ 2

3y + 0

y′ = 1
3x− 1

3y + 1

Ověřeńı P ′ = [2,−3]:

souřadnice P ′ vzhledem k R:
2 =−1+ b1 +5b2 / · (−4)

−3= 3+ 4b1 +2b2

)
+

−11= 7− 18b2 b2 = 1

−8= 4b1 b1 =−2

P ′ = [−2, 1]R

 1

x′

y′

 =

1 0 0

0 1
3

2
3

1 1
3 −1

3

 ·

 1

−2

1

 =

1
0
0

 =⇒ P ′ je počátek v S

3.2 a)

 1

x′

y′

 =

 1 0 0

2 1 −1

−1 −3 1

 ·

1

x

y

 R → S x′ = x− y+2

y′ =−3x+ y− 1
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b)

DS = ?

DR = [0, 3]

Po dosazeńı DR do transformace lineárńı soustavy souřadnic z a) dostaneme

DS = [−1, 2] .

c)
pS : 2x′ − y′ + 1 = 0

Po dosazeńı za x′ a y′ z a) dostaneme

pR : 2 (x− y + 2)− (−3x+ y − 1) + 1 = 0,

5x− 3y + 6 = 0.

3.3

x′ = x− y+2

y′ =−3x+ y− 1

3 · (I) + (II) : 3x′ + y′ =−2y+5

(I) + (II) : x′ + y′ =−2x+1

y=−3
2x

′ − 1
2y

′ + 5
2

x=−1
2x

′ − 1
2y

′ + 1
2

Nebo využijeme inverzńı matici.

A =

 1 0 0

2 1 −1

−1 −3 1

 detA = 1− 3 = −2

A−1 =
1

−2

−2 0 0

−1 1 1

−5 3 1

 =

1 0 0
1
2 −1

2 −1
2

5
2 −3

2 −1
2


1

x

y

 =

1 0 0
1
2 −1

2 −1
2

5
2 −3

2 −1
2

 ·

 1

x′

y′



3.4 a) Potřebujeme určit souřadnice bodu P a vektor̊u e⃗1, e⃗2 v nové lineárńı soustavě
souřadnic L′.

P = [0, 0]R P = [p1, p2]S P = Q+ p1 · u⃗+ p2 · v⃗
[0, 0] = [5,−2] + p1 (−1, 2) + p2 (2, 4)

0= 5+ p1 +2p2 / · 2
0=−2+ 2p1 +4p2

)
+

/ · (−2) )
+

0= 8+ 8p2 p2 =−1

0=−12+ 4p1 p1 = 3

}
P = [3,−1]S
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e⃗1 = (1, 0)R e⃗1 = (x1, x2)S e⃗1 = x1 · u⃗+ x2 · v⃗
(1, 0) = x1 (−1, 2) + x2 (2, 4)

1=−x1 +2x2 / · 2
0= 2x1 +4x2

)
+

/ · (−2))
+

2= 8x2 x2 =
1
4

−2= 4x1 x1 =−1
2

}
e⃗1 =

(
−1

2
,
1

4

)
S

e⃗2 = (0, 1)R e⃗2 = (y1, y2)S e⃗2 = y1 · u⃗+ y2 · v⃗
(0, 1) = y1 (−1, 2) + y2 (2, 4)

0=−y1 +2y2 / · 2
1= 2y1 +4y2

)
+

/ · (−2))
+

1= 8y2 y2 =
1
8

1= 4y1 y1 =
1
4

}
e⃗2 =

(
1

4
,
1

8

)
S

 1

x′

y′

 =

 1 0 0

3 −1
2

1
4

−1 1
4

1
8

 ·

1

x

y


b)

T = [2, 1]R T =

[
9

4
,−3

8

]
S

3.5. a) neřešená úloha

b) neřešená úloha

c)

A = P B

CD

‖

O

~e1

~e2

‖

‖

~d1 ~d2

R = ⟨A;B −A,D −A⟩ = ⟨A; e⃗1, e⃗2⟩
S = ⟨O;D −O,C −O⟩ =

〈
O; d⃗1, d⃗2

〉

O =

[
1

2
,
1

2

]
R
= [0, 0]S

(později ověř́ım výpočtem)

 1

x′

y′

 =

 1 0 0

0 −1 1

− 1 1 1

 ·

1

x

y

 x′ =−x+ y

y′ = x+ y− 1

⟨A⟩S ⟨e⃗1⟩S ⟨e⃗2⟩S
13



Ověřeńı pro střed O: 1

x′

y′

 =

 1 0 0

0 −1 1

− 1 1 1

 ·

1
1
2
1
2

 =

1

0

0


=⇒ O = [0, 0]S

d) neřešená úloha

3.6.

A B

C

E F

GH

D

~u1

~u2

~u3

A B

C

E F

GH

D

~d1

~d2

~d3

A = [0, 0, 0]R C = [1, 1, 0]R

u⃗1 = (1, 0, 0)R d⃗1 = (0,−1, 0)R

u⃗2 = (0, 1, 0)R d⃗2 = (−1, 0, 0)R

u⃗3 = (0, 0, 1)R d⃗3 = (0, 0, 1)R

a) Jaké jsou souřadnice A, u⃗1, u⃗2, u⃗2 vzhledem k L?

Obecně: A = C + p′1d⃗1 + p′2d⃗2 + p′3d⃗3

[0, 0, 0] = [1, 1, 0] + p′1 (0,−1, 0) + p′2 (−1, 0, 0) + p′3 (0, 0, 1)

=⇒


p′1 = 1

p′2 = 1

p′3 = 0

=⇒ A = [1, 1, 0]S

u⃗1 = (0,−1, 0)S u⃗1 = (−1, 0, 0)S u⃗1 = (0, 0, 1)S︸ ︷︷ ︸
⇓


1

x′

y′

z′

 =


1 0 0 0

1 0 −1 0

1 −1 0 0

0 0 0 1

 ·


1

x

y

z


⇓

x′ = − y +1

y′ =− x +1

z′ = z
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b)


1

x

y

z

 =


1 0 0 0

1 0 −1 0

1 −1 0 0

0 0 0 1

 ·


1

x′

y′

z′



4 Lineárńı kombinace bod̊u

Úloha 4.1 Pomoćı lineárńı kombinace bod̊u odvod’te vztah pro výpočet středu úsečky AB.

Úloha 4.2 Pomoćı lineárńı kombinace bod̊u odvod’te vztah pro výpočet těžǐstě △ABC.

Úloha 4.3 Pomoćı lineárńı kombinace bod̊u vyjádřete body př́ımky AB, polopř́ımky AB,
polopř́ımky BA a úsečky AB.

Úloha 4.4 Jsou dány tři nekolineárńı body A, B, C ∈ A2. Pomoćı lineárńı kombinace bod̊u
vyjádřete body poloroviny ABC, úhlu CAB a body uvnitř △ABC.

Řešeńı.

4.1

A B
S

P

S = P +
1

2
(A− P ) +

1

2
(B − P )

= P +
1

2
((A− P ) + (B − P ))

P je libovolné, můžeme tedy zvolit i P = A.

=⇒ SAB = A+
1

2
(B −A)

=
1

2
A+

1

2
B

4.2

T = P +
1

3
(A− P ) +

1

3
(B − P ) +

1

3
(C − P )

= P +
1

3
[(A− P ) + (B − P ) + (C − P )]

Pro P = A:

T = A+
1

3
(B −A) +

1

3
(C −A)

=
1

3
A+

1

3
B +

1

3
C
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D

SBC

T

SAB

SCD

A = P

B

C

1
3

1
3

1
3

T = A+
1

3
[(C −A) + (B −A)]

= A+
1

3
(C −A) +

1

3
(B −A)

=
1

3
A+

1

3
B +

1

3
C

4.3

A

B

P

Př́ımka AB:

λA+ µB = P + λ (A− P ) + µ (B − P ) ,

µ+ λ = 1.

Za počátek P zvoĺıme bod A, resp. bod B.

=⇒ A+ µ (B −A), resp. B + λ (A−B)(
a plat́ı: A+ µ (B −A) = B + λ (A−B)

)
Odtud již jasně vid́ıme, že výsledkem lineárńı kombinace
bod̊u AB jsou pouze body př́ımky AB.

