DIFFERENTIAL GEOMETRY AND ITS APPLICATIONS Proc. Conf. Prague, August 30 – September 3, 2004 Charles University, Prague (Czech Republic), 2005, 591 – 604

Second variational derivative of gauge-natural invariant Lagrangians and conservation laws

M. Francaviglia, M. Palese and E. Winterroth

Abstract. We consider the second variational derivative of a given gauge-natural invariant Lagrangian taken with respect to (prolongations of) vertical parts of gauge-natural lifts of infinitesimal principal automorphisms. By requiring such a second variational derivative to vanish, via the Second Noether Theorem we find that a covariant strongly conserved current is canonically associated with the deformed Lagrangian obtained by contracting Euler–Lagrange equations of the original Lagrangian with (prolongations of) vertical parts of gauge-natural lifts of infinitesimal principal automorphisms lying in the kernel of the generalized gauge-natural Jacobi morphism.

1. Introduction

After the works by Bergmann (see e.g. [1] and references quoted therein) the general problem has been tackled of coherently defining the lifting of infinitesimal transformations of the basis manifold to bundles of fields (namely bundles of tensors or tensor densities which could be obtained as suitable representations of the action of infinitesimal space-time transformations on frame bundles of a given order [26]). Such theories were also called geometric or natural [33]. A physically important generalization of natural theories to gauge field theories passed through the concept of jet prolongation of a principal bundle and the introduction of a very important geometric construction, namely the gauge-natural bundle functor [4, 19].

We recall that within the above mentioned program generalized Bianchi identities for geometric field theories were introduced by Bergmann to get (after an integration by parts procedure) a consistent equation involving divergences within the first variation formula. It was also stressed that in the general theory of Relativity those identities coincide with the contracted Bianchi identities for the curvature tensor of the pseudo-Riemannian metric. Our present aim is to suitably generalize this setting to the gauge-natural framework.

Our general setting is the calculus of variations on finite order fibered bundles which will be assumed to be gauge-natural bundles (i.e. jet prolongations of fibered bundles associated to some gauge-natural prolongation of a principal bundle P [4, 19]). Such geometric structures have been widely recognized to suitably

2000 Mathematics Subject Classification. 58A20,58A32,58E30,58E40,58J10,58J70. Key words and phrases. jet, gauge-natural bundle, second variational derivative, generalized Jacobi morphism.

This paper is in final form and no version of it will be published elswhere. 591

describe so-called gauge-natural field theories, i.e. physical theories in which rightinvariant infinitesimal automorphisms of the structure bundle P uniquely define the transformation laws of the fields themselves (see e.g. [5] and references quoted therein). We shall in particular consider finite order variational sequences [22] on gauge-natural bundles. We represent the second variational derivative [9, 10, 13] of a given gauge-natural invariant Lagrangian taken with respect to (prolongations of) vertical parts of gauge-natural lifts of infinitesimal principal automorphisms. We define the generalized gauge-natural Jacobi morphism associated with a given gaugenatural invariant Lagrangian by taking as variation vector fields the Lie derivatives of sections of the gauge-natural bundle with respect to gauge-natural lifts of infinitesimal automorphisms of the underlying principal bundle P . We stress that such variation vector fields are, in particular, generalized symmetries [6, 15]. We recall that, as a consequence of the Second Noether Theorem [25], within such a picture it is possible to relate the generalized Bianchi morphism to the second variational derivative of the Lagrangian and then to the associated generalized gauge-natural Jacobi morphism; details can be found in [28, 29].

Recall that, in the case of geodesics in a Riemannian manifold, vector fields which make the second variation to vanish identically modulo boundary terms are called Jacobi fields and they are solutions of a second–order differential equation known as Jacobi equation (of geodesics). The notion of Jacobi equation as an outcome of the second variation is in fact fairly more general: formulae for the second variation of a Lagrangian functional in higher order field theory and generalized Jacobi equations along critical sections have been already considered (see, e.g. the results of [2, 3, 16] and classical references quoted therein).

In particular, by requiring the gauge-natural second variational derivative to vanish, we find that a covariant Noether strongly conserved current is canonically associated with the generalized deformed Lagrangian ω obtained by contracting Euler– Lagrange equations of the original Lagrangian λ with (prolongations of) vertical parts of gauge-natural lifts of infinitesimal principal automorphisms which are in the kernel of the generalized gauge-natural Jacobi morphism.

Our results can also be compared with the ones reported in the recent paper [15], where conservation laws associated with generalized Lagrangian symmetries, and in particular with divergence symmetries of a Lagrangian are presented, via the so-called characteristic equation, whithin the framework of infinite order variational bicomplexes.

2. Finite order jets of gauge-natural bundles and variational sequences

We recall some basic facts about jet spaces, sheaves of forms on the s–th order jet space (standard references are e.g. [19, 22, 23, 30, 34, 35]) and we mainly set the notation.

Our framework is a fibered manifold π : Y → X, with dim X = n and dim Y = n + m. For s � q � 0 integers we are concerned with the s–jet space J_sY of s–jet prolongations of (local) sections of π; in particular, we set J_0Y ≡ Y . We recall the natural fiberings π^s_q : J_sY → J_qY , s � q, π^s : J_sY → X, and, among these, the affine fiberings π^s_{−1}. We denote by V Y the vector subbundle of the tangent bundle T Y of vectors on Y which are vertical with respect to the fibering π. Greek indices σ, μ, . . . run from 1 to n and they label basis coordinates, while Latin indices i, j, . . . run from 1 to m and label fibre coordinates, unless otherwise specified. We denote multi–indices of dimension n by boldface Greek letters such as α = (α_1, . . . , α_n), with 0 � α_μ, μ = 1, . . . , n; by an abuse of notation, we denote by σ the multi–index such that α_μ = 0, if μ ≠ σ, α_μ = 1, if μ = σ. We also set |α| := α_1 + · · · + α_n and α! := α_1! . . . α_n!. The charts induced on J_sY are denoted by (x^σ, y^i_α), with 0 � |α| � s; in particular, we set y^i_0 ≡ y^i. The local vector fields and forms of J_sY induced by the above coordinates are denoted by (∂^α_i ) and (d^i_α), respectively.

