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Abstract

In this paper we study convergence to equilibrium and rate of convergence for
a class of abstract second order evolution equations with convolutionary damping
term. We focus on polynomially decaying convolution kernels and show how the rate
of convergence depends on the decay of the kernel, decay of the right-hand side and
the Lojasiewicz exponent of the leading non-linear operator. Similar results were
recently shown for exponentially decaying kernels.
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1 Introduction

Integrodifferential equations of the type
t

uy — Au+ f(z,u) +/ k(s)Au(t —s)ds =g in Ry x (1)
0

arise naturally in the theory of viscoelasticity, and therefore were studied by many authors
(see e.g. [6], [7], [8])-

In [9], H. Yassine proved that solutions of (1) converge to an equilibrium and estimated
the rate of convergence for a class of problems with exponentially decaying kernels k. In
particular, he has shown polynomial rate of convergence for polynomially decaying g. In the
present paper, we show similar results for polynomially decaying kernels k. In particular, if
k(t) < C(14t)"P with p > po (for an explicitly computed py depending on decay of ¢g and
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the Lojasiewicz exponent of —A + f), then we have the same polynomial decay estimates
as for exponentially decaying kernels. For p € (2, pg] the rate of convergence depends on p.
For p < 2 convergence to equilibrium remains open.

Moreover, in the present paper we work in more abstract settings covering (1) as a
special case. In particular, we study the equation

i(t) + E'(u(t)) — /0 k(t — s)Au(s)ds = g(t) (IDE)

in a Hilbert space H, where —A is a dissipative self-adjoint operator and the operator
Ea(u) = E(u) + 2 [T k(s) ds|| AY2u||? satisfies the Lojasiewicz gradient inequality

2Jo
|Eu(u) = Ey(0)]'™" < CIE,(u)]lg-1()-

The present results also apply to the finite-dimensional case H = R".

For other results based on the Lojasiewicz inequality giving rate of convergence in a
finite-dimensional case see [10] (for completely positive kernels singular at zero). For the
infinite-dimensional case, see [4] for abstract equations containing an additional damping
term B (which helps to stabilize the solution), and see [1] for abstract semilinear equations
with polynomially decaying kernels.

The paper is organized as follows. Section 2 contains basic definitions and settings and
formulation of the main result. Section 3 contains some preliminary results on convolutions.
Energy estimates are derived in Section 4, while in Section 5 the proof of the main result
is given in a series of Lemmas.

2 Definitions and the main result

Let V < H — V* be Hilbert spaces with the scalar products (-, ), (-,-), (-,+), and norms
|-l || - I]s I - |l« respectively. Let the embeddings be dense and let V* be the dual of V
with the duality satisfying (u,v)v«y = (u,v) if u € H, v € V. Further, let J: V' = V be
the duality mapping defined by (h,v), = (h, Jv)y«y for all h, v € V*.

Throughout the paper ¢, C' are general positive constants independent of ¢, their values
vary from expression to expression.

Let us assume

(E) E:V — R is of class C? such that JE"(u) : V — V extends to a bounded linear
mapping from H to H with ||JE"(u)|| being uniformly bounded for « from a compact
subset of V.

(A) —A:V — V*is a linear dissipative self-adjoint operator with A2 :V — H being
bounded.

(k) k: Ry — (0,4+00) is continuous and differentiable and there exist ¢, > 0 and p > 2
such that )
K (t) < —cpk' "o (t) for all t > 0. (2)



(g) g: Ry — R, is square integrable and there exists Cy, 6 > 0 such that

+oo
/ lg(s)]|?ds < Cy(14+1)"*° for all t > 0.
t

Let us observe that (k) implies k(t) < C(1+¢)7? for some C' > 0 and all ¢ > 0. In fact,
since k is positive we can divide (2) by k1+%(t), integrate from 0 to ¢ and we obtain

1

/0 k5 () (s) ds = —p(k v (t) — k™7 (0)) < —cxt,

which leads to
1 1 < 1

kr < T
et 4 kmr(0)  ct+1
ip 4 kr(0) b+ 1)

for and appropriate ¢ > 0 and we have k(t) < C(1+t)"?. So, k € L'(R;) and we can
denote Ko = [" k(s) ds.
Let us define £y : V — R by

1
E4(u) = E(u) + §KOOHA1/2u||2.

Then E4 € C*(V) and for u € V we have E;(u) = E'(u) + K, Au € V* and E’(u) =
E"(u) + KA being a bounded linear operator from V' to V*. We assume

(LI) E4 satisfies the Lojasiewicz gradient inequality, i.e. for every ¢ € V there exists
05 € (0,3], p, C > 0 such that

|Ba(u) = Ba(@)'"™" < ClIE4(u)]x  for all u with [lu — ¢[l, < p.

