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Model problem

Continuous problem:
Let Ω ⊂ R2 be a polygonal domain. Find u : Ω→ R satisfying

−∆u = f in Ω,

u = 0 on ∂Ω,
and evaluate J(u), e.g.

∫
Γ

u dS or
∫

ΩJ
u dx , where Γ ⊂ ∂Ω, ΩJ ⊂ Ω.

Weak formulation: Find u, z ∈ H1
0 (Ω) such that

ah(u, ϕ) = (f , ϕ) ∀ϕ ∈ H1
0 (Ω),

ah(ψ, z) = J(ψ) ∀ψ ∈ H1
0 (Ω).

Discrete SIPG solution: Find uh, zh ∈ Sp
h such that

ah(uh, ϕh) = (f , ϕh) ∀ϕh ∈ Sp
h ,

ah(ψh, zh) = J(ψh) ∀ψh ∈ Sp
h .

Then J(u) = ah(u, z) = (f , z) and J(uh) = ah(uh, zh) = (f , zh).

ah(u, v) =
∑

K∈Th

∫
K
∇u · ∇v dx −

∑
γ∈Fh

∫
γ

〈∇u〉 · n[v ] + 〈∇v〉 · n[u] dS

+
∑
γ∈Fh

∫
γ

σ[u][v ] dS
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Lifting operator

Lifting operator lγ : L2(γ)→ [Pp(Kγ)]2 defined on neighbours of γ by

(lγ([uh]), ϕ)Kγ = ([uh], 〈ϕ〉 · n)γ ∀ϕ ∈ [Pp(Kγ)]2.

Global lifting operator l : L2(Fh)→ [Sp
h ]2 is

l([uh]) =
∑
γ∈Fh

lγ([uh]γ).

It follows that l([uh])|K =
∑
γ∈∂K lγ([uh]γ)|K , l([u]) = l([z]) = 0.∑

γ∈Fh

∫
γ

〈∇uh〉 · n[vh]dS =
∑
γ∈Fh

∫
γ

l([vh]) · ∇uh dS

Setting Gh(uh) = ∇(uh)− l([uh]), Gh(zh) = ∇(zh)− l([zh]), we obtain

ah(uh, vh) =
∑

K∈Th

∫
K

G(uh) ·G(vh) dx

−
∑

K∈Th

∫
K

l([uh]) · l([vh])dx +
∑
γ∈Fh

∫
γ

σ[uh][vh]dS
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Error expression

J(u − uh) = ah(u − uh, z)

= ah(u − uh, z − zh)

= ah(u − uh, z+
h − zh) + ah(u − uh, z − z+

h )

= rh(uh)(z+
h − zh) + ah(u − uh, z − z+

h )

= ah(u − uh, z+
h − zh) + ah(u+

h − uh, z − z+
h ) + ah(u − u+

h , z − z+
h )

= rh(uh)(z+
h − zh) + r∗h (z+

h )(u+
h − uh) + ah(u − u+

h , z − z+
h )

The last term is equal to

ah(u − u+
h , z − z+

h ) =
∑

K∈Th

∫
K

(∇(u − u+
h ) + l([u+

h ])) · (∇(z − z+
h ) + l([z+

h ]))dx

−
∑

K∈Th

∫
K

l([u+
h ]) · l([z+

h ])dx +
∑
γ∈Fh

∫
γ

σ[u+
h ][z+

h ]dS.

Setting L(u+
h , z

+
h ) =

∑
K∈Th

∫
K l([u+

h ]) · l([z+
h ])dx ,

Jσh (u+
h , z

+
h ) =

∑
γ∈Fh

∫
γ
σ[u+

h ][z+
h ]dS, we arrive at an estimate

|ah(u − u+
h , z − z+

h )| ≤
∥∥∇u −Gh(u+

h )
∥∥

L2(Ω)

∥∥∇z −Gh(z+
h )
∥∥

L2(Ω)

+
∣∣−L(u+

h , z
+
h ) + Jσh (u+

h , z
+
h )
∣∣ .
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Error estimate

Let sh ∈ H1
0 (Ω) ∩ C(Ω), σh ∈ H(div,Ω), (∇ · σh, 1)K = (f , 1)K ∀K ∈ Th. Then∥∥∇u −Gh(u+

h )
∥∥2

L2(Ω)
≤
∑

K∈Th

η2
K

with

η2
K =

(∥∥Gh(u+
h ) + σh

∥∥
K +

hK

π
‖f −∇ · σh‖K + (ηΓN ,K )

)2

+
(∥∥Gh(u+

h )−∇sh
∥∥

K + (ηΓD ,K )
)2
.

Both sh ∈ Sp+1
h ∩ H1

0 (Ω) and σh ∈ RTNp+1 can be reconstructed by solving
local mixed problems on patches around vertices.
σa

h ∈ RTNa
p+1 s.t. ∇ · σa

h = Π∇·RTNa
p+1

(ψaf −∇ψa ·G(u+
h )) minimizes∥∥ψaG(u+

h ) + σa
h

∥∥
ωa

.
sa

h minimizes
∥∥∇(ψau+

h − sa
h)
∥∥
ωa

over a suitable space.
We then have σh =

∑
a∈Vh

σa
h and sh =

∑
a∈Vh

sa
h .
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