For s � 1, we consider the natural complementary fibered morphisms over J_sY → J_{s−1}Y (see [22, 23, 34]):

D : J_sY ×_X T X → T J_{s−1}Y , ϑ : J_sY ×_{Js−1Y} T J_{s−1}Y → V J_{s−1}Y ,

with coordinate expressions, for 0 � |α| � s − 1, given by

D = d^λ ⊗D_λ = d^λ ⊗(∂_λ + y^j_{α+λ}∂^α_j ) , ϑ = ϑ^j_α ⊗∂^α_j = (d^j_α − y^j_{α+λ}d^λ)⊗∂^α_j .

The morphisms above induce the following natural splitting (and its dual):

J_sY ×_{Js−1Y} T^∗J_{s−1}Y = ( J_sY ×_{Js−1Y} T^∗X ) ⊕ C^∗_{s−1}[Y ] , (1) where C^∗_{s−1}[Y ] := im ϑ^∗_s and ϑ^∗_s : J_sY ×_{Js−1Y} V^∗J_{s−1}Y → J_sY ×_{Js−1Y} T^∗J_{s−1}Y .

If f : J_sY → IR is a function, then we set D_σf := D_σf, D_{α+σ}f := D_σD_αf, where D_σ is the standard formal derivative. Given a vector field u : J_sY → T J_sY , the splitting (1) yields u ∘ π^{s+1}_s = u_H + u_V where, if u = u^γ ∂_γ + u^i_α∂^α_i , then we have u_H = u^γ D_γ and u_V = (u^i_α − y^i_{α+γ} u^γ )∂^α_i . We shall call u_H and u_V the horizontal and the vertical part of u, respectively.

The splitting (1) induces also a decomposition of the exterior differential on Y , (π^s_{−1})^∗∘ d = d_H + d_V , where d_H and d_V are defined to be the horizontal and vertical differential. The action of d_H and d_V on functions and 1–forms on J_sY uniquely characterizes d_H and d_V (see, e.g., [22, 23, 30, 34] for more details). A projectable vector field on Y is defined to be a pair (Ξ, ξ), where Ξ : Y → T Y and ξ : X → T X are vector fields and Ξ is a fibered morphism over ξ. If there is no danger of confusion, we will denote simply by Ξ a projectable vector field (Ξ, ξ). A projectable vector field (Ξ, ξ) can be prolonged by the flow functor to a projectable vector field (j_sΞ, ξ), the coordinate expression of which can be found e.g. in [22, 30, 34]; in particular, if locally Ξ = ξ^σ(x^μ)∂_σ + ξ^i(x^μ, y^j )∂_i, we have the following expressions (j_sΞ)_H = ξ^σ D_σ, (j_sΞ)_V = D_α(Ξ_V )^i ∂^α_i , with (Ξ_V )^i = ξ^i − y^i_σξ^σ, for the horizontal and the vertical part of j_sΞ, respectively. From now on, by an abuse of notation, we will write simply j_sΞ_H and j_sΞ_V . In particular, we stress that j_sΞ_V can be seen as a fibered morphism: j_sΞ_V : J_{s+1}Y ×_{JsY} J_sY → J_{s+1}Y ×_{JsY} J_sV Y .

2.1. Gauge-natural bundles. Let P → X be a principal bundle with structure group G. Let r � k be integers and W^{(r,k)}P := J_rP ×_X L_k(X), where L_k(X)

is the bundle of k–frames in X [4, 19], W^{(r,k)}G := J_rG ⊙ GL_k(n) the semidirect product with respect to the action of GL_k(n) on J_rG given by the jet composition and GL_k(n) is the group of k–frames in IR^n. Here we denote by J_rG the space of (r, n)-velocities on G. The bundle W^{(r,k)}P is a principal bundle over X with structure group W^{(r,k)}G. Let F be any manifold and ζ : W^{(r,k)}G × F → F be a

left action of W^{(r,k)}G on F . There is a naturally defined right action of W^{(r,k)}G on W^{(r,k)}P × F so that we can associate in a standard way to W^{(r,k)}P the bundle, on the given basis X, Y_ζ := W^{(r,k)}P ×_ζ F .

Definition 1. We say (Y_ζ , X, π_ζ ; F , G) to be the gauge-natural bundle of order (r, k) associated to the principal bundle W^{(r,k)}P by means of the left action ζ of the group W^{(r,k)}G on the manifold F [4, 19].

Remark 1. A principal automorphism Φ of W^{(r,k)}P induces an automorphism of the gauge-natural bundle by:

Φ_ζ : Y_ζ → Y_ζ : [(j^x_r γ, j^0_k t), f̂]_ζ → [Φ(j^x_r γ, j^0_k t), f̂]_ζ , (2) where f̂ ∈ F and [·, ·]_ζ is the equivalence class induced by the action ζ.

Definition 2. We also define the vector bundle over X of right invariant infinitesimal automorphisms of W^{(r,k)}P by setting A^{(r,k)} := T W^{(r,k)}P /W^{(r,k)}G (r � k).

Denote by T_X and A^{(r,k)} the sheaf of vector fields on X and the sheaf of right invariant vector fields on W^{(r,k)}P , respectively. A functorial mapping G is defined which lifts any right–invariant local automorphism (Φ, φ) of the principal bundle W^{(r,k)}P into a unique local automorphism (Φ_ζ , φ) of the associated bundle Y_ζ . Its infinitesimal version associates to any Ξ̄ ∈ A^{(r,k)}, projectable over ξ ∈ T_X , a unique projectable vector field Ξ̂ := G(Ξ̄) (called the gauge-natural lift) on Y_ζ in the following way:

G : Y_ζ ×_X A^{(r,k)} → T Y_ζ : (y, Ξ̄) → Ξ̂(y) , (3) where, for any y ∈ Y_ζ , one sets: Ξ̂(y) =^d_{dt} ((Φ_{ζ t})(y))_{t=0}, and Φ_{ζ t} denotes the (local) flow corresponding to the gauge-natural lift of Φ_t.

This mapping fulfils the following properties (see [19]): (1) G is linear over id_{Y ζ} ;

(2) we have T π_ζ ∘ G = id_{T X} ∘ π̄^{(r,k)}, where π̄^{(r,k)} is the natural projection Y_ζ ×_X A^{(r,k)} → T X;

(3) for any pair (Λ̄, Ξ̄) ∈ A^{(r,k)} we have G([Λ̄, Ξ̄]) = [G(Λ̄), G(Ξ̄)] for commutators.