A

B
pro µ ≥ 0: polopř́ımka AB

A

B

pro λ ≥ 0: polopř́ımka BA

A

B
pro λ, µ ≥ 0 (nebo λ ∈ ⟨0, 1⟩): úsečka AB

(pozn. pro µ ≤ 0: polopř́ımka opačná k AB, tj. ne polopř́ımka BA)
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4.4

A B

C

P

λA+µB+νC = P+λ (A− P )+µ (B − P )+ν (C − P ) ,

λ+ µ+ ν = 1.

Za počátek P zvoĺıme A.

=⇒ A+ µ (B −A) + ν (C −A)

Odtud vid́ıme, že lineárńı kombinaćı źıskám body ro-
viny ABC.

C

A B

pro ν ≥ 0: polorovina ABC

C

A B

pro ν, µ ≥ 0: úhel CAB

A B

C

pro λ, µ, ν ≥ 0 (nebo ν ∈ ⟨0, 1⟩ ∧ µ ∈ ⟨0, 1− ν⟩): trojúhelńık ABC

5 Afinńı podprostor, jeho jednoznačné zadáńı, rovnice

Úloha 5.1 V afinńım prostoru A5 jsou dány body X = [1, 2,−1, 1, 0], Y = [−3, 1,−1, 1, 2],
Z = [0, 2,−1, 3, 2], U = [−1, 1, 0, 3, 4], V = [0, 2,−2,−3,−4]. Rozhodněte, zda tyto body
jednoznačně určuj́ı nadrovinu.

Úloha 5.2 V afinńım prostoru A4 jsou dány body B = [4, 3, 5,−6], C = [1, 8, 4, 2],
D = [−2, 13, 3, 10]. Určete, zda jsou tyto body kolineárńı. Pokud ano, napǐste parametrické
vyjádřeńı př́ımky, na které lež́ı.

Úloha 5.3 Dokažte, že body B = [1, 2, 2], C = [1, 3, 1], D = [2, 4, 0], E = [3, 5,−1] z afinńıho
prostoru A3 jsou komplanárńı a napǐste parametrické vyjádřeńı př́ıslušné roviny.
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Úloha 5.4 V afinńım prostoru A2 je dána př́ımka p = {B, u⃗}. Napǐste jej́ı parametrické
vyjádřeńı a z parametrického vyjádřeńı odvod’te obecnou rovnici.

a) B = [1, 0], u⃗ = (−1, 4)
b) B = [2, 3], u⃗ = (1, 0)

Úloha 5.5 V prostoru A4 je dána nadrovina A3. Určete jej́ı parametrické vyjádřeńı a obecnou
rovnici, je-li

A3 = {B = [0, 1, 0,−1] , u⃗ = (1, 0, 2,−1) , v⃗ = (−1, 2,−1, 0) , w⃗ = (0, 1,−3, 0)} .

Úloha 5.6 V prostoru A3 jsou dány body B = [1, 2,−1], C = [2, 1, 0], D = [3, 1,−1].
Rozhodněte, zda tyto body jednoznačně určuj́ı rovinu. Pokud ano, napǐste jej́ı parametrické
vyjádřeńı a obecnou rovnici jednak vyloučeńım parametr̊u, jednak pomoćı determinantu.

Úloha 5.7 V prostoru A4 napǐste obecnou rovnici nadroviny α, je-li dáno:

α = {B = [2, 1, 0, 1] , u⃗ = (−1, 1,−2,−1) , v⃗ = (1, 0, 2, 2) , w⃗ = (2,−1, 3, 1)} .

Úloha 5.8 V afinńım prostoru A4 určete parametrické vyjádřeńı př́ımky

p = {B = [1, 0, 1, 3] , u⃗ = (1, 2, 2, 1)}

a najděte na této př́ımce body C = [?, ?,−3, ?] a D = [1, ?, ?, ?].

Úloha 5.9 V prostoru A4 jsou dány body A = [1, 0, 2, 3], B = [2, 1, 0, 1], C = [1, 3, 2, 1],
D = [4,−3,−4, 1]. Jaký určuj́ı podprostor? Napǐste jeho parametrické vyjádřeńı.

Úloha 5.10 Určete parametrické vyjádřeńı roviny x− 2y + 3z − 5 = 0 v prostoru A3.

Úloha 5.11 V afinńım prostoru A3 zapǐste př́ımku p jako pr̊unik nadrovin.

p : B = [2, 3, 0] C = [1, 5, 2]

Úloha 5.12 V A3 zapǐste bod B = [2, 1, 3] jako pr̊unik nadrovin.

Úloha 5.13 V afinńım prostoru A4 je dána rovina

α = {B = [1, 2, 3, 4] ; u⃗ = (1, 0, 1, 0) , v⃗ = (1, 2, 0,−1)} .

Určete α jako pr̊unik nadrovin.

Úloha 5.14 Určete př́ımku p = {C = [2, 0, 1, 2] ; u⃗ = (3, 1, 1, 0)} jako pr̊unik nadrovin v A4

Řešeńı.

5.1 Z pěti zadaných bod̊u vytvoř́ım 4 vektory.

Nadrovina v A5 je podprostor dimenze 5− 1 = 4.

Body X, Y , Z, U , V jednoznačně určuj́ı nadrovinu ⇐⇒ př́ıslušné vektory jsou LN,
tedy hodnost matice sestavené z těchto vektor̊u muśı být 4.

(Y −X) = (−4,−1, 0, 0, 2)

(Z −X) = (−1, 0, 0, 2, 2)

(U −X) = (−2,−1, 1, 2, 4)

(V −X) = (−1, 0,−1,−4,−4)
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−1 0 0 2 2
−1 0 −1 −4 −4
−2 −1 1 2 4
−4 −1 0 0 2

 ∼


−1 0 0 2 2
0 0 1 6 6
0 −1 1 −2 0
0 −1 0 −8 −6

 ∼


−1 0 0 2 2
0 −1 1 −2 0
0 0 1 6 6
0 0 1 6 6


h = 3 (pouze 3 LN vektory)

⇓
body X, Y , Z, U , V určuj́ı podprostor dimenze 3.

5.2 Body B, C, D jsou kolineárńı ⇐⇒ vektory (C −B), (D −B) jsou LZ

(C −B) = (−3, 5,−1, 8)

(D −B) = (−6, 10,−2, 16)

}
(D −B) = 2·(C −B), jsou LZ =⇒ B, C, D kolineárńı

Parametrické vyjádřeńı př́ımky BC:

např. X = [4, 3, 5,−6] + t · (−3, 5− 1, 8) t ∈ R

5.3 Body B, C, D, E lež́ı v jedné rovině ⇐⇒ vektory (C −B), (D −B), (E −B) určuj́ı
VP dimenze nejvýše 2.

(C −B) = (0, 1,−1)

(D −B) = (1, 2,−2)

(E −B) = (2, 3,−3)

∣∣∣∣∣∣
0 1 −1
1 2 −2
2 3 −3

∣∣∣∣∣∣ = −4− 3 + 4 + 3 = 0

=⇒ vektory (C −B), (D −B), (E −B) jsou LZ

Vid́ıme, že nejsou všechny tři vektory násobky téhož vektoru (pak by B, C, D, E byly
dokonce kolineárńı), tedy určuj́ı podprostor dimenze 2 (rovinu).

Parametrické vyjádřeńı roviny BCD:

např. X = [1, 2, 2] + t · (0, 1,−1) + s · (1, 2,−2) t, s ∈ R

5.4 a) Parametrické vyjádřeńı:

X = [1, 0] + t · (−1, 4) t ∈ R
x=1− t

y=0+ 4t
t ∈ R

)
4 · (I) + (II)

Obecná rovnice:
4x+ y = 4 −→ 4x+ y − 4 = 0

obecnou rovnici źıskám
vyloučeńım parametru t

z parametrického vyjádřeńı

b) Parametrické vyjádřeńı:

X = [2, 3] + t · (1, 0) t ∈ R
x=2+ t

y=3
t ∈ R

Obecná rovnice:
y − 3 = 0
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5.5 Parametrické vyjádřeńı:

X = [0, 1, 0,−1] + t · (1, 0, 2,−1) + s · (−1, 2,−1, 0) + r · (0, 1,−3, 0) t, s, r ∈ R

x1 = t− s

x2 = 1 + 2s+ r

x3 = 2t− s− 3r

x4 =−1− t

(I) + (IV ) : x1 + x4 = −1− s s = −1− x1 − x4

(IV ) : t = −1− x4

3 · (II) + (III) : 3x2 + x3 = 3 + 2t+ 5s

3x2 + x3 = 3 + 2 (−1− x4) + 5 (−1− x1 − x4)

Obecná rovnice:
5x1 + 3x2 + x3 + 7x4 + 4 = 0

Parametrické vyjádřeńı má každý podprostor, obecnou rovnici má jen nadrovina.

