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(A) Complete proofs of some results of Section 3

Proposition 3.6 Let

d1 =
2∑

i,j=1

(Ďij ∂̄i∂̄j + Dij∂i∂j + D̃ij∂i∂̄j + D∗
ij ∂̄i∂j) (1)

and let
d2 = d2

1 + d2
2 = Ď1∂̄1 + Ď2∂̄2 + D1∂1 + D2∂2

+
∑2

i,j=1(Ďij ∂̄i∂̄j + Dij∂i∂j + D̃ij∂i∂̄j + D∗
ij ∂̄i∂j).

(2)

Then d2d1 = 0 implies, for i, j = 1, 2, i 6= j, the conditions

(1) ĎiD
∗
iiĎj + ĎiD̃iiĎj = 0, i, j = 1, 2, i 6= j,

(2) ĎiD
∗
jjĎi + ĎiD̃jjĎi = 0, i, j = 1, 2, i 6= j,

(3) DiD
∗
iiĎj + DiD̃iiĎj = 0, i, j = 1, 2, i 6= j,

(4) (D1D
∗
22Ď1 + D1D̃22Ď1)− (D2D

∗
11Ď2 + D2D̃11Ď2) = 0,

(5) D̃iiD
∗
iiĎj + D̃iiD̃iiĎj + D∗

iiD
∗
iiĎj + D∗

iiD̃iiĎj = 0, i, j = 1, 2, i 6= j,

(6) DiiD
∗
jjĎi + DiiD̃jjĎi −DijD

∗
iiĎj −DijD̃iiĎj = 0, i, j = 1, 2, i 6= j,

(7) D̃iiD
∗
jjĎi + D̃iiD̃jjĎi + D∗

iiD
∗
jjĎi + D∗

iiD̃jjĎi

−D∗
ijD

∗
iiĎj −D∗

ijD̃iiĎj = 0, i, j = 1, 2, i 6= j,

(8) ĎijD
∗
kkĎ` + ĎijD̃kkĎ` = 0, i, j, k, ` = 1, 2, k 6= `,
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(9) DiiD
∗
iiĎj + DiiD̃iiĎj = 0, i, j,= 1, 2, i 6= j,

(10) D̃ijD
∗
kkĎ` + D̃ijD̃kkĎ` = 0, i, j, k, ` = 1, 2, k 6= `, i 6= j,

(11) D∗
jiD

∗
iiĎj + D∗

jiD̃iiĎj = 0, i, j,= 1, 2, i 6= j,

(12) DjiD
∗
iiĎj + DjiD̃iiĎj = 0, i, j,= 1, 2, i 6= j.

Proof. Let us consider g ∈ F1. By the previous computations we have that d1g is of the form

d1g = (D∗
11Ď2 + D̃11Ď2)(∆1g2 − ∂̄2∂1g1) + (D∗

22Ď1 + D̃22Ď1)(∆2g1 − ∂̄1∂2g2)

and
d2d1g = d2

1d
1g + d2

2d
1g

so
d2

1d
1g = [Ď1∂̄1 + Ď2∂̄2 + D1∂1 + D2∂2][(D∗

11Ď2 + D̃11Ď2)(∆1g2 − ∂̄2∂1g1)
+(D∗

22Ď1 + D̃22Ď1)(∆2g1 − ∂̄1∂2g2)]
= (Ď1D

∗
11Ď2 + Ď1D̃11Ď2)(∂̄1∆1g2 − ∂̄1∂̄2∂1g1)

+(Ď1D
∗
22Ď1 + Ď1D̃22Ď1)(∂̄1∆2g1 − ∂̄1∂̄1∂2g2)

+(Ď2D
∗
11Ď2 + Ď2D̃11Ď2)(∂̄2∆1g2 − ∂̄2∂̄2∂1g1)

+(Ď2D
∗
22Ď1 + Ď2D̃22Ď1)(∂̄2∆2g1 − ∂̄2∂̄1∂2g2)

+(D1D
∗
11Ď2 + D1D̃11Ď2)(∂1∆1g2 − ∂1∂̄2∂1g1)

+(D1D
∗
22Ď1 + D1D̃22Ď1)(∂1∆2g1 −∆1∂2g2)

+(D2D
∗
11Ď2 + D2D̃11Ď2)(∂2∆1g2 −∆2∂1g1)

+(D2D
∗
22Ď1 + D2D̃22Ď1)(∂2∆2g1 − ∂2∂̄1∂2g2) = 0.

(3)

Grouping the various terms we obtain the conditions

Ď1D
∗
11Ď2 + Ď1D̃11Ď2 = 0,

Ď1D
∗
22Ď1 + Ď1D̃22Ď1 = 0,

(D1D
∗
22Ď1 + D1D̃22Ď1)− (D2D

∗
11Ď2 + D2D̃11Ď2) = 0,

Ď2D
∗
11Ď2 + Ď2D̃11Ď2 = 0,

D1D
∗
11Ď2 + D1D̃11Ď2 = 0,

D1D
∗
22Ď1 + D1D̃22Ď1 = 0,

D2D
∗
22Ď1 + D2D̃22Ď1 = 0,
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that can be written in compact form as in (1)−−(4). By imposing d2
2d

1g = 0 we obtain

d2
2d

1g = [(Ď11D
∗
11Ď2 + Ď11D̃11Ď2)(∂̄2

1∆1g2 − ∂̄2
1 ∂̄2∂1g1)

+(Ď11D
∗
22Ď1 + Ď11D̃22Ď1)(∂̄2

1∆2g1 − ∂̄2
1 ∂̄1∂2g2)]

+[(D11D
∗
11Ď2 + D11D̃11Ď2)(∂2

1∆1g2 − ∂2
1 ∂̄2∂1g1)

+(D11D
∗
22Ď1 + D11D̃22Ď1)(∂2

1∆2g1 − ∂2
1 ∂̄1∂2g2)]

+[(D̃11D
∗
11Ď2 + D̃11D̃11Ď2)(∆2

1g2 −∆1∂̄2∂1g1)
+(D̃11D

∗
22Ď1 + D̃11D̃22Ď1)(∆1∆2g1 −∆1∂̄1∂2g2)]

+[(D∗
11D

∗
11Ď2 + D∗

11D̃11Ď2)(∆2
1g2 −∆1∂̄2∂1g1)

+(D∗
11D

∗
22Ď1 + D∗

11D̃22Ď1)(∆1∆2g1 −∆1∂̄1∂2g2)]
+[(Ď12D

∗
11Ď2 + Ď12D̃11Ď2)(∂̄1∂̄2∆1g2 − ∂̄1∂̄

2
2∂1g1)

