
Sample Question
Mathematics 2, SS 2017/18

1. (8 points) Write the definition of an interior point. Give an example of a set that is/isn’t
equal to its interior in R and in R2.

2. (12 points) Formulate Theorem “factorization of a polynomial with real cofficients”
(Theorem 65). Explain the idea of the proof.

3. (8 points) Formulate Theorem “determinant and invertibility” (Theorem 46) and
prove it.

4. (12 points) Write the definition of a tangent hyperplane. Compute the tangent hyper-
plane to f(x, y) = |y|3 + 2x sin y + x at (2, 0) if it exists.

ANSWERS.

1. Answer: Let G ⊂ Rn. A point x ∈ G is called an interior point of G if there exists
ε > 0 such that B(x, ε) ⊂ G.
For example, open unit disc (not containing the border circle) is open, so it is equal to its
interior, the closed unit disc (including the border circle) is not open, therefore it is not
equal to its interior. In R, we can take for example intervals (0, 1), (0, 1].

2. Answer:
Theorem: Let P be a polynomial with real coefficients. Then there exist real numbers x1,
. . . , xk, α1, . . . , αl, β1, . . . , βl and positive integers p1, . . . , pk, q1, . . . , ql such that

P (x) = an(x− x1)p1 . . . (x− xk)pk(x2 + α1x+ β1)
q1 . . . (x2 + αlx+ βl)

ql ,

xj are pairwise distinct, polynomials x2 + αjx + βj have no real roots and polynomials
x2 + αjx+ βj, x2 + αsx+ βs have no common root.
Idea of the proof: We know there exist a complex factorisation to monomials and we know
that (since P has real roots) if λ is a root of P , then λ̄ is also a root of P and they have
the same multiplicity. So, if λ, λ̄ have multiplicity q, we put them together to obtain

(x− λ)(x− λ̄) = x2 − (λ+ λ̄)x+ λλ̄

and λ+ λ̄ and λλ̄ are real numbers, they correspond to α, β from the theorem. So, we get
the real factorisation from the complex factorisation.
Additional question: Why is the number λλ̄ real?
Answer: Because (a+ ib)(a− ib)− a2 + aib− aib− i2b2 = a2 + b2 ∈ R.

3. Answer:
Theorem: An n× n matrix A is invertible if and only if detA 6= 0.
Proof: If A is invertible, it has rank n and can be transformed to the identity matrix,
which has obviously non-zero determinant. Therefore, by theorem about determinant and
transformations, detA 6= 0.



The other implication - We transform A to A′ having row echelon form. Since detA 6= 0,
also detA′ 6= 0, which means that the last row of A′ must be non-zero. So, rank(A′) = n
and therefore also rank(A) = n, so A is invertible.
Additional question: Why is rank(A′) = n?
Answer: Because rank(A′) is the number of non-zero rows for matrices in row echelon
form.
Additional question: Why is the last row of A′ non-zero?
Answer: If the last row were zero, the determinant would be zero (we can apply cofactor
expansion along the last row)

4. Answer: If f is a C1 function on an open set G ⊂ Rn, then its tangent hyperplane at
~a ∈ G is the graph of the mapping

~x 7→ f(~a) +
n∑

i=1

∂f

∂xi
(~a)(xi − ai).

We compute partial derivatives:

∂f

∂x
(x, y) = 2 sin y + 1,

∂f

∂y
(x, y) = 3y2 sgn y + 2x cos y.

We can see that they are continuous even at the points with y = 0, so f is of class C1

on R2. So, the tangent hyperplane exists at every point. At (2, 0) we have ∂f
∂x

(2, 0) = 1,
∂f
∂y

(2, 0) = 4, f(2, 0) = 1, so the tangent hyperplane is the graph of

(x, y) 7→ 1 + (x− 2) + 4(y − 0), i.e. {[x, y, z] ∈ R3 : z = 1 + (x− 2) + 4y}.