• Parametrické vyjádřeńı neńı jednoznačné, zálež́ı na volbě bodu a báze.

• Obecná rovnice je až na nenulový násobek jednoznačná.

5.6 Aby body B, C, D určovaly rovinu, muśı být vektory (C −B), (D −B) LN.

(C −B) = (1,−1, 1)

(D −B) = (2,−1, 0)

}
jsou LN =⇒ B, C, D určuj́ı rovinu

Parametrické vyjádřeńı:

X = B + t (C −B) + s (D −B) t, s ∈ R
x= 1+ t+2s

y= 2− t− s

z=−1+ t

t, s ∈ R

Obecná rovnice (vyloučeńım parametr̊u):

(III) : t = z + 1

(I) + 2 · (II) : x+ 2y = 5− t x+ 2y = 5− z − 1 x+ 2y + z − 4 = 0

Obecná rovnice (pomoćı determinantu):

(X −B) = (x− 1, y − 2, z + 1)

(X −B) = t · (C −B) + s · (D −B) t, s ∈ R

Vektory (X −B), (C −B), (D −B) jsou LZ =⇒ determinant sestavený z těchto
vektor̊u muśı být roven nule.

∣∣∣∣∣∣
x− 1 1 2
y − 2 −1 −1
z + 1 1 0

∣∣∣∣∣∣ = − (z + 1) + 2 (y − 2) + 2 (z + 1) + (x− 1) = 0

x+ 2y + z − 4 = 0
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5.7 neřešená úloha

5.8 neřešená úloha

5.9 neřešená úloha

5.10
x− 2y + 3z − 5 = 0

Máme 1 rovnici o 3 neznámých – dvě zvoĺım jako parametry a třet́ı dopoč́ıtám.

y= t

z= s
x− 2t+ 3s− 5 = 0 x = 5 + 2t− 3s

Parametrické vyjádřeńı:

x=5+ 2t− 3s

y= t

z= s

t, s ∈ R

5.11

(C −B) = (−1, 2, 2)

Potřebuji 3− 1 = 2 nadroviny.

p : x=2− t

y=3+ 2t

z=0+ 2t

t ∈ R
t=2− x

y=3+ 2 (x− 2)

z= 2 (x− 2)

α : 2x+ y− 7= 0

β : 2x+ z− 4= 0

Roviny α, β určuj́ı celý svazek nadrovin o ose p (α ∩ β = p). Každé dvě roviny tohoto
svazku určuj́ı př́ımku p.

Každou rovinu tohoto svazku dostanu jako lineárńı kombinaci α a β.

ρ : k (2x+ y − 7) + l (2x+ z − 4) = 0, kde (k, l) ̸= (0, 0)

např. ρ : 4x+ y + z − 11 = 0

5.12 Obecná rovnice nadroviny ρ v A3:

ax+ by + cz + d = 0 B ∈ ρ =⇒ 2a+ b+ 3c+ d = 0

Potřebuji 3− 0 = 3 nadroviny.
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Volme např́ıklad:

1. a = 0, b = 1, c = 1 =⇒ 1 + 3 + d = 0 d = −4: α : y + z − 4 = 0

2. a = 1, b = 0, c = 0 =⇒ d = −2: β : x− 2 = 0

3. a = 0, b = 0, c = 1 =⇒ d = −3: γ : z − 3 = 0

Roviny α, β, γ určuj́ı trs nadrovin procházej́ıćıch bodem B

5.13 Rovina α má dimenzi 2 =⇒ potřebuji 4− 2 = 2 nadroviny.

Parametrické vyjádřeńı:

p : x1 =1+ t+ s

x2 =2 + 2s

x3 =3+ t

x4 =4 − s

t, s ∈ R
t= x3 − 3

s=4− x4

1A3 : x1 = 1 + x3 − 3 + 4− x4 x1 − x3 + x4 − 2 = 0

2A3 : x2 = 2 + 2 (4− x4) x2 + 2x4 − 10 = 0

︷ ︸︸ ︷

5.14 Př́ımka p má dimenzi 1 =⇒ potřebuji 4− 1 = 3 nadroviny.

Parametrické vyjádřeńı:

p : x1 =2+ 3t

x2 = + t

x3 =1+ t

x4 =2

t ∈ R
t= x2

1A3 : x4 = 2

2A3 : x1 = 2 + 3x2 x1 − 3x2 − 2 = 0

3A3 : x3 = 1 + x2 x2 − x3 + 1 = 0
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6 Vzájemné polohy podprostor̊u

Úloha 6.1 V afinńım prostoru An určete vzájemnou polohu př́ımek p a q, je-li

a) n = 3, p = {P = [1, 2, 3] ; u⃗ = (2,−2, 4)},
q = {Q = [0, 3, 1] ; v⃗ = (−3, 3,−6)},

b) n = 3, p = {P = [0, 0,−1] ; u⃗ = (1, 1, 3)},
q = {Q = [0,−1, 2] ; v⃗ = (2, 3, 3)},

c) n = 3, p = {P = [1, 3,−1] ; u⃗ = (2,−4, 3)},
q =

{
Q = [0,−3, 1] ; v⃗ =

(
−1, 2,−3

2

)}
,

d) n = 3, p = {P = [1, 2,−1] ; u⃗ = (0, 1, 3)},
q = {Q = [0, 0, 2] ; v⃗ = (1,−3, 1)},

e) n = 4, p = {P = [1, 0, 1, 1] ; u⃗ = (1, 2, 1, 2)},
q = {Q = [−1, 2, 0, 1] ; v⃗ = (0, 3, 1, 1)},

v př́ıpadě r̊uznoběžných př́ımek určete také jejich pr̊useč́ık.

Úloha 6.2 V afinńım prostoru An určete vzájemnou polohu př́ımek p a q, je-li

n = 4, p = {P = [3, 2, 1, 0] ; u⃗ = (0, a, 1, b) ; a, b ∈ R} ,
q = {Q = [−2, 4, 4,−1] , v⃗ = (5,−5,−6, 4)} ,

v př́ıpadě r̊uznoběžných př́ımek určete také jejich pr̊useč́ık.

Úloha 6.3 V afinńım prostoru An určete vzájemnou polohu př́ımky p a roviny ρ, je-li

a) n = 3, p = {P = [1, 4,−3] ; u⃗ = (−1, 3,−4)},
ρ = {R = [3, 3, 0] ; v⃗ = (1, 2,−1) , w⃗ = (3, 1, 2)},

b) n = 3, p = {P = [−2, 1, 0] ; u⃗ = (−2, 1,−2)},
ρ = {R = [1, 2, 2] ; v⃗ = (1, 0, 0) , w⃗ = (1, 3,−2)},

c) n = 4, p = {P = [0, 1,−3, 1] ; u⃗ = (3, 2, 0, 1)},
ρ = {R = [2, 1, 1, 3] ; v⃗ = (2, 3, 1, 4) , w⃗ = (3, 1, 0, 4)},

d) n = 4, p = {P = [0, 1, 0,−1] ; u⃗ = (1, 1,−1, 1)},
ρ = {R = [1, 3,−3, 3] ; v⃗ = (4, 1, 1, 1) , w⃗ = (0, 1,−2, 3)},

v př́ıpadě r̊uznoběžné př́ımky a roviny určete jejich pr̊useč́ık.

Řešeńı.

6.1 a)

u⃗ = −2

3
v⃗ =⇒ u⃗, v⃗ jsou LZ

Jsou totožné, nebo rovnoběžné r̊uzné?

(P −Q) = (1,−1, 2)

Vyšetř́ıme, zda jsou (P −Q) a u⃗ LZ.

2 · (P −Q) = u⃗ 2 · (1,−1, 2) = (2,−2, 4) =⇒ jsou LZ =⇒ p ∥ q ∧ p = q

b) u⃗, v⃗ jsou LN =⇒ p, q mohou být r̊uznoběžné nebo mimoběžné.