Condition (E) appears in other works dealing with abstract second order equations (see
e.g. [5] and [3]) and it is satisfied for

Bu) :%/Q||Vu(x)||2dx~|—/Q/Ouf($,s)dsd:v

which is the energy corresponding to (1). Condition (E) allows to define (E"(u)v,v), :=
(JE"(u)v,v) for v € H and estimate this expression (we use it in the proof of (15)). Let
us mention that also the remaining assumptions generalize those of [9] and the operator
E 4 corresponds to £, from [9].

We say that u € C(Ry,V)NCY Ry, H) is a weak solution to (IDE) if (IDE) holds in
V* for every t > 0. If u € CY(R,, V)N C?*(Ry, H) and (IDE) holds in H for every ¢ > 0,
then we call v a strong solution.



Theorem 2.1. Let (E), (A), (k), (g), (L1) hold and let u be a strong solution to (IDE)
such that {(u(t),u(t)),t > 0} is bounded in V x H and {u(t),t > 0} is relatively compact
in V. Then there exists ¢ € V' such that

(8] + [lu(t) = o[l = 0.

Moreover, for every e > 0 there exists C > 0 such that
Ju(t) = <CA+8)7",  Vi=0, (3)

{0 p2-e §
where = min{ %, 75—, 5}, 0 = 0.

Proposition 2.2. Let the assumptions of Theorem 2.1 hold. If
1A (u(t) = 9)| < C(t+1)" (4)

for some C, w >0 and all t > 0, then (3) holds with p = min{ﬁ, ;%173 .
Condition (4) holds, e.g., if {||Au(t)|,t > 0} is bounded.

Remark 2.3. If every weak solution can be approximated by strong solutions, then Theo-
rem 2.1 and Proposition 2.2 hold also for weak solutions. In fact, we need a strong solution
to derive (9) only. From Lemma 4.2 on, everything holds for weak solutions.

3 Preliminaries

Let us denote

Further, for a function [ € L} (R;) we define

(kol)(t) = /0 k(t = s)lli(s) — ()] ds.

Lemma 3.1. Let (k) hold. Then

for some C' >0 and all t > 0.

Proof. Since both sides of the inequality tend to zero as t — 400, it is sufficient to compare
derivatives, i.e. to show

—k(t) > Ck(t) Pk (t)

or, equivalently, £'(t) < — k(t)p’%. This is true by (k). ]

L
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Lemma 3.2. If k € L}, ([0, 400)) is non-negative and f € L}, .([0,+00), H), then

loc loc

holds for all t > 0. If, moreover, (2) holds with p > 2, then there exists C' > 0 such that

2

/0 Kt — $)(f(s) — f(1) ds|| < K@®E o f)(t)

2

/0 k(- s)(f(s) — () ds| <™ onm  vixo.

If k' € L} ([0,+00)) is non-positive and f € L, .([0,+00), H), then

loc loc
2

/0 K(t—s)(f(s) = f(1))ds|| < (K(0) — k(1)) (K o £)(¢)

Proof. The first part follows easily by Holder inequality since

t 2 t
([ R0 D=9l - sl as) < [ K735 as 0o 00,
0 0
1 )
Moreover, (2) implies that k() < ¢(14+1t)7?, so k' # < ¢(1+t)"P*! is integrable. Therefore,
KC is bounded and the second part follows.
Similarly, the third part follows by writing &' = v/—k’v/—k’, applying Holder inequality
as in (5) and using f(f —K'(t —s)ds = k(0) — k(). O

The following lemma is taken from [2, Lemma 2.4].

Lemma 3.3. Let p > 1 and 0 > 0. Assume that k(t) < Ci(1 4+ ¢)7? and ||u(®)|? <
Co(1+1t)=7 for some Cy, Cy > 0 and allt > 0. If 0 < o <1, then for every 1 > r > 177"
there exists K > 0 such that

(A-—r)p

kou<K (k“% o u) TR for all t > 0.