2.2. Lie derivative of gauge-natural sections.

Definition 3. Let γ be a (local) section of Y_ζ , Ξ̄ ∈ A^{(r,k)} and Ξ̂ its gaugenatural lift. Following [19] we define the generalized Lie derivative of γ along the vector field Ξ̂ to be the (local) section £¯_Ξγ : X → V Y_ζ , given by

£¯_Ξγ = T γ ∘ ξ − Ξ̂ ∘ γ .

Remark 2. The Lie derivative operator acting on sections of gauge-natural bundles satisfies the following properties:

(1) for any vector field Ξ̄ ∈ A^{(r,k)}, the mapping γ → £¯_Ξγ is a first–order quasilinear differential operator;

(2) for any local section γ of Y_ζ , the mapping Ξ̄ → £¯_Ξγ is a linear differential operator;

(3) we can regard £¯_Ξ : J_1Y_ζ → V Y_ζ as a morphism over the basis X. By using the canonical isomorphisms V J_sY_ζ ≃ J_sV Y_ζ for all s, we have £¯_Ξ[j_sγ] = j_s[£¯_Ξγ], for any (local) section γ of Y_ζ and for any (local) vector field Ξ̄ ∈ A^{(r,k)}. Furthermore, the fundamental relation holds true:

Ξ̂_V := G(Ξ̄)_V = −£_{Ξ̄} .

2.3. Variational sequences. For the sake of simplifying notation, we will sometimes omit the subscript ζ, so that all our considerations shall refer to Y as a gauge-natural bundle as defined above.

We shall be here concerned with some distinguished sheaves of forms on jet spaces [22, 30, 34]. We shall in particular follow notation given in [34] to which the reader is referred for details. For s � 0, we consider the standard sheaves Λ^p_s of p–forms on J_sY . For 0 � q � s, we consider the sheaves H^p_{(s,q)} and H^p_s of horizontal forms with respect to the projections π^s_q and π^s_0, respectively. For 0 � q < s, we consider the subsheaves C^p_{(s,q)} ⊂ H^p_{(s,q)} and C^p_s ⊂ C^p_{(s+1,s)} of contact forms, i.e. horizontal forms valued into C^∗_s [Y ](they have the property of vanishing along any section of the gauge-natural bundle).

According to [22, 34] the fibered splitting (1) yields the sheaf splitting H^p_{(s+1,s)} = ⨁_p

t=0 C^{p−t}_{(s+1,s)} ∧H^t_{s+1}, which restricts to the inclusion Λ^p_s ⊂

⨁_p t=0 C^{p−t}_s ∧ H^{t,h}_{s+1}, where H^{p,h}_{s+1} := h(Λ^p_s ) for 0 < p � n and the surjective map h is defined to be the restriction to Λ^p_s of the projection of the above splitting onto the non–trivial summand with the highest value of t. By an abuse of notation, let us denote by d ker h the sheaf generated by the presheaf d ker h in the standard way. We set Θ^∗_s := ker h + d ker h.

In [22], to which the reader is referred for details, it was proved that the following sequence is an exact resolution of the constant sheaf IR_Y over Y :

0 −→ IR_Y −→ Λ^0_s^{E0}−→ Λ^1_s/Θ^1_s^{E1}−→ Λ^2_s/Θ^2_s^{E2}−→ · · ·^{EI−1}−→ Λ^I_s/Θ^I_s^{EI}−→ Λ^{I+1}_s^d−→ 0

Definition 4. The above sequence, where the highest integer I depends on the dimension of the fibers of J_sY → X (see, in particular, [22]), is said to be the s–th order variational sequence associated with the fibered manifold Y → X.

For practical purposes we shall limit ourselves to consider the truncated variational sequence:

0 −→ IR_Y −→ V^0_s^{E0}−→ V^1_s^{E1}−→ · · ·^{En}−→ V^{n+1}_s^{En+1}−→ E_{n+1}(V^{n+1}_s )^{En+2}−→ 0 ,

where, following [34], the sheaves V^p_s := C^{p−n}_s ∧H^{n,h}_{s+1}/h(d ker h), with 0 � p � n+2, are suitable representations of the corresponding quotient sheaves in the variational sequence by means of sheaves of sections of tensor bundles. Representations of Krupka’s long variational sequence by means of differential forms have been provided e.g. in [21, 31, 35].

We recall now some intrinsic decomposition involved with the first and the second variation formulae.

• Let α ∈ C^1_s ∧H^{n,h}_{s+1} ⊂ V^{n+1}_{s+1} . Then there is a unique pair of sheaf morphisms ([17, 20, 34])

E_α ∈ C^1_{(2s,0)} ∧ H^{n,h}_{2s+1} , F_α ∈ C^1_{(2s,s)} ∧ H^{n,h}_{2s+1} , (4) such that (π^{2s+1}_{s+1} )^∗α = E_α − F_α and F_α is locally of the form F_α = d_H p_α, with p_α ∈ C^1_{(2s−1,s−1)} ∧ H^{n−1}_{2s}.

• Let η ∈ C^1_s ∧ C^1_{(s,0)} ∧ H^{n,h}_{s+1} ⊂ V^{n+2}_{s+1} ; then there is a unique morphism

K_η ∈ C^1_{(2s,s)} ⊗ C^1_{(2s,0)} ∧ H^{n,h}_{2s+1}

such that, for all Ξ : Y → V Y , E_{jsΞ⌋η} = C^1_1 (j_{2s}Ξ⊗K_η), where C^1_1 stands for tensor contraction on the first factor and ⌋ denotes inner product (see [20, 34]). Furthermore, there is a unique pair of sheaf morphisms

H_η ∈ C^1_{(2s,s)} ∧ C^1_{(2s,0)} ∧ H^{n,h}_{2s+1} , G_η ∈ C^2_{(2s,s)} ∧ H^{n,h}_{2s+1} , (5) such that (π^{2s+1}_{s+1} )^∗η = H_η − G_η and H_η =^1_2 A(K_η ), where A stands for antisymmetrisation. Moreover, G_η is locally of the type G_η = d_H q_η, where q_η ∈ C^2_{(2s−1,s−1)} ∧ H^{n−1}_{2s}; hence [η] = [H_η] (see [20, 34]).