+(Ď12D
∗
22Ď1 + Ď12D̃22Ď1)(∂̄1∂̄2∆2g1 − ∂̄1∂̄2∂̄1∂2g2)]

+[(D12D
∗
11Ď2 + D12D̃11Ď2)(∂1∂2∆1g2 − ∂1∆2∂1g1)

+(D12D
∗
22Ď1 + D12D̃22Ď1)(∂1∂2∆2g1 − ∂1∂2∂̄1∂2g2)]

+[(D̃12D
∗
11Ď2 + D̃12D̃11Ď2)(∂1∂̄2∆1g2 − ∂1∂̄

2
2∂1g1)

+(D̃12D
∗
22Ď1 + D̃12D̃22Ď1)(∂1∂̄2∆2g1 − ∂1∂̄2∂̄1∂2g2)]

+[(D∗
12D

∗
11Ď2 + D∗

12D̃11Ď2)(∂̄1∂2∆1g2 − ∂̄1∂2∂̄2∂1g1)
+(D∗

12D
∗
22Ď1 + D∗

12D̃22Ď1)(∂̄1∂2∆2g1 − ∂̄1∂2∂̄1∂2g2)]
+[(Ď21D

∗
11Ď2 + Ď21D̃11Ď2)(∂̄2∂̄1∆1g2 − ∂̄2∂̄1∂̄2∂1g1)

+(Ď21D
∗
22Ď1 + Ď21D̃22Ď1)(∂̄2∂̄1∆2g1 − ∂̄2∂̄

2
1∂2g2)]

+[(D21D
∗
11Ď2 + D21D̃11Ď2)(∂2∂1∆1g2 − ∂2∂1∂̄2∂1g1)

+(D21D
∗
22Ď1 + D21D̃22Ď1)(∂2∂1∆2g1 − ∂2∆1∂2g2)]

+[(D̃21D
∗
11Ď2 + D̃21D̃11Ď2)(∂2∂̄1∆1g2 − ∂2∂̄1∂̄2∂1g1)

+(D̃21D
∗
22Ď1 + D̃21D̃22Ď1)(∂2∂̄1∆2g1 − ∂2∂̄

2
1∂2g2)]

+[(D∗
21D

∗
11Ď2 + D∗

21D̃11Ď2)(∂̄2∂1∆1g2 − ∂̄2∂1∂̄2∂1g1)
+(D∗

21D
∗
22Ď1 + D∗

21D̃22Ď1)(∂̄2∂1∆2g1 − ∂̄2∆1∂2g2)]
+[(Ď22D

∗
11Ď2 + Ď22D̃11Ď2)(∂̄2

2∆1g2 − ∂̄3
2∂1g1)

+(Ď22D
∗
22Ď1 + Ď22D̃22Ď1)(∂̄2

2∆2g1 − ∂̄2
2 ∂̄1∂2g2)]

+[(D22D
∗
11Ď2 + D22D̃11Ď2)(∂2

2∆1g2 − ∂2
2 ∂̄2∂1g1)

+(D22D
∗
22Ď1 + D22D̃22Ď1)(∂2

2∆2g1 − ∂2
2 ∂̄1∂2g2)]

+[(D̃22D
∗
11Ď2 + D̃22D̃11Ď2)(∆2∆1g2 −∆2∂̄2∂1g1)

+(D̃22D
∗
22Ď1 + D̃22D̃22Ď1)(∆2

2g1 −∆2∂̄1∂2g2)]
+[(D∗

22D
∗
11Ď2 + D∗

22D̃11Ď2)(∆2∆1g2 −∆2∂̄2∂1g1)
+(D∗

22D
∗
22Ď1 + D∗

22D̃22Ď1)(∆2
2g1 −∆2∂̄1∂2g2)] = 0.

(4)

By grouping the various derivatives together we obtain (5)–(12).

Proposition 3.9 Let

d3 = d3
1 + d3

2 = Ď1∂̄1 + Ď2∂̄2 + D1∂1 + D2∂2

+
∑2

i,j=1(Ďij ∂̄i∂̄j + Dij∂i∂j + D̃ij∂i∂̄j + D∗
ij ∂̄i∂j).

(5)

Then d3d2
1 = 0 implies

(1) ĎiD1D
∗
22Ď1 + ĎiD1D̃22Ď1 = 0, i = 1, 2,

(2) DiD1D
∗
22Ď1 + DiD1D̃22Ď1 = 0, i = 1, 2,

(3) (D̃iiD1D
∗
22Ď1 + D̃iiD1D̃22Ď1) + (D∗

iiD1D
∗
22Ď1 + D∗

iiD1D̃22Ď1) = 0, i, j = 1, 2, i 6= j,
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(4) (DijD1D
∗
22Ď1 + DijD1D̃22Ď1) = 0, i, j = 1, 2,

(5) (ĎijD1D
∗
22Ď1 + ĎijD1D̃22Ď1) = 0, i, j = 1, 2,

(6) (D̃ijD1D
∗
22Ď1 + D̃ijD1D̃22Ď1) = 0, i, j = 1, 2, i 6= j,

(7) (D∗
ijD1D

∗
22Ď1 + D∗

ijD1D̃22Ď1) = 0, i, j = 1, 2, i 6= j.

Proof. Let h ∈ F2, h = (D∗
11Ď2 + D̃11Ď2)h12 + (D∗

22Ď1 + D̃22Ď1)h21. Then, using (9) (see the
paper) and relations in Proposition 3.6, we can write d2

1h as

d2
1h = (D1D

∗
22Ď1 + D1D̃22Ď1)(∂1h21 + ∂2h12).

Let us compute separately d3
1d

2
1h and d3

2d
2
1h:

d3
1d

2
1h = [Ď1∂̄1 + Ď2∂̄2 + D1∂1 + D2∂2][(D1D

∗
22Ď1 + D1D̃22Ď1)(∂1h21 + ∂2h12)]

= (Ď1D1D
∗
22Ď1 + Ď1D1D̃22Ď1)(∆1h21 + ∂̄1∂2h12)

+(Ď2D1D
∗
22Ď1 + Ď2D1D̃22Ď1)(∂̄2∂1h21 + ∆2h12)

+(D1D1D
∗
22Ď1 + D1D1D̃22Ď1)(∂2

1h21 + ∂1∂2h12)
+(D2D1D

∗
22Ď1 + D2D1D̃22Ď1)(∂2∂1h21 + ∂2

2h12).

