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Nonlinear problem

Numerical solution

nonlinear PDE a(u, φ) = 0 ∀φ ∈ V

numerical solution ah(uh, φh) = 0 ∀φh ∈ Vh

iterative solver
un+1
h = unh + dn

h , aLh (unh ; dn
h , φh) = −ah(unh , φh) ∀φh ∈ Vh

Quantity of interest: Function J(u) ∈ R
goal to estimate J(u)− J(unh)

adjoint problem: a′h(unh , ψ, z) = J ′(unh , ψ) ∀ψ ∈ V

J(u − unh) ≈ 1
2 (rh(unh)(z − Πz) + r∗h (znh )(u − Πu))

Approach based on linearization

Idea: employ the information available from the iterative
solver

adjoint problem aLh (unh , ψ, z) = JLh (unh , ψ) ∀ψ ∈ V
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V. Doleǰśı et all Anisotropic goal-oriented error estimates for nonlinear problems November 19, 2021 2 / 8



Nonlinear problem

Numerical solution

nonlinear PDE a(u, φ) = 0 ∀φ ∈ V

numerical solution ah(uh, φh) = 0 ∀φh ∈ Vh

iterative solver
un+1
h = unh + dn

h , aLh (unh ; dn
h , φh) = −ah(unh , φh) ∀φh ∈ Vh

Quantity of interest: Function J(u) ∈ R
goal to estimate J(u)− J(unh)

adjoint problem: a′h(unh , ψ, z) = J ′(unh , ψ) ∀ψ ∈ V

J(u − unh) ≈ 1
2 (rh(unh)(z − Πz) + r∗h (znh )(u − Πu))

Approach based on linearization

Idea: employ the information available from the iterative
solver

adjoint problem aLh (unh , ψ, z) = JLh (unh , ψ) ∀ψ ∈ V
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Goal-oriented error estimates

Primal problem

continuous primal problem a(u, φ) = 0 ∀φ ∈ V

approximate primal problem ah(uh, φh) = 0 ∀φh ∈ Vh

Adjoint problem

continuous adjoint problem aL(u, ψ, z) = JL(u, ψ) ∀ψ ∈ V

approximate adjoint problem
aLh (unh , ψh, zh) = JLh (unh , ψh) ∀ψh ∈ Vh

Requirements

let u, z be the weak solutions of primal and adjoint problems

primal consistency: ah(u, φh) = 0 ∀φh ∈ Vh

adjoint consistency: aLh (u, ψh, z) = JLh (u, ψh) ∀ψh ∈ Vh
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Solution strategy

Primal problem

iterative solver un+1
h = unh + dn

h , A(unh)dn
h = f (unh)

Adjoint problem

linear system: AT(unh)znh = j(unh)

Solver

systems are solved at once by BiCG [D., Tichy, JSC 2020]

control of the algebraic error (nonlinear/linear solvers) w.r.t.
goal-oriented error estimates

Goal-oriented error estimates

u+
h := R(unh), z+

h := R(znh ),

J(u−unh) ≈ 1
2 rh(unh)(z+

h −Πz+
h ) + 1

2 r
∗
h (znh )(u+

h −Πu+
h ) + rh(unh)(znh )
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Anisotropic goal-oriented error estimates including

Error estimates of type I

J(u − unh) ≈ η = ηI + ηA,

ηI := 1
2 rh(unh)(z+

h − Πz+
h ) + 1

2 r
∗
h (znh )(u+

h − Πu+
h ),

ηA := rh(unh)(znh )

Localization of the error estimates of type I

ηI =
∑

K∈Th
ηIK ,

ηIK := 1
2 rh(unh)(χK (z+

h − Πz+
h )) + 1

2 r
∗
h (znh )(χK (u+

h − Πu+
h ))

Error estimates of type II

ηIK ≤
∑

? R?(uh)
∥∥z+

h − Πz+
h

∥∥
?

+ R∗? (zh)
∥∥u+

h − Πu+
h

∥∥
?
, K ∈ Th

Interpolation error estimates [D. May, Birghäuser, 2022]

‖w − Πw‖? ≤ G?(Dp+1w , µK , σK , φK )
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‖w − Πw‖? ≤ G?(Dp+1w , µK , σK , φK )
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‖w − Πw‖? ≤ G?(Dp+1w , µK , σK , φK )
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‖w − Πw‖? ≤ G?(Dp+1w , µK , σK , φK )
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Examples: NACA 0012 profile, M = 0.5, α = 1.25◦

convergence of the error and estimators
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Examples: NACA 0012 profile – drag coefficient
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Examples: NACA 0012 profile – lift coefficient
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