Remark 3. A section λ ∈ V^n_s is just a Lagrangian of order (s + 1) of the standard literature, while E_n(λ) ∈ V^{n+1}_s coincides with the standard higher order Euler– Lagrange morphism associated with λ. The kernel of the morphism H coincides with standard Helmholtz conditions of local variationality.

Example. Let λ ∈ V^n_s . It is known (see e.g. [17]) that

d_V λ = (d_V λ)^α_i ϑ^i_α ∧ ω , E_{dV λ} = E_n(λ)_iϑ^i ∧ ω , p_{dV λ} = p(λ)^{αμ}_i ϑ^i_α ∧ ω_μ ,

p(λ)^{βμ}_i = (d_V λ)^α_i β + μ = α, |α| = s ,

p(λ)^{βμ}_i = (d_V λ)^α_i − D_ν p(λ)^{αν}_i β + μ = α, |α| = s − 1 , E_n(λ)^α_i = (d_V λ)^α_i − D_ν p(λ)^{αν}_i |α| = 0 .

Furthermore, E_n(λ)_i = ∑ |α|⩽s(−1)

|α|D_α(d_V λ)^α_i .

3. Variations and generalized Jacobi morphisms

We will represent generalized gauge-natural Jacobi morphisms in variational sequences and establish their relation with the second variational derivative of a generalized gauge-natural invariant Lagrangian. We consider formal variations of a fibered morphism as multiparameter deformations and relate the second variational derivative of the Lagrangian λ to the variational Lie derivative of the associated Euler–Lagrange morphism and to the generalized Bianchi morphism; see [28] for details.

Definition 5. Let π : Y → X be any bundle and let α : J_sY →^p∧T^∗J_sY and L_{jsΞk} be the Lie derivative operator acting on differential fibered morphisms. Let Ξ_k, 1 � k � i, be variation vector fields on Y in the sense of [9, 10, 13, 28]. In particular in the sequel we will assume that they are vertical parts of projectable vector fields. Inspired by the classical approach [16] we define the i–th formal variation of the morphism α to be the operator: δ^iα = L_{jsΞ1} . . . L_{jsΞi} α.

Remark 4. Let now the morphism α be a representative of an equivalence class in the variational sequence, i.e. α ∈ (V^n_s )_Y .

Since the Lie derivative operator L_{jsΞ} with respect to a projectable vector field j_sΞ preserves the contact structure [11, 23], by an abuse of notation we can write:

δ^i[α] :=[δ^iα] = [L_{Ξi} . . . L_{Ξ1} α] = L_{Ξi} . . . L_{Ξ1} [α], where L_{Ξi} is the variational Lie derivative acting on quotient variational morphisms, an operator defined and conveniently represented in [11]; see also [23].

Definition 6. We call the operator δ^i the i–th variational derivative. The following characterization of the second variational derivative of a generalized Lagrangian in the variational sequence holds true [28].

Proposition 1. Let λ ∈ (V^n_s )_Y and let Ξ be a variation vector field; then we have δ^2λ = [E_n(j_{2s}Ξ⌋hδλ) + C^1_1 (j_{2s}Ξ⊗K_{hdδλ})] . (6) 3.1. Generalized gauge-natural Jacobi morphisms. Let now specify Y to be a gauge-natural bundle and let Ξ̂_V ≡ G(Ξ̄)_V be a variation vector field. Let us consider j_sΞ̄_V , i.e. the vertical part according to the splitting (1). The set of all sections of the vector bundle A^{(r+s,k+s)} of this kind defines a vector subbundle of J_sA^{(r,k)}, which (since we are speaking about vertical parts with respect to the splitting (1)) by a slight abuse of notation will be denoted by V J_sA^{(r,k)}.

By applying an abstract result due to Kolář (see [17]) concerning a global decomposition formula for vertical morphisms, using Proposition 1 we can prove the following.

Lemma 1. Let λ be a Lagrangian and Ξ̂_V a variation vecrtor field. Let us set χ(λ, G(Ξ̄)_V ) := C^1_1 (j_{2s}Ξ̂⊗K_{hdLj2sΞ̄V λ}) ≡ E_{jsΞ̂⌋hdLj2s+1Ξ̄V λ}.

Let D_H be the horizontal differential on J_{4s}Y_ζ ×_X V J_{4s}A^{(r,k)}. Then we have:

(π^{4s+1}_{2s+1} )^∗χ(λ, G(Ξ̄)_V ) = E_{χ(λ,G(}¯_{Ξ)V )} + F_{χ(λ,G(}¯_{Ξ)V )} , (7) where

E_{χ(λ,G(}¯_{Ξ)V} : J_{4s}Y_ζ ×_X V J_{4s}A^{(r,k)} → C^∗_0 [A^{(r,k)}]⊗C^∗_0 [A^{(r,k)}] ∧ (^n∧T^∗X) ,

and locally F_{χ(λ,G(}¯_{Ξ)V )} = D_H M_{χ(λ,G(}¯_{Ξ)V )} with

M_{χ(λ,G(}¯_{Ξ)V )} : J_{4s}Y_ζ ×_X V J_{4s}A^{(r,k)} → C^∗_{2s−1}[A^{(r,k)}]⊗C^∗_0 [A^{(r,k)}] ∧ (^{n−1}∧ T^∗X) .

Proof. As a consequence of linearity properties of both χ(λ, Ξ) and the Lie derivative operator £ we have χ(λ, G(Ξ̄)_V ) : J_{2s}Y_ζ ×_X V J_{2s}A^{(r,k)} → C^∗_{2s}[A^{(r,k)}] ⊗

C^∗_0 [A^{(r,k)}] ∧ (^n∧T^∗X) and D_H χ(λ, G(Ξ̄)_V ) = 0. Thus Kolář’s decomposition formula can be applied. Coordinate expressions of both terms in the above invariant decomposition (7) can be easily evaluated by a backwards procedure analogously to Example 2.3. □ Definition 7. We call the morphism J (λ, G(Ξ̄)_V ) := E_{χ(λ,G(}¯_{Ξ)V )} the gaugenatural generalized Jacobi morphism associated with the Lagrangian λ and the variation vector field Ξ̂_V .

Notice that the morphism J (λ, G(Ξ̄)_V ) is a linear morphism with respect to the projection J_{4s}Y_ζ ×_X V J_{4s}A^{(r,k)} → J_{4s}Y_ζ .

We have the following relations for the second variational gauge-natural derivative (see [28]).