(6)

Condition d3
1d

2
1h = 0 implies relations (1) and (2), so that d3

1d
2
1h ≡ 0. Now we compute:

d3
2d

2
1h = [Ď11∂̄1∂̄1 + D11∂1∂1 + D̃11∂1∂̄1 + D∗

11∂̄1∂1 + Ď12∂̄1∂̄2

+D12∂1∂2 + D̃12∂1∂̄2 + D∗
12∂̄1∂2 + Ď21∂̄2∂̄1

+D21∂2∂1 + D̃21∂2∂̄1 + D∗
21∂̄2∂1 + Ď22∂̄2∂̄2 + D22∂2∂2

+D̃22∂2∂̄2 + D∗
22∂̄2∂2][(D1D

∗
22Ď1 + D1D̃22Ď1)(∂1h21 + ∂2h12)]

= [(Ď11D1D
∗
22Ď1 + Ď11D1D̃22Ď1)(∆1∂̄1h21 + ∂̄2

1∂2h12)]
+[(D11D1D

∗
22Ď1 + D11D1D̃22Ď1)(∂3

1h21 + ∂2
1∂2h12)]

+[(D̃11D1D
∗
22Ď1 + D̃11D1D̃22Ď1)(∆1∂1h21 + ∆1∂2h12)]

+[(D∗
11D1D

∗
22Ď1 + D∗

11D1D̃22Ď1)(∆1∂1h21 + ∆1∂2h12)]
+[(Ď12D1D

∗
22Ď1 + Ď12D1D̃22Ď1)(∂̄1∂̄2∂1h21 + ∂̄1∆2

2h12)]
+[(D12D1D

∗
22Ď1 + D12D1D̃22Ď1)(∂1∂2∂1h21 + ∂1∂

2
2h12)]

+[(D̃12D1D
∗
22Ď1 + D̃12D1D̃22Ď1)(∂1∂̄2∂1h21 + ∂1∆2h12)]

+[(D∗
12D1D

∗
22Ď1 + D∗

12D1D̃22Ď1)(∂̄1∂2∂1h21 + ∂̄1∂
2
2h12)]

+[(Ď21D1D
∗
22Ď1 + Ď21D1D̃22Ď1)(∂̄2∆1h21 + ∂̄2∂̄1∂2h12)]

+[(D21D1D
∗
22Ď1 + D21D1D̃22Ď1)(∂2∂

2
1h21 + ∂2∂1∂2h12)]

+[(D̃21D1D
∗
22Ď1 + D̃21D1D̃22Ď1)(∂2∆1h21 + ∂2∂̄1∂2h12)]

+[(D∗
21D1D

∗
22Ď1 + D∗

21D1D̃22Ď1)(∂̄2∂
2
1h21 + ∂̄2∂1∂2h12)]

+[(Ď22D1D
∗
22Ď1 + Ď22D1D̃22Ď1)(∂̄2∂̄2∂1h21 + ∂̄2∆2h12)]

+[(D22D1D
∗
22Ď1 + D22D1D̃22Ď1)(∂2

2∂1h21 + ∂3
2h12)]

+[(D̃22D1D
∗
22Ď1 + D̃22D1D̃22Ď1)(∆2∂1h21 + ∆2∂2h12)]

+[(D∗
22D1D

∗
22Ď1 + D∗

22D1D̃22Ď1)(∆2∂1h21 + ∆2∂2h12)].

(7)

The condition
d3

2d
2
1h = 0

gives the relations (3)− (7) listed in the statement.
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(B) Vanishing of d3d2

In this Appendix we perform all the computations coming from the vanishing d3d2 = 0 (see
Proposition 3.8 and Remark 3.10 in the paper).

Proposition B.1 Let, for ` = 2, 3,

d` = d`
1 + d`

2 = Ď1∂̄1 + Ď2∂̄2 + D1∂1 + D2∂2

+
2∑

i,j=1

(Ďij ∂̄i∂̄j + Dij∂i∂j + D̃ij∂i∂̄j + D∗
ij ∂̄i∂j).