(P −Q) = (0, 1,−3)
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Vyšetř́ıme, zda jsou (P −Q), u⃗, v⃗ LN.1 1 3
2 3 3
0 1 −3

 ∼

1 1 3
0 1 −3
0 1 −3

 ∼

1 1 3
0 1 −3
0 0 0

 =⇒ jsou LZ =⇒ p /\ q

Pr̊useč́ık:

P − a · u⃗︸ ︷︷ ︸
X∈p

= Q+ b · v⃗︸ ︷︷ ︸
X∈q

P −Q = a · u⃗+ b · v⃗
(0, 1,−3) = a (1, 1, 3) + b (2, 3, 3)

0= a+2b

1= a+3b

−3= 3a+3b

)
(II)− (I) =⇒ b = 1

−3 = 3a+ 3 − 6 = 3a a = −2

X = P − a · u⃗ = Q+ b · v⃗ = [2, 2, 5]

c) u⃗ = −2 · v⃗ =⇒ u⃗, v⃗ jsou LZ =⇒ p, q jsou totožné nebo rovnoběžné r̊uzné.

(P −Q) = (1, 6,−2)

u⃗= (2,−4, 3)

}
LN =⇒ p ∥ q ∧ p ̸= q

d) u⃗, v⃗ LN =⇒ p, q jsou r̊uznoběžné nebo mimoběžné.

(P −Q) = (1, 2,−3)

Vyšetř́ıme, zda jsou (P −Q), u⃗, v⃗ LN.1 2 −3
0 1 3
1 −3 1

 ∼

1 2 −3
0 1 3
0 5 −4

 ∼

1 2 −3
0 1 3
0 0 −19

 =⇒ jsou LN

=⇒ p, q jsou mimoběžné

e) u⃗, v⃗ LN =⇒ p, q jsou r̊uznoběžné nebo mimoběžné.

(P −Q) = (2,−2, 1, 0)

Vyšetř́ıme, zda jsou (P −Q), u⃗, v⃗ LN.2 −2 1 0
1 2 1 2
0 3 1 1

 ∼

1 2 1 2
0 3 1 1
0 −6 −1 −4

 ∼

1 2 1 2
0 3 1 1
0 0 1 −2

 =⇒ jsou LN

=⇒ p, q jsou mimoběžné
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6.2
u⃗= (0, a, 1, b)

v⃗= (5,−5,−6, 4)

}
jsou LN =⇒ r̊uznoběžné nebo mimoběžné

(P −Q) = (5,−2,−3, 1)

Vyšetř́ıme, zda jsou (P −Q), u⃗, v⃗ LZ.5 −5 −6 4
5 −2 −3 1
0 a 1 b

 ∼

5 −5 −6 4
0 3 3 −3
0 a 1 b

 ∼

5 −5 −6 4
0 1 1 −1
0 a 1 b

 ∼

5 −5 −6 4
0 1 1 −1
0 0 1− a b+ a


α) pro a = 1 ∧ b = −1:

Hodnost matice je 2 =⇒ (P −Q), u⃗, v⃗ jsou LZ =⇒ p, q jsou r̊uznoběžné

Pr̊useč́ık:

u⃗ = (0, 1, 1,−1)

P + t · u⃗ = Q+ s · v⃗

(P −Q) = s · v⃗ − t · u⃗
(5,−2,−3, 1) = s (5,−5,−6, 4)− t (0, 1, 1,−1)

5= 5s s = 1

−2=−5s− t

−3=−6s− t

1= 4s+ t

1 = 4 + t t = −3

=⇒ X = P + t · u⃗ = [3, 2, 1, 0] + 1 · (0, 1, 1,−1)

X = Q+ s · v⃗ = [−2, 4, 4,−1]− 3 · (5,−5,−6, 4)

X = [3,−1,−2, 3]

β) pro a ̸= 1 ∨ b ̸= −1:

Hodnost matice je 3 =⇒ (P −Q), u⃗, v⃗ jsou LN =⇒ p, q jsou mimoběžné

6.3 a) Vyšetř́ıme, zda jsou vektory u⃗, v⃗, w⃗ LN.−1 3 −4
1 2 −1
3 1 2

 ∼

−1 3 −4
0 5 −5
0 10 −10

 ∼

−1 3 −4
0 1 −1
0 0 0

 =⇒ jsou LZ

=⇒ (p ⊂ ρ) ∨ (p ∥ ρ ∧ p ∩ ρ = ∅)

(P −R) = (−2, 1,−3)
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Vyšetř́ıme, zda jsou vektory (P −R), v⃗, w⃗ LN. 1 2 −1
−2 1 −3
3 1 2

 ∼

1 2 −1
0 5 −5
0 −5 5

 =⇒ jsou LZ =⇒ p ⊂ ρ

b) Vyšetř́ıme, zda jsou vektory u⃗, v⃗, w⃗ LN.∣∣∣∣∣∣
1 0 0
1 3 −2
−2 1 −2

∣∣∣∣∣∣ = −6 + 2 = −4 =⇒ jsou LN

=⇒ r̊uznoběžné (v A3 nemohou být mimoběžné)

Pr̊useč́ık:

P − a · u⃗ = R+ b · v⃗ + c · w⃗

(P −R) = a · u⃗+ b · v⃗ + c · w⃗
(−3,−1,−2) = a (−2, 1,−2) + b (1, 0, 0) + c (1, 3,−2)

−3=−2a+ b+ c

−1= a +3c / · 2
−2=−2a − 2c

)
+ =⇒ −4 = 4c =⇒ c = −1

− 1 = a− 3 a = 2 b = 2

=⇒ X = P − a · u⃗ = [−2, 1, 0]− 2 · (−2, 1,−2)

X = R+ b · v⃗ + c · w⃗ = [1, 2, 2] + 2 · (1, 0, 0)− 1 · (1, 3,−2)

X = [2,−1, 4]

c) Vyšetř́ıme, zda jsou u⃗, v⃗, w⃗ LN.3 2 0 1
2 3 1 4
3 1 0 4

 ∼

3 2 0 1
0 5 3 10
0 −1 0 3

 =⇒ jsou LN

=⇒ r̊uznoběžné nebo mimoběžné

(P −R) = (−2, 0,−4,−2)

Vyšetř́ıme, zda jsou (P −R), u⃗, v⃗, w⃗ LN.
−2 0 −4 −2
3 2 0 1
2 3 1 4
3 1 0 4

 ∼


1 0 2 1
3 2 0 1
2 3 1 4
3 1 0 4

 ∼


1 0 2 1
0 2 −6 −2
0 3 −3 2
0 1 −6 1



∼


1 0 2 1
0 1 −6 1
0 0 6 −4
0 0 15 −1

 ∼


1 0 2 1
0 1 −6 1
0 0 3 −2
0 0 0 9

 =⇒ jsou LN

=⇒ mimoběžné
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d) Vyšetř́ıme, zda jsou u⃗, v⃗, w⃗ LN.1 1 −1 1
4 1 1 1
0 1 −2 3

 ∼

1 1 −1 1
0 −3 5 −3
0 1 −2 3

 ∼

1 1 −1 1
0 −3 5 −3
0 0 −1 6

 =⇒ jsou LN

=⇒ r̊uznoběžné

nebo mimoběžné

(P −R) = (−1,−2, 3,−4)

Vyšetř́ıme, zda jsou (P −R), u⃗, v⃗, w⃗ LN.
1 1 −1 1
4 1 1 1
0 1 −2 3
−1 −2 3 −4

 ∼


1 1 −1 1
0 −3 5 −3
0 0 −1 6
0 −1 2 −3

 ∼


1 1 −1 1
0 −3 5 −3
0 0 −1 6
0 0 −1 6

 ∼ =⇒ jsou LZ

=⇒ r̊uznoběžné

Pr̊useč́ık:

P − a · u⃗ = R+ b · v⃗ + c · w⃗

(P −R) = a · u⃗+ b · v⃗ + c · w⃗
(−1,−2, 3,−4) = a (1, 1,−1, 1) + b (4, 1, 1, 1) + c (0, 1,−2, 3)

−1= a+4b

−2= a+ b+ c

3=−a+ b− 2c

−4= a+ b+3c

(II)− (IV ) =⇒ 2 = −2c c = −1

1 = −a+ b, sečteme s (I) 0 = 5b b = 0 a = −1

=⇒ X = P − a · u⃗ = [0, 1, 0,−1] + (1, 1,−1, 1)

X = [1, 2,−1, 0]
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7 Př́ıčky mimoběžných podprostor̊u

Úloha 7.1 V A3 sestrojte př́ıčku př́ımek p, q daným směrem w⃗, je-li

a) p = {B = [−1, 1,−5] ; u⃗ = (1, 1, 2)},
q = {C = [1,−2, 3] ; v⃗ = (1, 3,−1)},
w⃗ = (1,−2, 3),

b) p = {B = [1, 2,−1] ; u⃗ = (1,−1, 1)},
q = {C = [0, 9,−2] ; v⃗ = (1, 0, 0)},
w⃗ = (1, 2, 0),

c) p = {B = [1, 0, 1] ; u⃗ = (2, 1, 0)},
q = {C = [2, 2, 3] ; v⃗ = (3, 0, 2)},
w⃗ = (2, 1, 4).