Theorem 1. Let δ^2_Gλ be the second variational derivative of λ with respect to (prolongations of) vertical parts of gauge-natural lifts of infinitesimal principal automorphisms. The two equalities hold:

δ^2_Gλ = G(Ξ̄)_V ⌋E_n ( G(Ξ̄)_V ⌋E_n(λ) ) = E_n ( G(Ξ̄)_V ⌋h(dδλ) ) . (8) 4. Canonical covariant conserved currents

In the following we assume that the field equations are generated by means of a variational principle from a Lagrangian which is gauge-natural invariant, i.e. invariant with respect to any gauge-natural lift of infinitesimal right invariant vector fields.

Definition 8. Let (Ξ̂, ξ) be a projectable vector field on Y_ζ . Let λ ∈ V^n_s be a generalized Lagrangian. We say Ξ̂ to be a symmetry of λ if L_{js+1Ξ̂} λ = 0.

We say λ to be a gauge-natural invariant Lagrangian if the gauge-natural lift (Ξ̂, ξ) of any vector field Ξ̄ ∈ A^{(r,k)} is a symmetry for λ, i.e. if L_{js+1}¯_Ξ λ = 0. In this case the projectable vector field Ξ̂ ≡ G(Ξ̄) is called a gauge-natural symmetry of λ.

The First Noether Theorem [25] takes a particularly interesting form in the case of gauge-natural Lagrangians as shown in the following.

Proposition 2. Let λ ∈ V^n_s be a gauge-natural Lagrangian and (Ξ̂, ξ) a gaugenatural symmetry of λ. Then we have

0 = −£¯_Ξ⌋E_n(λ) + d_H (−j_s£¯_Ξ⌋p_{dV λ} + ξ⌋λ).

Suppose that (j_{2s+1}σ)^∗ (−£¯_Ξ⌋E_n(λ)) = 0. Then, the (n − 1)–form

ε = −j_s£¯_Ξ⌋p_{dV λ} + ξ⌋λ

fulfills the equation d ((j_{2s}σ)^∗(ε)) = 0.

If σ is a critical section for E_n(λ), i.e. (j_{2s+1}σ)^∗E_n(λ) = 0, the above equation admits a physical interpretation as a so-called weak conservation law for the density associated with ε.

Definition 9. Let λ ∈ V^n_s be a gauge-natural Lagrangian and Ξ̄ ∈ A^{(r,k)}. Then

the sheaf morphism ε : J_{2s}Y_ζ ×_X V J_{2s}A^{(r,k)} → C^∗_{2s}[A^{(r,k)}]⊗ C^∗_0 [A^{(r,k)}] ∧ (^{n−1}∧ T^∗X) is

said to be a gauge-natural weakly conserved current.

Remark 5. In general, this conserved current is not uniquely defined. In fact, it depends on the choice of p_{dV λ}, which is not unique (see e.g. [34] and references quoted therein).

4.1. The deformed Lagrangian and Bianchi morphism. In gauge-natural Lagrangian theories a well known procedure suggests to perform suitable integrations by parts to decompose the conserved current ε into the sum of a conserved current vanishing along solutions of the Euler–Lagrange equations, the so–called reduced current ε̃, and the formal divergence of a skew–symmetric (tensor) density called a superpotential (which is defined modulo a divergence). Within such a procedure, the generalized Bianchi identities are in fact necessary and (locally) sufficient conditions for the conserved current ϵ to be not only closed but also the divergence of a skewsymmetric (tensor) density along solutions of the Euler–Lagrange equations.

Let then λ be a gauge-natural invariant Lagrangian. We set

ω(λ, G(Ξ̄)_V ) ≡ −£¯_Ξ⌋E_n(λ) : J_{2s}Y_ζ → C^∗_{2s}[A^{(r,k)}]⊗ C^∗_0 [A^{(r,k)}] ∧ (^n∧T^∗X) . (9) The morphism ω(λ, G(Ξ̄)_V ) so defined is a generalized Lagrangian associated with the field equations of the original Lagrangian λ. It has been considered in applications e.g. in General Relativity (see [8] and references quoted therein). We have D_H ω(λ, G(Ξ̄)_V ) = 0 and by the linearity of the operator £ we can regard ω(λ, G(Ξ̄)_V ) as the extended morphism

ω(λ, G(Ξ̄)_V ) : J_{2s}Y_ζ ×_X V J_{2s}A^{(r,k)} → C^∗_{2s}[A^{(r,k)}]⊗ C^∗_{2s}[A^{(r,k)}]⊗ C^∗_0 [A^{(r,k)}] ∧ (^n∧T^∗X).

The following Lemma (see [28]) is a geometric version of the integration by parts procedure quoted above and it is based on a global decomposition formula of vertical morphisms due to Kolář [17].

Lemma 2. Let ω(λ, G(Ξ̄)_V ) be as above. On the domain of ω(λ, G(Ξ̄)_V ) we have:

(π^{4s+1}_{s+1} )^∗ω(λ, G(Ξ̄)_V ) = β(λ, G(Ξ̄)_V ) + F_{ω(λ,G(}¯_{Ξ)V )} ,

where

β(λ, G(Ξ̄)_V ) ≡ E_{ω(λ,G(}¯_{Ξ)V )} :

(10)

J_{4s}Y_ζ ×_X V J_{4s}A^{(r,k)} → C^∗_{2s}[A^{(r,k)}]⊗ C^∗_0 [A^{(r,k)}]⊗ C^∗_0 [A^{(r,k)}] ∧ (^n∧T^∗X)

(11)

and, locally, F_{ω(λ,G(}¯_{Ξ)V )} = D_H M_{ω(λ,G(}¯_{Ξ)V )}, with

M_{ω(λ,G(}¯_{Ξ)V )} :

J_{4s−1}Y_ζ ×_X V J_{4s−1}A^{(r,k)}) → C^∗_{2s}[A^{(r,k)}]⊗ C^∗_{2s−1}[A^{(r,k)}]⊗ C^∗_0 [A^{(r,k)}] ∧ (^{n−1}∧ T^∗X) .

Definition 10. We call the global morphism β(λ, G(Ξ̄)_V ) := E_{ω(λ,G(}¯_{Ξ)V )} the generalized Bianchi morphism associated with the Lagrangian λ and the variation vector field Ξ̂_V .