Then d3d2 = 0 implies

(1) ĎiD1D
∗
22Ď1 + ĎiD1D̃22Ď1 = 0, i = 1, 2,

(2) DiD1D
∗
22Ď1 + DiD1D̃22Ď1 = 0, i = 1, 2,

(3) (ĎiDiiD
∗
jjĎi +ĎiDiiD̃jjĎi)+(DiD̃iiD

∗
jjĎi +DiD̃iiD̃jjĎi +DiD

∗
iiD

∗
jjĎi +DiD

∗
iiD̃jjĎi)+

(D̃iiD1D
∗
22Ď1 + D̃iiD1D̃22Ď1) + (D∗

iiD1D
∗
22Ď1 + D∗

iiD1D̃22Ď1) = 0, i, j = 1, 2, i 6= j

(4) (DjDjjD
∗
iiĎj + DjDjjD̃iiĎj) + (DjjD1D

∗
22Ď1 + DjjD1D̃22Ď1) = 0, i, j = 1, 2,

(5) (ĎiD̃iiD
∗
jjĎi+ĎiD̃iiD̃jjĎi+ĎiD

∗
iiD

∗
jjĎi+ĎiD

∗
iiD̃jjĎi)+(ĎiiD1D

∗
22Ď1+ĎiiD1D̃22Ď1) =

0, i, j = 1, 2,

(6) (ĎiDjjD
∗
iiĎj + ĎiDjjD̃iiĎj) + (D∗

ijD1D
∗
22Ď1 + D∗

ijD1D̃22Ď1) = 0, i, j = 1, 2,

(7) (ĎiD̃jjD
∗
iiĎj+ĎiD̃jjD̃iiĎj+ĎiD

∗
jjD

∗
iiĎj+ĎiD

∗
jjD̃iiĎj)+(ĎijD1D

∗
22Ď1+ĎijD1D̃22Ď1) =

0

(7) (DiDjjD
∗
iiĎj + DiDjjD̃iiĎj) + (DijD1D

∗
22Ď1 + DijD1D̃22Ď1) = 0, i, j = 1, 2

i 6= j

(8) (DiD̃jjD
∗
iiĎj+DiD̃jjD̃iiĎj+DiD

∗
jjD

∗
iiĎj+DiD

∗
jjD̃iiĎj)+(D̃ijD1D

∗
22Ď1+D̃ijD1D̃22Ď1) =

0, i, j = 1, 2, i 6= j

(9) ĎiiDiiD
∗
jjĎi +ĎiiDiiD̃jjĎi +D̃iiD̃iiD

∗
jjĎi +D̃iiD̃iiD̃jjĎi +D̃iiD

∗
iiD

∗
jjĎi +D̃iiD

∗
iiD̃jjĎi +

D∗
iiD̃iiD

∗
jjĎi + D∗

iiD̃iiD̃jjĎi + D∗
iiD

∗
iiD

∗
jjĎi + D∗

iiD
∗
iiD̃jjĎi = 0, i, j = 1, 2, i 6= j

(10) ĎiiDjjD
∗
iiĎj + ĎiiDjjD̃iiĎj = 0, i, j = 1, 2, i 6= j

(11) ĎiiD̃jjD
∗
iiĎj + ĎiiD̃jjD̃iiĎj + ĎiiD

∗
jjD

∗
iiĎj + ĎiiD

∗
jjD̃iiĎj = 0, i, j = 1, 2, i 6= j

(12) ĎiiD̃iiD
∗
jjĎi + ĎiiD̃iiD̃jjĎi + ĎiiD

∗
iiD

∗
jjĎi + ĎiiD

∗
iiD̃jjĎi = 0, i, j = 1, 2, i 6= j

(13) DiiDiiD
∗
jjĎi + DiiDiiD̃jjĎi = 0, i, j = 1, 2, i 6= j

(14) DiiDjjD
∗
iiĎj + DiiDjjD̃iiĎj = 0, i, j = 1, 2, i 6= j

(15) DiiD̃jjD
∗
iiĎj + DiiD̃jjD̃iiĎj + DiiD

∗
jjD

∗
iiĎj + DiiD

∗
jjD̃iiĎj = 0, i, j = 1, 2, i 6= j

(16) DiiD̃iiD
∗
jjĎi +DiiD̃iiD̃jjĎi +DiiD

∗
iiD

∗
jjĎi +DiiD

∗
iiD̃jjĎi +D̃iiDiiD

∗
jjĎi +D̃iiDiiD̃jjĎi +

D∗
iiDiiD

∗
jjĎi + D∗

iiDiiD̃jjĎi = 0, i, j = 1, 2, i 6= j
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(17) D̃iiDjjD
∗
iiĎj + D̃iiDjjD̃iiĎj + D∗

iiDjjD
∗
iiĎj + D∗

iiDjjD̃iiĎj = 0, i, j = 1, 2, i 6= j

(18) D̃iiD̃jjD
∗
iiĎj +D̃iiD̃jjD̃iiĎj +D̃iiD

∗
jjD

∗
iiĎj +D̃iiD

∗
jjD̃iiĎj +D∗

iiD̃jjD
∗
iiĎj +D∗

iiD̃jjD̃iiĎj +
D∗

iiD
∗
jjD

∗
iiĎj +D∗

iiD
∗
jjD̃iiĎj +ĎjiDiiD

∗
jjĎi+ĎjiDiiD̃jjĎi+D∗

jiD̃iiD
∗
jjĎi+D∗

jiD̃iiD̃jjĎi+
D∗

jiD
∗
iiD

∗
jjĎi + D∗

jiD
∗
iiD̃jjĎi = 0, i, j = 1, 2, i 6= j

(19) ĎijDiiD
∗
jjĎi + ĎijDiiD̃jjĎi = 0, i, j = 1, 2, i 6= j

(20) ĎijD̃22D
∗
11Ď2 + ĎijD̃22D̃11Ď2 + ĎijD

∗
22D

∗
11Ď2 + ĎijD

∗
22D̃11Ď2 = 0, i, j = 1, 2, i 6= j

(21) ĎijD̃11D
∗
22Ď1 + ĎijD̃11D̃22Ď1 + ĎijD

∗
11D

∗
22Ď1 + ĎijD

∗
11D̃22Ď1 = 0, i, j = 1, 2, i 6= j

(22) D12DiiD
∗
jjĎi + D12DiiD̃jjĎi = 0, i, j = 1, 2, i 6= j

(23) DijD̃jjD
∗
iiĎj+DijD̃jjD̃iiĎj+DijD

∗
jjD

∗
iiĎj+DijD

∗
jjD̃iiĎj+D̃ijDjjD

∗
iiĎj+D̃ijDjjD̃iiĎj =

0, i, j = 1, 2, i 6= j

(24) DijD̃iiD
∗
jjĎi + DijD̃iiD̃jjĎi + DijD

∗
iiD

∗
jjĎi + DijD

∗
iiD̃jjĎi = 0, i, j = 1, 2, i 6= j

(25) D̃ijDiiD
∗
jjĎi + D̃ijDiiD̃jjĎi = 0, i, j = 1, 2, i 6= j

(26) D̃ijD̃jjD
∗
iiĎj + D̃ijD̃jjD̃iiĎj + D̃ijD

∗
jjD

∗
iiĎj + D̃ijD

∗
jjD̃iiĎj = 0, i, j = 1, 2, i 6= j

(27) D∗
ijD11D

∗
22Ď1 + D∗

ijD11D̃22Ď1 = 0, i, j = 1, 2, i 6= j

(28) D∗
ijD22D

∗
11Ď2 + D∗

ijD22D̃11Ď2, i, j = 1, 2, i 6= j = 0

(29) D∗
ijD̃iiD

∗
jjĎi + D∗

ijD̃iiD̃jjĎi + D∗
ijD

∗
iiD

∗
jjĎi + D∗

ijD
∗
iiD̃jjĎi = 0, i, j = 1, 2, i 6= j

(30) D21DiiD
∗
jjĎi + D21DiiD̃jjĎi = 0, i, j = 1, 2, i 6= j

(31) D̃21D̃jjD
∗
iiĎj + D̃21D̃jjD̃iiĎj + D̃21D

∗
jjD

∗
iiĎj + D̃21D

∗
jjD̃iiĎj = 0

Proof. Let h ∈ F2 be

h = (D∗
11Ď2 + D̃11Ď2)h12 + (D∗

22Ď1 + D̃22Ď1)h21.