Úloha 7.2 V A3 sestrojte př́ıčku př́ımek p, q procházej́ıćı daným bodem M , je-li

a) p = {B = [2, 1, 1] ; u⃗ = (1, 0, 1)},
q = {C = [−1, 1, 0] ; v⃗ = (1, 1, 0)},
M = [2, 2, 1],

b) p = {B = [2, 0, 1] ; u⃗ = (1, 2, 3)},
q = {C = [2, 2, 0] ; v⃗ = (1, 1, 1)},
M = [2, 1, 3],

c) p = {B = [3, 3, 3] ; u⃗ = (2, 2, 1)},
q = {C = [0, 5,−1] ; v⃗ = (1, 1, 1)},
M = [4, 5, 3].

Úloha 7.3 V A4 určete př́ıčku mimoběžných podprostor̊u, kterými jsou př́ımka p a rovina ρ,
procházej́ıćı daným bodem M , je-li

p = {B = [0, 0,−6,−7] ; u⃗ = (1, 1, 2, 1)} ,
ρ = {C = [2, 1, 1, 1] ; v⃗ = (1, 2,−1, 1) , w⃗ = (−1, 2, 1, 2)} ,

M = [7,−2,−1, 0] .

Řešeńı.

7.1 a) Ověř́ıme, že se jedná o mimoběžky.∣∣∣∣∣∣
2 −3 8
1 1 2
1 3 −1

∣∣∣∣∣∣ = −2− 6 + 24− 8− 12− 3 = −7 ̸= 0 =⇒ (C −B) , u⃗, v⃗ jsou LN

=⇒ p, q jsou mimoběžné

Ověř́ıme podmı́nku existence pr̊usečnice dvou rovin (u⃗, v⃗, w⃗).∣∣∣∣∣∣
1 1 2
1 3 −1
1 −2 3

∣∣∣∣∣∣ = 9− 1− 4− 6− 2− 3 = −7 ̸= 0 =⇒ př́ıčka existuje

ρ = {B = [−1, 1,−5] ; u⃗ = (1, 1, 2) , w⃗ = (1,−2, 3)}
σ = {C = [1,−2, 3] ; v⃗ = (1, 3,−1) , w⃗ = (1,−2, 3)}
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Př́ıklad budeme řešit přes obecné rovnice rovin ρ, σ — využijeme determinanty.

ρ :

∣∣∣∣∣∣
x+ 1 1 1
y − 1 1 −2
z + 5 2 3

∣∣∣∣∣∣ = 3x+ 3− 2z − 10 + 2y − 2− z − 5 + 4x+ 4− 3y + 3

= 7x− y − 3z − 7 = 0

σ :

∣∣∣∣∣∣
x− 1 1 1
y + 2 3 −2
z − 3 −1 3

∣∣∣∣∣∣ = 9x− 9− 2z + 6− y − 2− 3z + 9− 3y − 6− 2x+ 2

= 7x− 4y − 5z = 0

Př́ıčkou je pr̊usečnice těchto dvou rovin.(
7 −4 −5 0
7 −1 −3 7

)
∼

(
7 −4 −5 0
0 3 2 7

)

z = t

y =
7− 2t

3
=

7

3
− 2

3
t

x =
1

7

(
5t+ 4 · 7− 2t

3

)
=

1

7
· 15t+ 28− 8t

3
=

1

3
(t+ 4) =

4

3
+

1

3
t

=⇒ př́ıčka: r =

{[
4

3
,
7

3
, 0

]
;

(
1

3
,−2

3
, 1

)}
b) Př́ımkou p prolož́ıme rovinu ρ (p, w⃗) = {B = [1, 2,−1] ; u⃗ = (1,−1, 1) , w⃗ = (1, 2, 0)}.

Pr̊useč́ık q ∩ ρ hledáme pomoćı parametrických rovnic.

q : x= t

y= 9

z=−2

ρ : x= 1+ r+ s

y= 2− r+2s

z=−1+ r

t= 1+ r+ s

9= 2− r+2s

−2=−1+ r r = −1

9 = 2 + 1 + 2s s = 3

t = 1− 1 + 3 t = 3

Dosazeńım t do rovnice př́ımky q (nebo r, s do rovnice roviny ρ) dostáváme
pr̊useč́ık X = [3, 9,−2].

př́ıčka: r = {X = [3, 9,−2] ; w⃗ = (1, 2, 0)}
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c)

(B − C) + k · u⃗− l · v⃗ = m · w⃗

−1+ 2k− 3l=2m

−2+ k = m

−2 − 2l=4m

2 · (I)− 4 · (II)− 3 · (III) =⇒ 12 = −12m m = −1

Dosad’ do (II) k = 1

Dosad’ do (III) l = 1

P = B + k · u⃗ = [3, 1, 1]

Q = C + l · v⃗ = [5, 2, 5]

př́ıčka: ↔ PQ: r = {P = [3, 1, 1] ; w⃗ = (2, 1, 4)}

7.2 a) 1. zp̊usob řešeńı:

ρ = {p,M} = {M ; u⃗, (M −B)} = {[2, 2, 1] ; (1, 0, 1) , (0, 1, 0)}

q : x=−1+ t

y= 1+ t

z= 0

ρ : x=2+ r

y=2 + s

z=1+ r

− 1+ t=2+ r

1+ t=2 + s

0 = 1+ r r = −1

− 1 + t = 2− 1 t = 2 s = 1

Q = C + t · v⃗ = [−1, 1, 0] + 2 (1, 1, 0) = [1, 3, 0]

př́ıčka: r = {M = [2, 2, 1] ; (M −Q) = (1,−1, 1)}
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2. zp̊usob řešeńı:

P = B + t · u⃗
Q = C + s · v⃗

P −M = k · (Q−M)

(B −M + t · u⃗) = k · (C −M + s · v⃗)

2− 2+ t= k (−1− 2+ s )

1− 2 = k ( 1− 2+ s )

1− 1+ t= k ( − 1 )

t= k ( s− 3 )

−1 = k ( s− 1 )

t=−k t = −1

− k = k (s− 3) − 1 = s− 3 s = 2

− 1 = k (2− 1) k = −1

P = B + t · u⃗ = [2, 1, 1] + (1, 0, 1) = [3, 1, 2]

Q = C + s · v⃗ = [−1, 1, 0] + 2 (1, 1, 0) = [1, 3, 0]

př́ıčka: ↔ PQ: r = {P = [3, 1, 2] ; (Q− P ) = (−2, 2,−2)}

b)
(M −B) = (0, 1, 2)1 2 3

1 1 1
0 1 2

 ∼

1 2 3
0 1 2
0 1 2

 =⇒ u⃗, v⃗, (M −B) jsou LZ

=⇒ neexistuje př́ıčka

c)
(M −B) = (1, 2, 0) (M − C) = (4, 0, 4)1 1 1

2 2 1
1 2 0

 ∼

1 1 1
0 0 −1
0 1 −1

 =⇒ u⃗, v⃗, (M −B) jsou LN1 1 1
2 2 1
4 0 4

 ∼

1 1 1
0 0 −1
0 −4 0

 =⇒ u⃗, v⃗, (M − C) jsou LN


=⇒ př́ıčka existuje

ρ = {p,M} = {B; u⃗, (M −B)} = {[3, 3, 3] ; (2, 2, 1) , (1, 2, 0)}

q : x= + k

y= 5+ k

z=−1+ k

ρ : x=3+ 2t+2s

y=3+ 2t+ s

z=3+ t
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3+ 2t+ s= k

3+ 2t+2s= 5+ k

3+ t =−1+ k

3+ 2t+2s= 5+ 3+ 2t+ s s = 5

3+ t =−1+ 3+ 2t+ s t = 1− s t = −4

Q = B + t · u⃗+ s · (M −B) = [3, 3, 3] + 5 (2, 2, 1)− 4 (1, 2, 0) = [0, 5,−1]

př́ıčka: r = {Q = [0, 5,−1] ; (Q−M) = (−4, 0,−4)}

7.3 Ověř́ıme podmı́nku existence př́ıčky (r). 7 −2 5 7
1 2 −1 1
−1 2 1 2

 ∼

1 2 −1 1
0 4 0 3
0 12 12 21

 =⇒ (M −B), v⃗, w⃗ jsou LN

=⇒ př́ıčka existuje

Označme P , Q následovně:

P = p ∩ r P = B + t · u⃗
Q = ρ ∩ r Q = C + r · v⃗ + s · w⃗

Muśı platit následuj́ıćı rovnost:

M −Q = λ · (M − P )

M − C − r · v⃗ − s · w⃗ = λ (M −B − t · u⃗)
λ · (M −B) + r · v⃗ + s · w⃗ − λt · u⃗ = M − C


r s λ λt

1 −1 7 −1 5
2 2 −2 −1 −3
−1 1 5 −2 −2
1 2 7 −1 −1

 ∼


1 −1 7 1 5
0 4 −16 1 −13
0 0 4 −1 1
0 3 0 0 −6

 ∼


1 −1 7 1 5
0 4 0 −3 −9
0 0 4 −1 1
0 1 0 0 −2



s = −2 4s− 3λt = −9 4λ− λt = 1 r − s+ 7t− λt = 5

4 · (−2)− 3λt = −9 4λ− 1

3
= 1 r + 2 +

7

3
− 1

3
= 5

−3λt = −1 λ =
1

3
r = 1

λt =
1

3
t = 1

P = B + t · u⃗ = [0, 0,−6,−7] + (1, 1, 2, 1) = [1, 1,−4,−6]

Q = C + r · v⃗ + s · w⃗ = [2, 1, 1, 1] + (1, 2,−1, 1)− 2 (−1, 2, 1, 2) = [5,−1,−2,−2]

př́ıčka: ↔ PQ: r = {P = [1, 1,−4,−6] ; (Q− P ) = (4,−2, 2, 4)}
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8 Vzdálenosti

Úloha 8.1 V prostoru E3 určete vzdálenost bodu A = [1, 3,−5] od roviny ρ : x− 2y + 2z − 3 = 0.

Úloha 8.2 V prostoru E3 určete vzdálenost bodu A = [3, 2, 1] od př́ımky p = {P = [2, 1, 1] ; u⃗ = (1,−1, 1)}.

Úloha 8.3 V prostoru E3 určete vzdálenost př́ımek p a q, je-li

p = {A = [1, 3, 1] ; u⃗ = (2, 1,−2)} ,
q : x− 2y − 1 = 0 ∧ 3x− 4y + z − 7 = 0.

Úloha 8.4 V prostoru E3 určete vzdálenost př́ımky p a roviny σ, je-li

p = {A = [−6, 4,−3] ; u⃗ = (2, 3,−2)} ,
σ : 9x− 2y + 6z − 41 = 0.

Úloha 8.5 V prostoru E3 určete vzdálenost rovin ρ a σ, je-li

ρ : x+ y +
√
2z − 1 = 0,

σ =
{
S = [−2,−1, 0] ; u⃗ = (1,−1, 0) , v⃗ =

(
1, 1,−

√
2
)}

.

Úloha 8.6 V prostoru E3 určete vzdálenost př́ımek p a q, je-li

p = {B = [4, 2, 3] ; u⃗ = (−2, 3, 2)} ,
q = {C = [3, 4,−4] ; v⃗ = (2, 0,−1)} .

Úloha 8.7 V prostoru E4 určete vzdálenost př́ımky p a roviny ρ, je-li

p = {B = [1,−1,−4, 1] ; u⃗ = (1, 3, 5, 1)} ,
ρ = {C = [3,−8, 4,−2] ; v⃗ = (1, 3, 0, 0) , w⃗ = (1, 6,−2,−1)} .

Úloha 8.8 V prostoru E3 určete vzdálenost př́ımky p a roviny ρ, je-li

p = {B = [2, 13, 7] ; u⃗ = (−3,−1, 4)} ,
ρ : 2x+ 6y + 3z − 5 = 0.

Úloha 8.9 V prostoru E4 určete vzdálenost př́ımky p a roviny ρ, je-li

p = {P = [0, 3,−2,−5] ; u⃗ = (−2, 0,−1, 2)} ,
ρ = {R = [−2,−4, 0, 4] ; v⃗ = (−1,−1,−2, 2) , w⃗ = (1, 2, 1, 0)} .

Řešeńı.

8.1 a) Využijeme vzorec pro vzdálenost bodu od nadroviny:

|Aρ| = |axA + byA + czA + d|√
a2 + b2 + c2

=
|1− 6− 10− 3|√

1 + 4 + 4
=

18

3
= 6
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b) Využijeme kolmého pr̊umětu bodu A do roviny ρ:

ρ

~nρ

A

A′

n⃗ρ = (1,−2, 2)

k : x= 1+ t

y= 3− 2t

z=−5+ 2t

t ∈ R

k ∩ ρ : (1 + t)− 2 (3− 2t) + 2 (−5 + 2t)− 3 = 0

1 + t− 6 + 4t− 10 + 4t− 3 = 0

9t = 18

A′ = [3,−1,−1] t = 2(
A′ −A

)
= (2,−4, 4)∣∣∣∣A′ −A

∣∣∣∣ = √
4 + 16 + 16 =

√
36 = 6

c) Vyžijeme Gramovy determinanty:

B = [1, 3, 4]

u⃗ = (0, 1, 1)

v⃗ = (2, 1, 0)

(B −A) = (0, 0, 9)

d (A, ρ) =

√
G (u⃗, v⃗, B −A)

G (u⃗, v⃗)
=

√√√√√√√√√√

∣∣∣∣∣∣
2 1 9
1 5 0
9 0 81

∣∣∣∣∣∣∣∣∣∣2 1
1 5

∣∣∣∣ =

√
81 · 4
9

= 6

8.2 a) Rovina kolmá k p vedená bodem A:

ρ

p

~nρ

~u

A

p : x=2+ t

y=1− t

z=1+ t

t ∈ R

ρ ⊥ p : s⃗p = u⃗ = n⃗ρ

=⇒ ρ : x− y + z + d = 0

A ∈ ρ : 3− 2 + 1 + d = 0

d = −2

=⇒ ρ : x− y + z − 2 = 0

p ∩ ρ : (2 + t)− (1− t) + (1 + t)− 2 = 0

2 + t− 1 + t+ 1 + t− 2 = 0

3t = 0

t = 0 =⇒ A′ = [2, 1, 1]

34



(
A′ −A

)
= (−1,−1, 0)

|Ap| =
∣∣∣∣A′ −A

∣∣∣∣ = √
2

b) Vyjádřeńı paty P kolmice spuštěné z bodu A na př́ımku p:

p
P

A

B

P ∈ E⊥
k

P = [2 + t, 1− t, 1− t]

A = [3, 2, 1]

(A− P ) ∈ V ⊥
k

(A− P ) = (1− t, 1 + t,−t)

(A− P ) · u⃗ = 0

(1− t, 1 + t,−t) · (1,−1, 1) = 0

1− t− 1− t− t = 0

−3t = 0

t = 0 =⇒ P = [2, 1, 1]

(A− P ) = (1, 1, 0)

|Ap| = ||A− P || =
√
2

c) Gramův determinant:

u⃗ = (1,−1, 1)

(B −A) = (−1,−1, 0)

d (A, p) =

√
G (u⃗, B −A)

G (u⃗)
=

√√√√√
∣∣∣∣ u⃗ · u⃗ u⃗ · (B −A)
(B −A) · u⃗ (B −A) · (B −A)

∣∣∣∣∣∣u⃗ · u⃗
∣∣ =

√√√√√
∣∣∣∣3 0
0 2

∣∣∣∣
3

=
√
2

8.3 Hledáme parametrické vyjádřeńı př́ımky q.

x− 2y − 1 = 0 3x− 4y + z − 7 = 0

x− 2t− 1 = 0 6t+ 3− 4t+ z − 7 = 0

y = t x = 2t+ 1 z = −2t+ 4

x=1+ 2t

y= t

z=4− 2t

t ∈ R s⃗q = (2, 1,−2)

u⃗ = s⃗q =⇒ jsou LZ ∧A /∈ q =⇒ p ∥ q ∧ p ̸= q
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a) Můžeme řešit úlohu |Aq| =?, protože |Aq| = |pq|.