If 0 > 1, then there exists K > 0 such that

kou§K<k1+%ou>m for allt > 0.

4 Energy estimates

For a fixed strong solution u to (IDE) and v = 4(t) let us define

E0(t) = 3 o(0) [P + Bu(t)) + / " g(s),v(s)) ds.



Using (IDE) we have

%am=AMvme%@Amw»m- (6)

Further, we define

£(t) =6(t) — KO IA 2O + Sk o AV ()
=Sl + Ea(u(t) + 5(Ku — K () 4" 2u(t) @

+ 5o a0+ [ ). 0(s) as.

Lemma 4.1. The inequalities

£() <3O + Eault) + 3 (Koo — K(O)]| AY2u()]?

+o0 (8)
n %(k: o AV20) (1) + /t (g(s), v(s)) ds
and p . .
ag(t) = §(k‘/ o AV2u)(t) — §’f(t)||/41/2u(t)||2 <0 9)

hold for every t > 0. Moreover, lim,_, ., E(t) ezists and we denote it E,.
Proof. Estimate (8) is obvious. The equality in (9) follows from (6),

(=510 ) = ~SHOLA @I = K (A Pu(0), 4000

(%(k o Al/Qu)(t)) = %(k:’ o AY2u)(t) — /0 k(t — s) <A1/2u(s) — Al/Qu(t),Al/Qv(t» ds,

and fot k(t — s) (AY2u(t), AY?0(t)) ds = K(t) (AY2u(t), AY?v(t)). Since k' < 0, we have
k' o AY?y < 0 which yields the inequality in (9). Hence, £ is non-increasing. Since
(u(t),v(t)) is bounded in V' x H and range of u is relatively compact in V', £(t) is bounded.
So, the limit exists and the Lemma is proved. [

Let us define
uﬂ——@wxlﬁu—@ww—w@»m>+§[WWM@Wm,

Lemma 4.2. There exist constants €9, Cr, ¢; > 0, T > 0 such that for every e € (0,&)
the inequalities

1) < 3o + K@) (o)) +5 [ o)l ds (10)

6



and

C11) <~ SRl + SIE (o).~ L 0 A2u) (1)

dt
Cr

1 (11)
+ il = K0P AYu(t)|P + =L (RS 0 42u) (1

hold on (T, +00).

Proof. The inequality (10) follows immediately from Lemma 3.2. Let us prove (11). We
have

10 == [ ke aslu@ = (o0, [ #6510 - u9)ds) = a0

12)

‘ ’ (

+ <E'(u(t)) + / k(t — s)Au(s)ds — g(t),/ k(t — s)(u(t) —u(s)) ds>
0 0

(here the second line corresponds to the derivative of v replaced by the other terms from

(IDE) and the first line contains the remaining terms). By Lemma 3.2 and |ul]* <

Co||A'?u||? we can estimate the second term in (12) by

oI + SOk~ HO)K 0 A u)()
Further, we have
/0 k(t — s)Au(s)ds :/0 E(t — s)(Au(s) — Au(t))ds + Au(t)/o k(s)ds
_ /0 bt — 5) (Au(s) — Au(t))ds + Au() Ko + Au(t) (1) — Koo),

(13)
and therefore

E'(u(t)) + /0 k(t — s)Au(s)ds — g(t)
— B (u(t)) + / B(t — 5)(Aus) — Au(t))ds + (K(t) — Kao) Au(t) - (1),
By Cauchy—Schwarz and Lemma 3.2 we have

(Eatuto, [ e = 5)u(v) - u(9)ds ) < SIELIE + 2OET 0 47200,

<—Au(t)(Koo — K(t)), /Ot k(t — s)(u(t) —u(s)) ds>
<

(Kow = KOPIAu(t)| + S0 0 AV20)(0),

DO | —

7



(o0, [ ke = s)ulo) ~ uts)as) < Gl + T (75 0 2200,

and

</0 k(t — s)(Au(s) — Au(t)) ds,/0 E(t — s)(u(t) —u(s)) ds>
<K o AV )

/ "kt — s)(AY2u(t) — AVu(s) ds

Together we have

Dty < (50 ) I + SIEL@O)E + Sk — KO)(K 0 4”20
+ % (Koo — K () || AY2u(t)|? + (3 +200 + g) K@) (K 0 AY20)(1),
which for large ¢ and small € yields (11). O

Let us define e
J(t) = (B (u(®)), v(t))« +Cé/t lg(s)]I> ds.