Then
d2h = d2

1h + d2
2h =

(D1D
∗
22Ď1 + D1D̃22Ď1)(∂1h21 + ∂2h12) + (D11D

∗
22Ď1 + D11D̃22Ď1)(∂2

1h21 + ∂1∂2h12)

+(D22D
∗
11Ď2 + D22D̃11Ď2)(∂2

2h12 + ∂2∂1h21)

+(D̃22D
∗
11Ď2 + D̃22D̃11Ď2 + D∗

22D
∗
11Ď2 + D∗

22D̃11Ď2)(∆2h12 + ∂̄2∂1h21)

+(D̃11D
∗
22Ď1 + D̃11D̃22Ď1 + D∗

11D
∗
22Ď1 + D∗

11D̃22Ď1)(∆1h21 + ∂̄1∂2h12)

Let us compute separately d3
1d

2
1h, (d3

1d
2
2 + d3

2d
2
1)h and d3

2d
2
2h

d3
1d

2
1h = [Ď1∂̄1 + Ď2∂̄2 + D1∂1 + D2∂2]× [(D1D

∗
22Ď1 + D1D̃22Ď1)(∂1h21 + ∂2h12)]

= (Ď1D1D
∗
22Ď1 + Ď1D1D̃22Ď1)(∆1h21 + ∂̄1∂2h12)

+(Ď2D1D
∗
22Ď1 + Ď2D1D̃22Ď1)(∂̄2∂1h21 + ∆2h12)
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+(D1D1D
∗
22Ď1 + D1D1D̃22Ď1)(∂2

1h21 + ∂1∂2h12)

+(D2D1D
∗
22Ď1 + D2D1D̃22Ď1)(∂2∂1h21 + ∂2

2h12)

The condition d3
1d

2
1h = 0 implies the vanishing of all the relations ĎiD1D

∗
22Ď1+ĎiD1D̃22Ď1 = 0,

DiD1D
∗
22Ď1 + DiD1D̃22Ď1 = 0, i.e. relations (1) and (2), so d3

1d
2
1h ≡ 0.

Let us compute (d3
1d

2
2 + d3

2d
2
1)h. We have

d3
1d

2
2h = [Ď1∂̄1 + Ď2∂̄2 + D1∂1 + D2∂2]

[(D11D
∗
22Ď1 + D11D̃22Ď1)(∂2

1h21 + ∂1∂2h12) + (D22D
∗
11Ď2 + D22D̃11Ď2)(∂2

2h12 + ∂2∂1h21)

+(D̃22D
∗
11Ď2 + D̃22D̃11Ď2 + D∗

22D
∗
11Ď2 + D∗

22D̃11Ď2)(∆2h12 + ∂̄2∂1h21)

+(D̃11D
∗
22Ď1 + D̃11D̃22Ď1 + D∗

11D
∗
22Ď1 + D∗

11D̃22Ď1)(∆1h21 + ∂̄1∂2h12)]

= (Ď1D11D
∗
22Ď1 + Ď1D11D̃22Ď1)(∆1∂1h21 + ∆1∂2h12)

+(Ď1D22D
∗
11Ď2 + Ď1D22D̃11Ď2)(∂̄1∂

2
2h12 + ∂̄1∂2∂1h21)

+(Ď1D̃22D
∗
11Ď2 + Ď1D̃22D̃11Ď2 + Ď1D

∗
22D

∗
11Ď2 + Ď1D

∗
22D̃11Ď2)(∂̄1∆2h12 + ∂̄1∂̄2∂1h21)

+(Ď1D̃11D
∗
22Ď1 + Ď1D̃11D̃22Ď1 + Ď1D

∗
11D

∗
22Ď1 + Ď1D

∗
11D̃22Ď1)(∂̄1∆1h21 + ∂̄2

1∂2h12)

+(Ď2D11D
∗
22Ď1 + Ď2D11D̃22Ď1)(∂̄2∂

2
1h21 + ∂̄2∂1∂2h12)

+(Ď2D22D
∗
11Ď2 + Ď2D22D̃11Ď2)(∆2∂2h12 + ∆2∂1h21)

+(Ď2D̃22D
∗
11Ď2 + Ď2D̃22D̃11Ď2 + Ď2D

∗
22D

∗
11Ď2 + Ď2D

∗
22D̃11Ď2)(∂̄2∆2h12 + ∂̄2

2∂1h21)

+(Ď2D̃11D
∗
22Ď1 + Ď2D̃11D̃22Ď1 + Ď2D

∗
11D

∗
22Ď1 + Ď2D

∗
11D̃22Ď1)(∂̄2∆1h21 + ∂̄2∂̄1∂2h12)

+(D1D11D
∗
22Ď1 + D1D11D̃22Ď1)(∂3

1h21 + ∂2
1∂2h12)

+(D1D22D
∗
11Ď2 + D1D22D̃11Ď2)(∂1∂

2
2h12 + ∂1∂2∂1h21)

+(D1D̃22D
∗
11Ď2 + D1D̃22D̃11Ď2 + D1D

∗
22D

∗
11Ď2 + D1D

∗
22D̃11Ď2)(∂1∆2h12 + ∂1∂̄2∂1h21)

+(D1D̃11D
∗
22Ď1 + D1D̃11D̃22Ď1 + D1D

∗
11D

∗
22Ď1 + D1D

∗
11D̃22Ď1)(∂1∆1h21 + ∆1∂2h12)

+(D2D11D
∗
22Ď1 + D2D11D̃22Ď1)(∂2∂

2
1h21 + ∂2∂1∂2h12)

+(D2D22D
∗
11Ď2 + D2D22D̃11Ď2)(∂3

2h12 + ∂2
2∂1h21)

+(D2D̃22D
∗
11Ď2 + D2D̃22D̃11Ď2 + D2D

∗
22D

∗
11Ď2 + D2D

∗
22D̃11Ď2)(∂2∆2h12 + ∆2∂1h21)

+(D2D̃11D
∗
22Ď1 + D2D̃11D̃22Ď1 + D2D

∗
11D

∗
22Ď1 + D2D

∗
11D̃22Ď1)(∂2∆1h21 + ∂2∂̄1∂2h12)

and
d3

2d
2
1h =

[Ď11∂̄1∂̄1 + D11∂1∂1 + D̃11∂1∂̄1 + D∗
11∂̄1∂1 + Ď12∂̄1∂̄2 + D12∂1∂2 + D̃12∂1∂̄2 + D∗

12∂̄1∂2

+Ď21∂̄2∂̄1 + D21∂2∂1 + D̃21∂2∂̄1 + D∗
21∂̄2∂1 + Ď22∂̄2∂̄2 + D22∂2∂2 + D̃22∂2∂̄2 + D∗

22∂̄2∂2]

[(D1D
∗
22Ď1 + D1D̃22Ď1)(∂1h21 + ∂2h12)]

= [(Ď11D1D
∗
22Ď1 + Ď11D1D̃22Ď1)(∆1∂̄1h21 + ∂̄2

1∂2h12)]

+[(D11D1D
∗
22Ď1 + D11D1D̃22Ď1)(∂3

1h21 + ∂2
1∂2h12)]

7



+[(D̃11D1D
∗
22Ď1 + D̃11D1D̃22Ď1)(∆1∂1h21 + ∆1∂2h12)]

+[(D∗
11D1D

∗
22Ď1 + D∗

11D1D̃22Ď1)(∆1∂1h21 + ∆1∂2h12)]