Remark 6. For any (Ξ̄, ξ) ∈ A^{(r,k)}, as a consequence of the gauge-natural invariance of the Lagrangian, the morphism β(λ, G(Ξ̄)_V ) ≡ E_n(ω(λ, G(Ξ̄)_V )) is locally identically vanishing. We stress that these are just local generalized Bianchi identities [1].

Let K be the kernel of J (λ, G(Ξ̄)_V ). As a consequence of Theorem 1 and the considerations above we have the following result, the detailed proof of which will appear in [28].

Theorem 2. The generalized Bianchi morphism is globally vanishing for the variation vector field Ξ̄ if and only if δ^2_Gλ ≡ J (λ, G(Ξ̄)_V ) = 0, i.e. if and only if G(Ξ̄)_V ∈ K.

4.2. A strong conservation law equivalent to the Jacobi equations. From now on we shall write ω(λ, K) to denote ω(λ, G(Ξ̄)_V ) when G(Ξ̄)_V belongs to K. Analogously for β and other morphisms.

First of all let us make the following important considerations (partial results in this direction were already given in [14], where the consequences on the concept of curvature of a gauge-natural invariant principle have been stressed).

Proposition 3. Let D_V be the vertical differential on J_{4s}Y_ζ ×_X V J_{4s}A^{(r,k)}. For each Ξ̄ ∈ A^{(r,k)} such that Ξ̄_V ∈ K, we have L_{js}¯_{ΞH} ω(λ, K) = −D_H (−j_s£¯_{ΞV} ⌋p_{DV ω(λ,K)}) .

(12)

Proof. The horizontal splitting gives us L_{js}¯_Ξω(λ, K) = L_{js}¯_{ΞH} ω(λ, K) + L_{js}¯_{ΞV} ω(λ, K).

Furthermore, ω(λ, K) ≡ −£¯_Ξ⌋E_n(λ) = L_{js}¯_Ξλ − d_H (−j_s£¯_Ξ⌋p_{dV λ} + ξ⌋λ); so that L_{js}¯_{ΞV} ω(λ, K) = L_{js}¯_{ΞV} L_{js}¯_Ξλ = L_{js[}¯_{ΞV ,}¯_{ΞH ]}λ .

On the other hand we have L_{js}¯_{ΞH} ω(λ, K) = L_{js[}¯_{ΞH ,}¯_{ΞV ]}λ = −L_{js}¯_{ΞV} ω(λ, K) .

Recall now that from the Theorem above we have Ξ̄_V ∈ K if and only if β(λ, K) = 0. Since L_{js}¯_{ΞV} ω(λ, K) = −£¯_{ΞV} ⌋E_n(ω(λ, K)) + D_H (−j_s£¯_{ΞV} ⌋p_{DV ω(λ,K)}) = = β(λ, K) + D_H (−j_s£¯_{ΞV} ⌋p_{DV ω(λ,K)}) , we get the assertion. □ It is easy to realize that, because of the gauge-natural invariance of the generalized Lagrangian λ, the new generalized Lagrangian ω(λ, K) is gauge-natural invariant too, i.e. L_{js}¯_Ξ ω(λ, K) = 0.

Even more, we can state the following: Proposition 4. Let Ξ̄_V ∈ K. We have L_{js}¯_{ΞH} ω(λ, K) = 0 .

(13)

Proof. In fact, when Ξ̄_V ∈ K, since

L_{js}¯_{ΞV} ω(λ, K) = [Ξ̄_V , Ξ̄_V ]⌋E_n(λ) + Ξ̄_V ⌋L_{js}¯_{ΞV} E_n(λ) = 0 , we have

0 = L_{js}¯_Ξω(λ, K) = L_{js}¯_{ΞV} ω(λ, K) + L_{js}¯_{ΞH} ω(λ, K) = L_{js}¯_{ΞH} ω(λ, K) . □ As a quite relevant byproduct we get also the following (this result can be compared with [3], where some preliminary results have been obtained for second order Lagrangians; see also [8] for applications to General Relativity).

Corollary 1. Let Ξ̄_V ∈ K. We have the covariant strong conservation law D_H (−j_s£¯_{ΞV} ⌋p_{DV ω(λ,K)}) = 0 .

(14)

Proof.

0 = L_{js}¯_{ΞH} ω(λ, K) = −β(λ, K) − D_H (−j_s£¯_{ΞV} ⌋p_{DV ω(λ,K)}) = = −D_H (−j_s£¯_{ΞV} ⌋p_{DV ω(λ,K)}) . □

Definition 11. We define the covariant n-form

H(λ, K) = −j_s£ ⌋ p_{DV ω(λ,K)} ,

(15)

to be a Hamiltonian form for ω(λ, K) on the Legendre bundle Π ≡ V^∗(J_{2s}Y_ζ ×_X

V J_{2s}A^{(r,k)}) ∧ (^{n−1}∧ T^∗X) (see [24]).

Let Ω be the multisimplectic form on Π. It is well known that every Hamiltonian form H admits a Hamiltonian connection γ_H(λ, K) such that γ_H(λ, K)⌋Ω = dH(λ, K). Let then γ_H(λ, K) be the corresponding Hamiltonian connection form (see [24]).

As it has been stressed in [10] the Euler–Lagrange equations together with the Jacobi equations for a given Lagrangian λ can be obtained out of a unique variational problem for the Lagrangian δλ. This can be performed by requiring the invariance of δλ with respect to vertical parts of gauge-natural lifts of infinitesimal principal automorphisms, which are solutions of the classical Jacobi equations along critical sections, thus recovering a well known classical result (see e.g. [2, 3, 16, 32]).

We can finally formulate and prove the following important new result:

Theorem 3. For all G(Ξ)_V ∈ K the Hamilton equations for the Hamiltonian connection form γ_H(λ, K) coincide with the kernel of the generalized gauge-natural Jacobi morphism.