Lemma 4.3. Inequalities

J(t) < %HEA(u(t))HE + %Hv(t)HZ + Cé/t lg(s)II* ds. (14)
and
iJ(t) < — LB @) + @ + Sk — K@) 200 P
™ T4 * f2 (15)
F ) (K P 0 AY2u) (1)
hold.

Proof. The inequality (14) is obvious. To prove (15) let us compute

IO =(Eu(t).—F(u(0) = [ bt = 5) Au(s) ds + g(1).

+(E"(u(t))o(t) + K Av(t), v(t))« — Collg(t)]|*.

Using (13) we have
—E'(u(t)) — /0 k(t — s)Au(s) ds = — (E'y(u(t))) + (Ko — K(t)) Au(t)

+ /0 k(t — s)(Au(t) — Au(s)) ds.

8



So,
d

S(0) =~ I EA ()] + (B (ult))o(t) + Koo Av(t), w(6)). — Chllg(0)]?
(B0, (Ko~ KO)AU0) + [ 1= )(Au() = Aufs) ds +9(0)
<~ L@ + Cl@Z - g
45 (Koo — K@V IA ()2 + K@) 0 A720)(1) + lg(0)?
<~ JIBLQOIZ + Ol + 5 (Kow — K () AY2u(r)|?
+ ) (K7 o AY20)(1)
and the lemma is proved. O

Lemma 4.4. The function
Ht)=E@1) +2I(t) +°J(t)
satisfies
H(t) <Cllo()])* + Bau(t)) + Cl| By ()2 + C(k o AY?u)(t)

+o0 +o0o 16
+CM&—KﬁMmemP+[ <w&mgwu+c[ lo@lzds 0

and

%H(t) <-c (Hv(t)H2 + | B4 (@) 2 + k@A 2u(@)|? + (> 0 Al/%)(b‘)) - (17

Proof. The first inequality follows immediately by the upper bounds for £, I, J derived in
Lemmas 4.1, 4.2, 4.3, and by boundedness of K, (ko u) < (ko AY?u) and ||[v]|, < C|v|.



To prove (77) let us estimate

d

M) <

LK 0 AY2u) (1) — SK(|AYu(D)]? — 2 Kocllu(t)
+ G IEM IR = T (K 0 AVu)(1)
+ 220y (oo — KUOPIAu0 + 22K (875 0 420) (1)
— LI + SColo)?
+ 53% (Ko, — K ()2 [|AY20(t)]| + K0 (K5 0 AV20)(#)
1

< (% - cfs> (K o A2u)(t) = 5 (k(t) = (201 — ) (Ko = K (1))*) | AV *u(®)|P

L O] N TACTO
e (Cr+ %) K(t) (K 0 AV2u)(t).

Moreover, by (2) we have for ¢ > 0 small enough
1 1
(k' o AYV2u)(t) + Ce(k"T v 0 AV2u)(t) < Q(k/ o AV2)(t) < —c(kH% o AY2u) (1),

and by Lemma 3.1 (K., — K(t))* < Ck(t). Then, for ¢ > 0 small we obtain (17).

5 Proof of the main result

Using the energy estimates derived in the previous section we first prove
Proposition 5.1. The following holds.
(i) ve L*(Ry, H), By (u(-)) € L2(Ry, V*) and k'*% o AV?u € L1(R,).
(i1) For all ¢ € w(u) we have E4(¢) = Ex and limy—, 1o Ea(u(t)) = Ex -
(i11) 1imy_y oo ||[0(8)|| = limy_, oo (k 0 AY2u)(t) = 0.
(1) lmy_y 00 I(t) =limy 1o J(t) =0, limy, oo H(t) = Ex-

Proof. The function H defined in Lemma 4.4 is decreasing (by conclusions of the Lemma)
and bounded below (due to boundedness of (u(-),v(-))). So, H has a limit H,. Then
integrating the inequality (17) over (¢,4o00) yields (i).