+[(Ď12D1D
∗
22Ď1 + Ď12D1D̃22Ď1)(∂̄1∂̄2∂1h21 + ∂̄1∆2

2h12)]

+[(D12D1D
∗
22Ď1 + D12D1D̃22Ď1)(∂1∂2∂1h21 + ∂1∂

2
2h12)]

+[(D̃12D1D
∗
22Ď1 + D̃12D1D̃22Ď1)(∂1∂̄2∂1h21 + ∂1∆2h12)]

+[(D∗
12D1D

∗
22Ď1 + D∗

12D1D̃22Ď1)(∂̄1∂2∂1h21 + ∂̄1∂
2
2h12)]

+[(Ď21D1D
∗
22Ď1 + Ď21D1D̃22Ď1)(∂̄2∆1h21 + ∂̄2∂̄1∂2h12)]

+[(D̃21D1D
∗
22Ď1 + D̃21D1D̃22Ď1)(∂2∂

2
1h21 + ∂2∂1∂2h12)]

+[(D̃21D1D
∗
22Ď1 + D̃21D1D̃22Ď1)(∂2∆1h21 + ∂2∂̄1∂2h12)]

+[(D∗
21D1D

∗
22Ď1 + D∗

21D1D̃22Ď1)(∂̄2∂
2
1h21 + ∂̄2∂1∂2h12)]

+[(Ď22D1D
∗
22Ď1 + Ď22D1D̃22Ď1)(∂̄2∂̄2∂1h21 + ∂̄2∆2h12)]

+[(D22D1D
∗
22Ď1 + D22D1D̃22Ď1)(∂2

2∂1h21 + ∂3
2h12)]

+[(D̃22D1D
∗
22Ď1 + D̃22D1D̃22Ď1)(∆2∂1h21 + ∆2∂2h12)]

+[(D∗
22D1D

∗
22Ď1 + D∗

22D1D̃22Ď1)(∆2∂1h21 + ∆2∂2h12)]

The condition
(d3

1d
2
2 + d3

2d
2
1)h = 0

gives the relations (3)-(8) listed in the statement. Finally, the computation of d3
2d

2
2h gives

d3
2d

2
2h =

[Ď11∂̄
2
1 + D11∂

2
1 + D̃11∆1 + D∗

11∆1 + Ď12∂̄1∂̄2 + D12∂1∂2 + D̃12∂1∂̄2 + D∗
12∂̄1∂2

+Ď21∂̄2∂̄1 + D21∂2∂1 + D̃21∂2∂̄1 + D∗
21∂̄2∂1 + Ď22∂̄

2
2 + D22∂

2
2 + D̃22∆2 + D∗

22∆2]

·[(D11D
∗
22Ď1 + D11D̃22Ď1)(∂2

1h21 + ∂1∂2h12) + (D22D
∗
11Ď2 + D22D̃11Ď2)(∂2

2h12 + ∂2∂1h21)

+(D̃22D
∗
11Ď2 + D̃22D̃11Ď2 + D∗

22D
∗
11Ď2 + D∗

22D̃11Ď2)(∆2h12 + ∂̄2∂1h21)

+(D̃11D
∗
22Ď1 + D̃11D̃22Ď1 + D∗

11D
∗
22Ď1 + D∗

11D̃22Ď1)(∆1h21 + ∂̄1∂2h12)]
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= (Ď11D11D
∗
22Ď1 + Ď11D11D̃22Ď1)(∆1∆1h21 + ∆1∂̄1∂2h12)

+(Ď11D22D
∗
11Ď2 + Ď11D22D̃11Ď2)(∂̄2

1∂2
2h12 + ∂̄2

1∂2∂1h21)

+(Ď11D̃22D
∗
11Ď2 + Ď11D̃22D̃11Ď2 + Ď11D

∗
22D

∗
11Ď2 + Ď11D

∗
22D̃11Ď2)(∂̄2

1∆2h12 + ∂̄2
1 ∂̄2∂1h21)

+(Ď11D̃11D
∗
22Ď1 + Ď11D̃11D̃22Ď1 + Ď11D

∗
11D

∗
22Ď1 + Ď11D

∗
11D̃22Ď1)(∂̄2

1∆1h21 + ∂̄2
1 ∂̄1∂2h12)

+(D11D11D
∗
22Ď1 + D11D11D̃22Ď1)(∂4

1h21 + ∂3
1∂2h12)

+(D11D22D
∗
11Ď2 + D11D22D̃11Ď2)(∂2

1∂2
2h12 + ∂2

1∂2∂1h21)

+(D11D̃22D
∗
11Ď2 + D11D̃22D̃11Ď2 + D11D

∗
22D

∗
11Ď2 + D11D

∗
22D̃11Ď2)(∂2

1∆2h12 + ∂2
1 ∂̄2∂1h21)

+(D11D̃11D
∗
22Ď1 + D11D̃11D̃22Ď1 + D11D

∗
11D

∗
22Ď1 + D11D

∗
11D̃22Ď1)(∂2

1∆1h21 + ∂1∂2∆1h12)

+(D̃11D11D
∗
22Ď1 + D̃11D11D̃22Ď1)(∆1∂

2
1h21 + ∆1∂1∂2h12)

+(D̃11D22D
∗
11Ď2 + D̃11D22D̃11Ď2)(∆1∂

2
2h12 + ∆1∂2∂1h21)

+(D̃11D̃22D
∗
11Ď2 + D̃11D̃22D̃11Ď2 + D̃11D

∗
22D

∗
11Ď2 + D̃11D

∗
22D̃11Ď2)(∆1∆2h12 + ∆1∂̄2∂1h21)

+(D̃11D̃11D
∗
22Ď1 + D̃11D̃11D̃22Ď1 + D̃11D

∗
11D

∗
22Ď1 + D̃11D

∗
11D̃22Ď1)(∆1∆1h21 + ∆1∂̄1∂2h12)

+(D∗
11D11D

∗
22Ď1 + D∗

11D11D̃22Ď1)(∆1∂
2
1h21 + ∆1∂1∂2h12)

+(D∗
11D22D

∗
11Ď2 + D∗

11D22D̃11Ď2)(∆1∂
2
2h12 + ∆1∂2∂1h21)

+(D∗
11D̃22D

∗
11Ď2 + D∗

11D̃22D̃11Ď2 + D∗
11D

∗
22D

∗
11Ď2 + D∗

11D
∗
22D̃11Ď2)(∆1∆2h12 + ∆1∂̄2∂1h21)