Proof. The Hamilton equations for the Hamiltonian connection γ_H(λ, K) are identically satisfied being equivalent to the kernel of the Euler lagrange morphism of the Lagrangian ω(λ, K) (see e.g. [24]), which coincides with K because of Theorem 2. Generalized Bianchi identities appear then as constraints for such an equivalence to hold true (see also [16]). □

Example. Let Q be a n–dimensional manifold and (T Q, Q, τ_Q) its tangent bundle. It is well known that T Q is a natural bundle associated to the principal bundle L(IR) of frames in IR; the gauge-natural lift order is (r, k) = (0, 1). In this case the natural lift of tangent vector fields to IR is the tangent lift and will be denoted by a dot. Let g be a Riemannian metric on Q. The geodesics of (Q, g) are those curves γ : IR → Q whose tangent vector γ̇ is parallel along γ, i.e. it satisfies ∇_{γ̇}γ̇ = 0. We assume that the Jacobi fields of (Q, g) are those vectorfields η = η^i∂^i_q, with η^i = ξ^i − q̇^iξ^0, i.e. vertical parts of tangent vector fields ξ = ξ^0∂_t + ξ^i∂_qi and characterized along geodesics γ by the differential equation:

∇^2_{γ̇} η + Riem_g(η, γ̇, γ̇) = 0 ,

where ∇^2_{γ̇} denotes the second–order covariant derivative along the curve γ and Riem_g is the tri–linear mapping defining the Riemannian curvature of g. Jacobi fields generically define infinitesimal deformations of geodesics into families of nearby geodesics. The metric g can be lifted to a metric g^C on the manifold T Q, called the “complete lift”, as follows.

Let g = g_{ij} dq^idq^j in a local chart (U, q^i); then the corresponding local expression of g^C in (T U; q^i, u^i) is g^C = 2g_{ij} δu^idq^j , where δu^i stands for δu^i = du^i + Γ^i_{mk}u^mdq^k.

For any function f : Q → IR a new function ∂f : T Q → IR is defined by setting locally: (∂f)(q^i, u^i) ≡ (∂_j f)u^j. With this notation g^C can be locally expressed by: g^C = (∂g_{ij} )du^idu^j + 2g_{ij} du^idq^j . We can easyly see that the system formed by the geodesic equation of g in Q and the Jacobi equation associated with g in T Q is the geodesic equation in T Q of the complete lift metric g^C . Therefore this system follows from a variational principle on T Q based on the energy functional defined by the lifted metric g^C . The energy functional of g is based on the Lagrangian λ =^1_2 g_{ij}u^iu^j; the associated first–order deformed Lagrangian is thence given by ω = g_{ij} [η̇^i + Γ^i_{mk}u^mη^k]u^j.

Then ω is in fact the energy Lagrangian of the lifted metric g^C = 2g_{ij} δu^idq^j . Notice that similar results have been obtained in [2, 3]; however, we stress that here Jacobi fields, on which ω depends, are assumed to be of a specific nature, i.e. vertical parts of tangent lifts and they have to satisfy identically the Jacobi equation associated with g^C in T T Q defining generalized Bianchi identities for Riem_gC .

4.3. Concluding remarks. It is interesting and useful to compare our results with those of the recent interesting paper [15], where conservation laws associated with generalized Lagrangian symmetries, and in particular with divergence symmetries of a Lagrangian, are presented in the framework of infinite order variational bicomplexes (for finite order variational sequences partial results in the same direction have been already obtained in [23]).

We notice in particular that variation vector fields G(Ξ̄)_V which we are considering here are in fact generalized symmetries of E(λ) in the sense of [6] and [15]. Moreover, let us once more recall that one can represent second variational derivatives as iterated variational Lie derivatives of the Lagrangian and in particular relate them to the Lie derivative of Euler Lagrange morphisms (see also [9, 10, 13, 28, 29]). As a consequence of Theorem 1, we can now provide an intrinsic interpretation of the last term appearing in the characteristic equation for generalized symmetries derived in [15]. From Eq. (18) of [13], in fact, it is easy to realize that such term is nothing but the difference between the second variational derivative of λ and the Jacobi morphism (the latter being precisely characterized as the vertical differential of E_n(λ)), up to divergences - and it vanishes along critical sections.

In other words, the characteristic equation in our case can be written, up to divergences, as follows:

δ_GE(λ) − E(δ_Gλ) = [δ^2_Gλ − J (λ, G(Ξ̄)_V )] ≡ 0 .

where [ ] denotes the equivalence class in the variational sequence. In the finite order variational sequence such an equivalence class is vanishing by definition also along non critical sections, being the equivalence class of the horizontal differential of contact forms of higher degree (this fact has been already stressed in [28]).

We also notice that by adapting the results of [15] to our case we would have that requiring that E(ω(λ, G(Ξ̄)_V )) = 0, then G(Ξ̄)_V should be a divergence symmetry of λ, i.e. L_{G(}¯_{Ξ)V} λ should be a total divergence. We remark that - because of the gauge-natural invariance of λ - one finds L_{G(}¯_{Ξ)V} E(λ) = L_{G(}¯_{Ξ)}E(λ) = 0. Since - by Theorem 2 - ∀ G(Ξ)_V ∈ K, E(ω(λ, K)) = 0, we can conclude that L_{G(}¯_{Ξ)V} λ is always a total divergence on the kernel of the generalized gauge-natural Jacobi morphism, so providing new important insights on the results of [15].

Acknowledgements. Thanks are due to I. Kolář for useful discussions. Special thanks are due to R. Vitolo, collaborator and member of a common research program on higher variations, for helpful remarks.

The second author (M.P.) especially thanks I. Kolář for the kind invitation to take part to the Conference.

The leading idea of the paper has took its first form during the stay of M.P. at the Mathematical Institute of the Silesian University in Opava (Czech Republic), May-October 2000, supported by the Italian Council of Researches through grant n. 203.01.71/03.01.02 and under the supervision of D. Krupka; the scientific contacts had with him, although not directly connected with the second variational derivative, are therefore here gratefully acknowledged.

This work has been partially supported by GNFM of INdAM, MIUR (PRIN 2003) and University of Torino.

References

[1] P.G. Bergmann: Conservation Laws in General relativity as the Generators of Coordinate Transformations, Phys. Rev. 112 (1) (1958) 287–289.

[2] B. Casciaro, M. Francaviglia: A new variational characterization of Jacobi fields along geodesics, Ann. Mat. Pura Appl. 172 (4) (1997) 219–228.

[3] B. Casciaro, M. Francaviglia, V. Tapia: On the variational characterization of generalized Jacobi equations. Proc. Conf. Diff. Geom. Appl. (Brno, 1995), Masaryk University, Brno, 1996, 353–372.

[4] D.J. Eck: Gauge-natural bundles and generalized gauge theories, Mem. Amer. Math. Soc.

247 (1981) 1–48.