Let ¢ € w(u) and t, /‘—l—oosuchthatu( n) = ¢ in V as n — oo. Then for any
fixed s > 0 we have u(t, + s) = u(t,) + ft"+s )dr — ¢+ 0 in H due to (i). By relative
compactness of the trajectory we have u(t, +s) —> ¢ in V and by continuity of £4 : V — R

10



and the Lebesque dominated convergence theorem we have fol Ea(u(t, +s))ds = Ea(¢).
By integrating (7) we obtain

1 1
o= lim [ E(t,+s)ds= lim [ Ea(u(t,+s))ds = Es(s),

where the second equality follows since all other terms on the right-hand side of (7) (after
integration) tend to zero by (i) and lim; ;. K(t) = K. We have proved that E4(¢) =
Es. Precompact range of u then implies by standard arguements F4(u(t)) — € and (ii)
is proved.

Then taking limit in (7) we have E = limy_, o0 (3]|v(2)]| + (k 0 AY2u)(t)) + Ex which
yields (iii). Statement (iv) follows immediately from definitions of I and J and (iii). [

Lemma 5.2. Let V(t) = H(t) — Ex. Then

i _ ' 1 41/2 1+1 1/2 1) 18
2V (1) < = e (@l + I1EL @) + k@A 2a@l] + (65 0 A¥2)(0)F) . (18)
Let o € [0,1) be such that ||AY?(u(t) — @)||> < C(1+1)"7 and let r € (52, 1)Nn0,1) and
. 1 2(1—r)p 2
Vo_mm{l—ﬁ’1+(1—r)p’2_]_9}' (19)

Then for every v € (1,70 there exist C.,, T, > 0 such that

V() <O, (IOl + IEL @) + Ko A Pu)] + (K5 o A2u)(r)?
1 (20)
+(1+ t)*;<1+5>>”

holds for allt > T,.

Proof. Inequality (18) follows immediately from (17). To prove (20) we first get rid of the
term fjoo (g,v) in (16). By (17) we have

[l < 2t - £ = o,

and therefore

[ty as< S [l lPasee [ el < v e [ ot

Then, by (16) we have

40 S(J(I\v(lf)ll2 + Ea(u(t) = Boo + | E'(u(®)) |2 + (k0 AY?u)(t)

+oo
lg

# (K = KON + 5V +C [ lo@Pds+ [ lats)|?as)

11



and by subtracting 3V (t) we get
<||U WP+ Ea(u(t)) = Bao + [|E'(u(t))||2 + (k0 AY2u)(t)

+ (K = KO0 + [ o) ds).

Now, applying (g), (E), 1719 < 2 and Lemma 3.1 we obtain

V() <C (0@ + I BT + (ko AY2u)(t) + (1) AV 2@ + (14 6)717).

Further, we have

2

KO HA2u(0)]]? < Ok |AYu() > < © (ko AV u(0)])

and by Lemma 3.3

(1—r

(ko AV2u)() < C(K™F o AV2u) () =

for r € (I_T“, 1). So,

2(1—r)p

V() s0<||v<t>||2 BRI + (ko AV2u)(0)2) T

| (/c(t)%||A1/2u<t>||)2p +(1+ t)_1_5>

If ~ satisfies

1 2(1 — 2 1 2(1 — 2
1<~ <min{?2, 2= o 21 JA=mp o, 21
1-60'1+(1—-7r)p p 1-0"14+(1—7r)p p

then (since the first four terms in the big brackets in (21) are bounded)
V) <c, o + |2 T4 (ko AY2u) (1))
SCy | @I + [1EA (@I + (ko AVu)(?)

+ (kO Au@)]) + 1+ t)15>
Hence,
v(t) < (IOl + 1EL ). + (ko A2u)(B)F + kO [AV2u(®)| + (1 +1)730+0)
for any v € (1,7o]. 0

12



Lemma 5.3. There exists ¢ € S such that lim;_, o ||u(t) — ¢|1 = 0.

Proof. Since u(-) is bounded in V, ||AY?ul|?> < C(1 + )7 holds with ¢ = 0. Then we
have (18) and (20) with any r € (%,1). Take r > 1 —% € (%,1). Then 1%2;_’%; > 1,
and therefore vy > 1 (the other terms in (19) are obviously greater than 1). Let us take

v € (1,7%] N (1,1 + ) and denote

W(t) = ()| + |2 ()] + (ko AY2u)()2 + k(t)2 | AY2u(t)]).

Then
~avit = (1-1) ave L, wer WO (0
. VOV T W@ )T T W) (4

—C (W(t) —(1+ t)*%“”)) .