ρ

q

P
p

A

Podprostor totálně kolmý: ρ : A ∈ ρ ∧ ρ ⊥ q

n⃗ρ = s⃗q : ρ : 2x+ y − 2z + d = 0

A ∈ ρ : 2 + 3− 2 + d = 0

d = −3

=⇒ ρ : 2x+ y − 2z − 3 = 0

ρ ∩ q : 2 (1 + 2t) + t− 2 (4− 2t)− 3 = 0

9t = 9

t = 1 =⇒ P = [3, 1, 2]

(P −A) = (2,−2, 1)

|pq| = |Aq| = ||P −A|| =
√
4 + 4 + 1 = 3

b)

(A− P ) · s⃗q = 0

(−2t, 2− t, 2t− 3) · (2, 1,−2) = 0

−4t+ 3− t− 4t+ 6 = 0

t = 1 =⇒ P = [3, 1, 2]

|pq| = ||A− P || = 3

c)

(Q−A) = (0,−3, 3)

u⃗ = (2, 1,−2)

d (A, p) =

√
G (Q−A, u⃗)

G (u⃗)
=

√√√√√
∣∣∣∣(Q−A) · (Q−A) · (Q−A) u⃗

u⃗ (Q−A) u⃗ · u⃗

∣∣∣∣∣∣u⃗ · u⃗
∣∣

=

√√√√√
∣∣∣∣18 −9
−9 9

∣∣∣∣
9

=

√√√√√92
∣∣∣∣ 2 −1
−1 1

∣∣∣∣
9

=
√
9 = 3

8.4
u⃗ ∈ Vσ ∧A /∈ σ =⇒ p ∥ σ =⇒ |pσ| = |Aσ|

|Aσ| = |9 · (−6)− 2 · 4 + 6 · (−3)− 41|√
92 + (−2)2 + 62

=
|−54− 8− 18− 41|√

81 + 4 + 36
=

121√
121

= 11
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8.5

u⃗ · n⃗ρ = (1,−1, 0) ·
(
1, 1,

√
2
)
= 1− 1 = 0

v⃗ · n⃗ρ =
(
1, 1,

√
2
)
·
(
1, 1,−

√
2
)
= 1 + 1− 2 = 0

=⇒ u⃗, v⃗ ∈ Vρ ∧ S /∈ ρ =⇒ ρ ∥ σ

|σρ| = |Sρ| = |−2− 1− 1|√
1 + 1 + 2

=
4√
4
= 2

8.6 a) Nejkratš́ı př́ıčka:
w⃗ = u⃗× v⃗ = (−3, 2,−6)

P = B + t · u⃗
Q = C + s · v⃗

P −Q = k · w⃗

4− 2t− 3− 2s=−3k

2+ 3t− 4 = 2k

3+ 2t+4+ s=−6k

1= 2t+2s− 3k

−2=−3t +2k

7=−2t− s− 6k

(I) + 2 · (III) : 15=−2t− 15k / · 3
− 2=−3t+ 2k / · (−2)

)
+

51 = −51k

s = −1 t = 0 k = −1

P = B + 0 · u⃗ = [4, 2, 3]

Q = C − 1 · v⃗ = [1, 4,−3]

(P −Q) = (3,−2, 6)

|pq| = ||P −Q|| =
√
9 + 4 + 36 = 7

b)
”
Transferová věta“:
Vektor ze zaměřeńı př́ımky p přesuneme do zaměřeńı př́ımky q a úlohu převedeme
na vzdálenost bodu B od roviny α = {C; u⃗, v⃗}.

α : −3x+ 2y − 6z + d = 0

C ∈ α : −9 + 8 + 24 + d = 0

d = −23

=⇒ α : −3x+ 2y − 6z − 23 = 0

d (B,α) =
|−3 · 4 + 2 · 2− 6 · 3− 23|√

(−3)2 + 22 + (−6)2
=

|−49|√
49

= 7
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c) Gramovy determinanty:
q

C

~v

p B~u

(B − C) = (1,−2, 7)

u⃗ = (−2, 3, 2)

v⃗ = (2, 0,−1)

V = Ppodst. · výška

d (p, q) =

√
G (u⃗, v⃗, B − C)

G (u⃗, v⃗)
=

√√√√√√√√√√

∣∣∣∣∣∣
u⃗ · u⃗ u⃗ · v⃗ u⃗ · (B − C)
v⃗ · u⃗ v⃗ · v⃗ v⃗ · (B − C)

(B − C) · u⃗ (B − C) · v⃗ (B − C) · (B − C)

∣∣∣∣∣∣∣∣∣∣u⃗ · u⃗ u⃗ · v⃗
v⃗ · u⃗ v⃗ · v⃗

∣∣∣∣

=

√√√√√√√√√√

∣∣∣∣∣∣
17 −6 6
−6 5 −5
6 −5 54

∣∣∣∣∣∣∣∣∣∣17 −6
−6 5

∣∣∣∣ =

√
2401

49
= 7

8.7 a)

u⃗, v⃗, w⃗ jsou LN =⇒ p ∦ ρ

(C −B) , u⃗, v⃗, w⃗ jsou LN =⇒ p, ρ jsou mimoběžné

=⇒ existuje společná kolmice k: k ⊥ u⃗, k ⊥ v⃗, k ⊥ w⃗

ρ

~v

~wC

Q

p

B
P

~u

P = B + t · u⃗ t ∈ R
Q = C + s · v⃗ + r · w⃗ s, r ∈ R

(P −Q) ⊥ u⃗, (P −Q) ⊥ v⃗, (P −Q) ⊥ w⃗

P : x1 = 1+ t

x2 =−1+ 3t

x3 =−4+ 5t

x4 = 1+ t

Q : x1 = 3+ s+ r

x2 =−8+ 3s+6r

x3 = 4 − 2r

x4 =−2 − r

(P −Q) = (−2 + t− s− r, 7 + 3t− 3s− 6r,−8 + 5t+ 2r, 3 + t+ r)
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(P −Q) ⊥ u⃗ : −2 + t− s− r + 21 + 9t− 9s− 18r − 40 + 25t+ 10r + 3 + t+ r = 0

(P −Q) ⊥ v⃗ : −2 + t− s− r + 21 + 9t− 9s− 18r = 0

(P −Q) ⊥ w⃗ : −2 + t− s− r + 42 + 18t− 18s− 36r + 16− 10t− 4r − 3− t− r = 0

−18+ 36t− 10s− 8r=0

19+ 10t− 10s− 19r=0

53+ 8t− 19s− 42r=0

...

t = 1 s = 1 r = 1

P = B + 1 · u⃗ = [2, 2, 1, 2]

Q = C + 1 · v⃗ + 1 · w⃗ = [5, 1, 2,−3]

(P −Q) = (−3, 1,−1, 5)

|pρ| = ||P −Q|| =
√
9 + 1 + 1 + 25 = 6

b)

d (p, ρ) = d (B,α)

B = [1,−1, 4, 1] α = {C; u⃗, v⃗, w⃗}

x1 = 3+ t+ s+ r

x2 =−8+ 3t+3s+6r

x3 = 4+ 5t − 2r

x4 =−2+ t − r

(II)− 3 · (I) : x2 − 3x1 =−17+ 3r / · (−1)

(III)− 5 · (IV ) : x3 − 5x4 = 14+ 3r

)
+

α : 3x1 − x2 + x3 − 5x4 − 31 = 0

d (p, ρ) = d (B,α) =
|3 · 1− 1 · (−1) + 1 · (−4)− 5 · 1− 31|√

9 + 1 + 1 + 25
=

|−36|
6

=
36

6
= 6

c)

d (p, ρ) = d (B,α)

α = {C; u⃗, v⃗, w⃗}

(B − C) = (−2, 7,−8, 3)

u⃗ = (1, 3, 5, 1)

v⃗ = (1, 3, 0, 0)

w⃗ = (1, 6,−2,−1)
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d (p, ρ) = d (B,α) =

√
G (u⃗, v⃗, w⃗, B − C)