+(D∗
11D̃11D

∗
22Ď1 + D∗

11D̃11D̃22Ď1 + D∗
11D

∗
11D

∗
22Ď1 + D∗

11D
∗
11D̃22Ď1)(∆1∆1h21 + ∆1∂̄1∂2h12)

+(Ď12D11D
∗
22Ď1 + Ď12D11D̃22Ď1)(∂̄1∂̄2∂

2
1h21 + ∂̄1∂̄2∂1∂2h12)

+(Ď12D22D
∗
11Ď2 + Ď12D22D̃11Ď2)(∂̄1∂2∆2h12 + ∆1∆2h21)

+(Ď12D̃22D
∗
11Ď2 + Ď12D̃22D̃11Ď2 + Ď12D

∗
22D

∗
11Ď2 + Ď12D

∗
22D̃11Ď2)(∂̄1∂̄2∆2h12 + ∂̄1∂̄

2
2∂1h21)

+(Ď12D̃11D
∗
22Ď1 + Ď12D̃11D̃22Ď1 + Ď12D

∗
11D

∗
22Ď1 + Ď12D

∗
11D̃22Ď1)(∂̄1∂̄2∆1h21 + ∂̄1∂̄2∂̄1∂2h12)

+(D12D11D
∗
22Ď1 + D12D11D̃22Ď1)(∂1∂2∂

2
1h21 + ∂1∂2∂1∂2h12)

+(D12D22D
∗
11Ď2 + D12D22D̃11Ď2)(∂1∂

3
2h12 + ∂1∂

2
2∂1h21)

+(D12D̃22D
∗
11Ď2 + D12D̃22D̃11Ď2 + D12D

∗
22D

∗
11Ď2 + D12D

∗
22D̃11Ď2)(∂1∂2∆2h12 + ∂2

1∆2h21)

+(D12D̃11D
∗
22Ď1 + D12D̃11D̃22Ď1 + D12D

∗
11D

∗
22Ď1 + D12D

∗
11D̃22Ď1)(∂1∂2∆1h21 + ∂1∂2∂̄1∂2h12)

+(D̃12D11D
∗
22Ď1 + D̃12D11D̃22Ď1)(∂1∂̄2∂

2
1h21 + ∂1∂̄2∂1∂2h12)

+(D̃12D22D
∗
11Ď2 + D̃12D22D̃11Ď2)(∂1∂2∆2h12 + ∂2

1∆2h21)

+(D̃12D̃22D
∗
11Ď2 + D̃12D̃22D̃11Ď2 + D̃12D

∗
22D

∗
11Ď2 + D̃12D

∗
22D̃11Ď2)(∂1∂̄2∆2h12 + ∂1∂̄

2
2∂1h21)

+(D̃12D̃11D
∗
22Ď1 + D̃12D̃11D̃22Ď1 + D̃12D

∗
11D

∗
22Ď1 + D̃12D

∗
11D̃22Ď1)(∂1∂̄2∆1h21 + ∂1∂̄2∂̄1∂2h12)

9



+(D∗
12D11D

∗
22Ď1 + D∗

12D11D̃22Ď1)(∂̄1∂2∂
2
1h21 + ∂̄1∂2∂1∂2h12)

+(D∗
12D22D

∗
11Ď2 + D∗

12D22D̃11Ď2(∂̄1∂
3
2h12 + ∂̄1∂

2
2∂1h21)

+(D∗
12D̃22D

∗
11Ď2 + D∗

12D̃22D̃11Ď2 + D∗
12D

∗
22D

∗
11Ď2 + D∗

12D
∗
22D̃11Ď2)(∂̄1∂2∆2h12 + ∆2∆1h21)

+(D∗
12D̃11D

∗
22Ď1 + D∗

12D̃11D̃22Ď1 + D∗
12D

∗
11D

∗
22Ď1 + D∗

12D
∗
11D̃22Ď1)(∂̄1∂2∆1h21 + ∂̄1∂2∂̄1∂2h12)

+(Ď21D11D
∗
22Ď1 + Ď21D11D̃22Ď1)(∂̄2∂1∆1h21 + ∆1∆2h12)

+(Ď21D22D
∗
11Ď2 + Ď21D22D̃11Ď2)(∂̄2∂̄1∂

2
2h12 + ∂̄2∂̄1∂2∂1h21)

+(Ď21D̃22D
∗
11Ď2 + Ď21D̃22D̃11Ď2Ď21D

∗
22D

∗
11Ď2 + Ď21D

∗
22D̃11Ď2)(∂̄2∂̄1∆2h12 + ∂̄2∂̄1∂̄2∂1h21)

+(Ď21D̃11D
∗
22Ď1 + Ď21D̃11D̃22Ď1 + Ď21D

∗
11D

∗
22Ď1 + Ď21D

∗
11D̃22Ď1)(∂̄2∂̄1∆1h21 + ∂̄2∂̄

2
1∂2h12)

+(D21D11D
∗
22Ď1 + D21D11D̃22Ď1)(∂2∂

3
1h21 + ∂2∂

2
1∂2h12)

+(D21D22D
∗
11Ď2 + D21D22D̃11Ď2)(∂2∂1∂

2
2h12 + ∂2∂1∂2∂1h21)

+(D21D̃22D
∗
11Ď2 + D21D̃22D̃11Ď2 + D21D

∗
22D

∗
11Ď2 + D21D

∗
22D̃11Ď2)(∂2∂1∆2h12 + ∂2∂1∂̄2∂1h21)

+(D21D̃11D
∗
22Ď1 + D21D̃11D̃22Ď1 + D21D

∗
11D

∗
22Ď1 + D21D

∗
11D̃22Ď1)(∂2∂1∆1h21 + ∂2

2∆1h12)

+(D̃21D11D
∗
22Ď1 + D̃21D11D̃22Ď1)(∂2∂1∆1h21 + ∂2

2∆1h12)

+(D̃21D22D
∗
11Ď2 + D̃21D22D̃11Ď2)(∂2∂̄1∂

2
2h12 + ∂2∂̄1∂2∂1h21)

+(D̃21D̃22D
∗
11Ď2 + D̃21D̃22D̃11Ď2 + D̃21D

∗
22D

∗
11Ď2 + D̃21D

∗
22D̃11Ď2)(∂2∂̄1∆2h12 + ∂2∂̄1∂̄2∂1h21)

+(D̃21D̃11D
∗
22Ď1 + D̃21D̃11D̃22Ď1 + D̃21D

∗
11D

∗
22Ď1 + D̃21D

∗
11D̃22Ď1)(∂2∂̄1∆1h21 + ∂2∂̄

2
1∂2h12)