Since the function

d
t— —EV(t)l‘% +C(1+ t)_%(”‘”

is integrable on R, (we have v < 1+ ), also W € LY(R, ), therefore (by definition of W)
v=u € LYR,, H), therefore v has a limit in H and due to precompactness in V, u has a
limit in the norm of V' as well. ]

Before we prove the decay estimate (3) let us formulate two lemmas.

Lemma 5.4. Let V' be an arbitrary function satisfying (18) and (20) with a constant
v < 2. Then there exists C' > 0 such that for allt > 0

V() <C(l+1t)", (22)
where v = min{51-, 1+ d}.

Proof. By (18) and (20), we have for an appropriate constant C'

O%V(t} FV()T <O +1¢)" 70+,
Then we apply [9, Lemma 8] with k& = % >1, A= %(1 + ) and obtain V(t) < C(1+1t)7",
where v = min{1;, 2} = min{;%, 1+ 6} O

Lemma 5.5. Let lim;, o u(t) = ¢ and let V satisfies (18) and (22) with a constantv > 1.
Then there exists C' > 0 such that

holds for all t > 0 with p = %5+

5 -

13



Proof. We proceed as in [9]. We have

ok+1¢

wwwm[wmrm—z/ o(s)]] ds,

by Holder inequality

; ok+1y 1/2

12

o)~ ol = 3 () (/ Ww%>,
k

and due to f |v(s)]|*ds < C(V(a) — V(b)) we have for ¢ > 1

Ju(t) — ¢l < Ci (2°¢)"/* [(1 k) (14 2 71//2]
< Cg% (2"¢) 1/2 [(2"7(1 n t))—u/Z B (i P 1)>u/2]
-¢ G)_mi (2%) 1+

k=0

Since v > 1, the sum converges and we have [Ju(t) — ¢|| < C(1 4 ¢)™* with p = “5* for
t > 1 and also for ¢ € [0, 1] if we change C appropriately. ]

Proof of Theorem 2.1. By Lemma 5.3 we have u(t) — ¢ in V for some ¢. Further, we know
that || A'/?ul|?> < C(1 +t)~7 holds with o = 0, so we can take any r € (5»1) in Lemma 5.2

and get (18) with v = min {ﬁ 20-p_ 9 _ 1—3} For such 7 we have 2= < 9 2 and

1+(1—r)p’ 1+(1—7)p
2(1 — 2

fim 23 =P, 2

rot 14 (1 =7)p p

We distinguish two cases:
Case 1: 115 < 2—%. In this case, we can take r € (i, 1) so small that v = =5 < 2. Then

Lemma 5.4 gives (22) with v = min {L 1+ 5} =min {25,140} > 1 and Lemma 5.5

yields (3) with p = ”2 =min {2, 1.
12+(21 Tzf < 2 and Lemma 5.4
implies (22) with v = min{p —rp,1 +d}. If 1 + < p — 1, we can take r close to 5 such

that p —rp > 1+4. Then v = 1+6 > 1 and Lemma 5.5 yields (3) with p = 52 = 2.

If, on the other hand, 1+ 6 > p — 1, we take r = 11.# with € > 0 small enough. Then we

have (22) with v = p—1—¢ > 1 (if € is small enough) and Lemma 5.5 yields (3) with

z/ 1 _ p—2—¢
p=r =

Thus in any case the decay estimate holds with ¢ = min {1%;9, b _5_3, g} and the proof

is finished. ]

Case 2: 175 > 2 — 2. Then for any r € (5, 1) we have y =

14



Proof of Proposition 2.2. Let us first observe that boundedness of || Au(t)|| implies (4). In
fact, from ||u(t) — ¢[[1 — 0 we have ||Au(t) — A¢|. — 0, and consequently Ap € H (a
ball in H is weakly sequentially compact, so Au(t,) — = weakly in H for some t,, /400,
therefore weakly in V*, so v = A¢ and x € H). Then

A2 (u(t) = 6)| < [l Au(t) — A|lu(t) — o]l < Cllu(t) = oIl < C(L+)*,

where the last inequality follows from Theorem 2.1. So, (4) holds with w = £ > 0.
Now, let us assume that (4) holds. Then we can take r = % in Lemma 5.2 and obtain

(20) with » = min{ L9 %} < 2. Then Lemma 5.4 yields V(t) < C(1 + ¢)™ with

1-0°

v=min {25, p— 1,1+ ¢} and Lemma 5.5 gives p = “5* = min{l_Léa, I%Q,g : O
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