G (u⃗, v⃗, w⃗)

=

√√√√√√√√√√√√√√

∣∣∣∣∣∣∣∣
u⃗ · u⃗ u⃗ · v⃗ u⃗ · w⃗ u⃗ · (B − C)
v⃗ · u⃗ v⃗ · v⃗ v⃗ · w⃗ v⃗ · (B − C)
w⃗ · u⃗ w⃗ · v⃗ w⃗ · w⃗ w⃗ · (B − C)

(B − C) · u⃗ (B − C) · v⃗ (B − C) · w⃗ (B − C) · (B − C)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
u⃗ · u⃗ u⃗ · v⃗ u⃗ · w⃗
v⃗ · u⃗ v⃗ · v⃗ v⃗ · w⃗
w⃗ · u⃗ w⃗ · v⃗ w⃗ · w⃗

∣∣∣∣∣∣

=

√√√√√√√√√√√√√√

∣∣∣∣∣∣∣∣
36 10 8 −18
10 10 19 19
8 19 42 53

−18 19 53 126

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
36 10 8
10 10 19
8 19 42

∣∣∣∣∣∣
=

√
11664

324
=

√
36 = 6

8.8

n⃗ρ = (2, 6, 3)

u⃗ = (−3,−1, 4)

2 · (−3) + 6 · (−1) + 3 · 4 = 0 =⇒ u⃗ ∈ Vρ =⇒ (p ∥ ρ ∧ p ̸⊂ ρ) ∨ p ⊂ ρ

2 · 2 + 6 · 13 + 3 · 7− 5 ̸= 0 =⇒ B /∈ ρ =⇒ p ∥ ρ ∧ p ̸⊂ ρ

d (p, ρ) = d (B, ρ) =
|2 · 2 + 6 · 13 + 3 · 7− 5|√

4 + 36 + 9
=

98

7
= 14

8.9
u⃗, v⃗, w⃗ jsou LN =⇒ p, ρ jsou r̊uznoběžné nebo mimoběžné

(P −R) = (2, 7,−2,−9)∣∣∣∣∣∣∣∣
2 7 −2 9
−2 0 −1 2
−1 −1 −2 2
1 2 1 0

∣∣∣∣∣∣∣∣ = −9 ·

∣∣∣∣∣∣
−2 0 −1
−1 −1 −2
1 2 1

∣∣∣∣∣∣+ 2 ·

∣∣∣∣∣∣
2 7 −2
−1 −1 −2
1 2 1

∣∣∣∣∣∣− 2 ·

∣∣∣∣∣∣
2 7 −2
−2 0 −1
1 2 1

∣∣∣∣∣∣
= −9 · (−5) + 2 · ·1− 2 · 19 = 9 ̸= 0

=⇒ (P −R), u⃗, v⃗, w⃗ jsou LN =⇒ p, ρ jsou mimoběžné

d (p, ρ) = d (P, α)

α = {R; u⃗, v⃗, w⃗}

α : x1 +2=− 2t− s+ r

x2 +4= − s+2r

x3 =− t− 2s+ r

x4 − 4= 2t+2s

t, s, r ∈ R
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∣∣∣∣∣∣∣∣
x1 + 2 −2 −1 1
x2 + 4 0 −1 2
x3 −1 −2 1

x4 − 4 2 2 0

∣∣∣∣∣∣∣∣ = −1 ·

∣∣∣∣∣∣
x2 + 4 0 −1
x3 −1 −2

x4 − 4 2 2

∣∣∣∣∣∣+ 2 ·

∣∣∣∣∣∣
x1 + 2 −2 −1
x3 −1 −2

x4 − 4 2 2

∣∣∣∣∣∣− 1 ·

∣∣∣∣∣∣
x1 + 2 −2 −1
x2 + 4 0 −1
x4 − 4 2 2

∣∣∣∣∣∣
= 2x1 − 4x2 + 6x3 + 5x4 − 32 = 0

d (p, ρ) = d (P, α) =
|2 · 0− 4 · 3 + 6 · (−2) + 5 · (−5)− 32|√

4 + 16 + 36 + 25
=

81√
81

= 9

9 Odchylky

Úloha 9.1 V prostoru E3 určete odchylku rovin ρ a σ, je-li

ρ = {A = [−1, 2,−5] ; u⃗ = (1, 1, 1) , v⃗ = (1,−1, 1)} ,
σ = {B = [3,−7, 8] ; x⃗ = (1, 0, 0) , y⃗ = (1, 1, 0)} .

Úloha 9.2 V prostoru E3 je dána př́ımka p = {P = [1, 2,−1] ; u⃗ = (1, a,−1)}, a ∈ R a rovina
ρ : x+ y − z + 8 = 0. Určete a ∈ R tak, aby

a) p ⊥ ρ,
b) |∢pρ| = 30◦,
c) p ∥ ρ.

Úloha 9.3 V prostoru E2 určete odchylku př́ımek p a q, je-li

p : 2x+ y − 3 = 0,

q : 3x− y + 5.

Úloha 9.4 V prostoru E2 napǐste rovnici př́ımky p, která procháźı bodem A = [−1, 1]
a s př́ımkou q sv́ırá úhel 45◦, je-li

q : .2x+ 3y − 6 = 0.

Řešeńı.

9.1

n⃗ρ = u⃗× v⃗ = (2, 0,−2)

n⃗σ = x⃗× y⃗ = (0, 0, 1)

cosφ =
|n⃗ρ · n⃗σ|

||n⃗ρ|| · ||n⃗σ||
=

|0 + 0− 2|√
4 + 4 ·

√
1
=

2

2
√
2
=

√
2

2
=⇒ φ =

π

4

9.2 a)
n⃗ρ = (1, 1,−1) u⃗p = (1, a,−1)

Má-li být p ∥ ρ, muśı být n⃗ρ, u⃗p LZ.

(1, 1,−1) = k · (1, a,−1) =⇒ k = 1 =⇒ a = 1
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b)

sin 30◦ =
|1 + a+ 1|√
3 ·

√
2 + a2

1

2
=

|a+ 2|√
3 ·

√
2 + a2√

3 ·
√

2 + a2 = 2 · |a+ 2| /2

3 ·
(
a2 + 2

)
= 4 · (a+ 2)2

3a2 + 6 = 4a2 + 16a+ 16

a2 + 16a+ 10 = 0

D = 256− 40 = 216 = 6 · 36

a1,2 =
−16±

√
6 · 36

2
=

{
−8 + 3

√
6

−8− 3
√
6

c)
p ∥ ρ =⇒ u⃗p ⊥ n⃗ρ

u⃗p · n⃗ρ = 0

(1, a,−1) · (1, 1,−1) = 0

1 + a+ 1 = 0

a = −2

9.3

x

y

ϕ

~nq

~npϕ

q p

n⃗p = (2, 1)

n⃗q = (3,−1)

cosφ =
|6− 1|√

4 + 1 ·
√
9 + 1

=
5

5 ·
√
2
=

√
2

2

φ =
π

4

9.4
p

A

q

45◦
n⃗q = (2, 3)

n⃗p = (a, b) ̸= (0, 0)

√
2

2
= cos (45◦) =

|2a+ 3b|√
13 ·

√
a2 + b2
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Vektor (a, b) je dán až na nenulový násobek.

• pro a = 0 dostaneme
√
2
2 = 3√

13
=⇒ nemá řešeńı

• pro a ̸= 0 můžeme vektor vydělit č́ıslem a a řešit úlohu s jednodušš́ım vekto-
rem (1, c), kde c = b

a

√
2

2
=

|2 + 3c|√
13 ·

√
1 + c2√

26 ·
√
1 + c2 = 2 · |2 + 3c| /2

26 ·
(
1 + c2

)
= 4 · (2 + 3c)2

26 + 26c2 = 16 + 48c+ 36c2

10c2 + 48c− 10 = 0

5c2 + 24c− 5 = 0

c1,2 =
−24±

√
576 + 100

10
=

{
1
5

−5

n⃗p1 =

(
1,

1

5

)
∼ (5, 1)

n⃗p2 = (1,−5)

p1 : 5x+ y + d = 0 p2 : x− 5y + e = 0

A ∈ p1 : −5 + 1 + d = 0 A ∈ p2 : −1− 5 + e = 0

d = 4 e = 6

p1 : 5x+ y + 4 = 0 p2 : x− 5y + 6 = 0
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