[5] L. Fatibene, M. Francaviglia: Natural and gauge natural formalism for classical field theories. A geometric perspective including spinors and gauge theories; Kluwer Academic Publishers, Dordrecht, 2003.

[6] L. Fatibene, M. Ferraris, M. Francaviglia: On-shell symmetries, Int. J. Geom. Methods Mod. Phys. 1 (1-2) (2004) 83–95.

L. Fatibene, M. Ferraris, M. Francaviglia, R.G. McLenaghan: Generalized symmetries in mechanics and field theories, J. Math. Phys. 43 (6) (2002) 3147–3161.

[7] L. Fatibene, M. Francaviglia, M. Palese: Conservation laws and variational sequences in gauge-natural theories, Math. Proc. Camb. Phil. Soc. 130 (2001) 555–569.

[8] M. Ferraris, M. Francaviglia, M. Raiteri: Conserved Quantities from the Equations of Motion (with applications to natural and gauge natural theories of gravitation) Class. Quant. Grav. 20 (2003) 4043–4066.

[9] M. Francaviglia, M. Palese: Second Order Variations in Variational Sequences, Steps in differential geometry (Debrecen, 2000) Inst. Math. Inform. Debrecen, Hungary (2001) 119–130.

[10] M. Francaviglia, M. Palese: Generalized Jacobi morphisms in variational sequences, in Proc. XXI Winter School Geometry and Physics, Srni 2001 Rend. Circ. Matem. di Palermo. Serie II, Suppl. 69 (2002) 195–208.

[11] M. Francaviglia, M. Palese, R. Vitolo: Symmetries in Finite Order Variational Sequences, Czech. Math. J. 52(127) (2002) 197–213.

[12] M. Francaviglia, M. Palese, R. Vitolo: Superpotentials in variational sequences, Proc.

VII Conf. Diff. Geom. and Appl., Satellite Conf. of ICM in Berlin (Brno 1998); I. Kolář et al. eds.; Masaryk University in Brno (Czech Republic) 1999, 469–480.

[13] M. Francaviglia, M. Palese, R. Vitolo: The Hessian and Jacobi Morphisms for Higher Order Calculus of Variations, Diff. Geom. Appl. 22 (1) (2005) 105–120 [14] M. Francaviglia, M. Palese, E. Winterroth: Generalized Bianchi identities in gaugenatural field theories and the curvature of variational principles, Rep. Math. Phys. 55 (3) 2005 11–22.

[15] G. Giachetta, L. Mangiarotti, G. Sardanashvily: Generalized Lagrangian symmetries depending on higher order derivatives. Conservation laws and the characteristic equation, arXiv:math-ph/0304025 [16] H. Goldschmidt, S. Sternberg: The Hamilton–Cartan Formalism in the Calculus of Variations, Ann. Inst. Fourier, Grenoble 23 (1) (1973) 203–267.

[17] I. Kolář: A Geometrical Version of the Higher Order Hamilton Formalism in Fibred Manifolds, J. Geom. Phys., 1 (2) (1984) 127–137.

[18] I. Kolář: Natural operators related with the variational calculus. Proc. Diff. Geom. Appl.

(Opava, 1992), 461–472, Math. Publ., 1, Silesian Univ. Opava, Opava, 1993.

[19] I. Kolář, P.W. Michor, J. Slovák: Natural Operations in Differential Geometry, (Springer–Verlag, N.Y., 1993).

[20] I. Kolář, R. Vitolo: On the Helmholtz operator for Euler morphisms, Math. Proc. Cambridge Phil. Soc., 135 (2) (2003) 277–290.

[21] M. Krbek, J. Musilová: Representation of the variational sequence by differential forms, Rep. Math. Phys. 51 (2003) 251–258.

[22] D. Krupka: Variational Sequences on Finite Order Jet Spaces, Proc. Diff. Geom. and its Appl. (Brno, 1989); J. Janyška, D. Krupka eds.; World Scientific (Singapore, 1990) 236–254.

[23] D. Krupka: Topics in the Calculus of Variations: Finite Order Variational Sequences; O.

Kowalski and D. Krupka eds., Proc. Diff. Geom. and its Appl. (Opava, 1992), Math. Publ. 1, Silesian Univ. Opava, Opava, 1993, 473–495.

[24] L. Mangiarotti, G. Sardanashvily: Connections in Classical and Quantum Field Theory, (World Scientific, Singapore, 2000).

[25] E. Noether: Invariante Variationsprobleme, Nachr. Ges. Wiss. Gött., Math. Phys. Kl. II (1918) 235–257.

[26] R.S. Palais, C.L. Terng: Natural bundles have finite order, Topology 19 (3) (1977) 271–277. [27] M. Palese: Geometric Foundations of the Calculus of Variations. Variational Sequences, Symmetries and Jacobi Morphisms; Ph.D. Thesis, Consortium Universities of Genova and Torino and Politecnico di Torino (2000).

[28] M. Palese, E. Winterroth: Global Generalized Bianchi Identities for Invariant Variational Problems on Gauge-natural Bundles, to appear in Arch. Math. (Brno).

[29] M. Palese, E. Winterroth: Covariant gauge-natural conservation laws, Rep. Math. Phys.

54 (3) (2004) 349–364.

[30] D.J. Saunders: The Geometry of Jet Bundles, Cambridge Univ. Press (Cambridge, 1989). [31] J. Šeděnková: On the invariant variational sequence in mechanics, in Proc. XXII Winter School Geometry and Physics, Srni 2002 Rend. Circ. Matem. di Palermo. Serie II, Suppl. 71 (2003) 185–190.

[32] A.H. Taub: Stability of General Relativistic Gaseus Masses ans Variational principles Comm.

Math. Phys.15 (1969) 235–254.

[33] A. Trautman: Noether equations and conservation laws, Comm. Math. Phys. 6 (1967) 248– 261.

[34] R. Vitolo: Finite Order Lagrangian Bicomplexes, Math. Proc. Camb. Phil. Soc. 125 (1) (1999) 321–333.

[35] R. Vitolo: Finite order formulation of Vinogradov’s C-spectral sequence Acta Appl. Math.

72 (2002) 133–154

Department of Mathematics, University of Torino via C. Alberto 10, 10123 Torino, Italy

e-mails: francaviglia@dm.unito.it, palese@dm.unito.it, ekkehart@dm.unito.it