+(D∗
21D11D

∗
22Ď1 + D∗

21D11D̃22Ď1)(∂̄2∂
3
1h21 + ∂̄2∂

2
1∂2h12)

+(D∗
21D22D

∗
11Ď2 + D∗

21D22D̃11Ď2)(∂̄2∂1∂
2
2h12 + ∂̄2∂1∂2∂1h21)

+(D∗
21D̃22D

∗
11Ď2 + D∗

21D̃22D̃11Ď2 + D∗
21D

∗
22D

∗
11Ď2 + D∗

21D
∗
22D̃11Ď2)(∂̄2∂1∆2h12 + ∂̄2∂1∂̄2∂1h21)

+(D∗
21D̃11D

∗
22Ď1 + D∗

21D̃11D̃22Ď1 + D∗
21D

∗
11D

∗
22Ď1 + D∗

21D
∗
11D̃22Ď1)(∂̄2∂1∆1h21 + ∆1∆2h12)

+(Ď22D11D
∗
22Ď1 + Ď22D11D̃22Ď1)(∂̄2

2∂2
1h21 + ∂̄2

2∂1∂2h12)

+(Ď22D22D
∗
11Ď2 + Ď22D22D̃11Ď2)(∆2

2h12 + ∂̄2∆2∂1h21)

+(Ď22D̃22D
∗
11Ď2 + Ď22D̃22D̃11Ď2 + Ď22D

∗
22D

∗
11Ď2 + Ď22D

∗
22D̃11Ď2(∂̄2

2∆2h12 + ∂̄3
2∂1h21)

+(Ď22D̃11D
∗
22Ď1 + Ď22D̃11D̃22Ď1 + Ď22D

∗
11D

∗
22Ď1 + Ď22D

∗
11D̃22Ď1)(∂̄2

2∆1h21 + ∂̄2
2 ∂̄1∂2h12)

+(D22D11D
∗
22Ď1 + D22D11D̃22Ď1)(∂2

2∂2
1h21 + ∂2

2∂1∂2h12)

+(D22D22D
∗
11Ď2 + D22D22D̃11Ď2)(∂4

2h12 + ∂3
2∂1h21)

+(D22D̃22D
∗
11Ď2 + D22D̃22D̃11Ď2 + D22D

∗
22D

∗
11Ď2 + D22D

∗
22D̃11Ď2)(∂2

2∆2h12 + ∂2∂1∆2h21)

+(D22D̃11D
∗
22Ď1 + D22D̃11D̃22Ď1 + D22D

∗
11D

∗
22Ď1 + D22D

∗
11D̃22Ď1)(∂2

2∆1h21 + ∂2
2 ∂̄1∂2h12)
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+(D̃22D11D
∗
22Ď1 + D̃22D11D̃22Ď1)(∆2∂

2
1h21 + ∆2∂1∂2h12)

+(D̃22D22D
∗
11Ď2 + D̃22D22D̃11Ď2)(∆2∂

2
2h12 + ∆2∂2∂1h21)

+(D̃22D̃22D
∗
11Ď2 + D̃22D̃22D̃11Ď2 + D̃22D

∗
22D

∗
11Ď2 + D̃22D

∗
22D̃11Ď2)(∆2

2h12 + ∆2∂̄2∂1h21)

+(D̃22D̃11D
∗
22Ď1 + D̃22D̃11D̃22Ď1 + D̃22D

∗
11D

∗
22Ď1 + D̃22D

∗
11D̃22Ď1)(∆2∆1h21 + ∆2∂̄1∂2h12)

+(D∗
22D11D

∗
22Ď1 + D∗

22D11D̃22Ď1)(∆2∂
2
1h21 + ∆2∂1∂2h12)

+(D∗
22D22D

∗
11Ď2 + D∗

22D22D̃11Ď2)(∆2∂
2
2h12 + ∆2∂2∂1h21)

+(D∗
22D̃22D

∗
11Ď2 + D∗

22D̃22D̃11Ď2 + D∗
22D

∗
22D

∗
11Ď2 + D∗

22D
∗
22D̃11Ď2)(∆2∆2h12 + ∆2∂̄2∂1h21)

+(D∗
22D̃11D

∗
22Ď1 + D∗

22D̃11D̃22Ď1 + D∗
22D

∗
11D

∗
22Ď1 + D∗

22D
∗
11D̃22Ď1)(∆2∆1h21 + ∆2∂̄1∂2h12).

Grouping the various terms we obtain the remaining relations listed in the statement.

Proposition B.2 Let

k = (D1D
∗
22Ď1 + D1D̃22Ď1)k0 + (D11D

∗
22Ď1 + D11D̃22Ď1)k1

+(D22D
∗
11Ď2 + D22D̃11Ď2)k2 + (D̃11D

∗
22Ď1 + D̃11D̃22Ď1 + D∗

11D
∗
22Ď1 + D∗

11D̃22Ď1)k3

+(D̃22D
∗
11Ď2 + D̃22D̃11Ď2 + D∗

22D
∗
11Ď2 + D∗

22D̃11Ď2)k4

be a generic element in F ′
3. Then d3k = 0 implies the following relations:

1. ∂ikj − ∂i∂jk0 = 0, ∂̄ikj+2 − ∂i∂̄jk0 = 0, ∂̄iki −∆ik0 = 0, ∂iki+2 − ∂̄iki, i, j = 1, 2;

2. ∂̄ikj − ∂̄i∂jk0 = 0, ∂̄ikj+2 − ∂i∂̄jk0 = 0, i, j = 1, 2, i 6= j;

3. ∆iki+2 − ∂̄2
i ki = 0, ∂i∂jkj+2 − ∂i∂̄jkj = 0, i, j = 1, 2, i 6= j;

4. ∆1k1 − ∂2
1k3 = 0, ∆1k4 − ∂̄2∂̄1k1 = 0, ∆1k4 − ∂̄2∂1k3 = 0, ∆2k3 − ∂̄1∂̄2k2 = 0, ∂̄1∂2k4 −

∂̄1∂̄2k2 = 0.

Proof. The relations found in the previous proposition give the statement. We show just for one
coefficient since the other computations are similar.

Proposition B.3 The closure condition d3k = 0 imposes no compatibility conditions on the
system 




∂1h21 + ∂2h12 = k0

∂1(∂1h21 + ∂2h12) = k1

∂2(∂1h21 + ∂2h12) = k2

∂̄1(∂1h21 + ∂2h12) = k3

∂̄2(∂1h21 + ∂2h12) = k4.

Proof. It suffices to use the constraints ∂ik0 = ki, ∂̄ik0 = ki+2, i = 1, 2 in the relations 1,2,3,4 of
the above proposition.
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