HOMEWORK 8
due date: November 29, 2017

a) Find a suitable trigonometric identity and compute the limit
. 2cos(fx) + \f
lim —————
r—3 z—3

b) Compute the limit
log(2% + 3% + 27)
im .
z—+o0 log(27 + cos(x2))

I both a) and b), if you use the compound function theorem (Theorem 25), write what is the inner
function g, the outer function f and write the relevant limits from Theorem 25 (what is ¢, A, B).
Voluntarily: Verify condition (I).

Solution. a) Write the numerator as

2 (cos(Zx) + ?) =2 (cos(%x) + cos(%)) .

Use the formula cosz + cosy = 2 cos ZH¥ cos £5% and then cosy = sin(Z — y) to obtain

4COS(8 (x+1)) cos(g(x— 1)) = 4sin( (x+1)) cos(%(x -1)) = 4sm(8 (3—x)) cos(%(x -1)).
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Now, we can write

2cos(Fz) + V2

o sim(z@-1) | in(
f g~ dmeos(gle = D) lim = e = deos g I (C )T 3
/2 . sin(g(3—x)) ™2
— lim =—
4 z—3 %(3 *1‘) 4
Here we used CFT with f(y) = Smy —1,9(x) =5B—2) - 0,c=3, A=0, B =1. Condition

(I) is satisfied since (3 —z) =0 only for « = 3.

b) Take out the biggest term in both logarithms and obtain

log(2” + 3% +27) log(Sm(g—j +1+ g—;)) log(3%) + 1og(§—f +1+ %:) _ zlog3+ 1og(§—: +1+ %:)
log(2% +cos(2?))  log(27(1 4+ <E))  log(27) + log(1 + <5E2)  zlog2 + log(1 + <@y |

Now, take out = in the numerator and denominator and get
log(Zs +1+22) .
T (logS + 3I3>  log3+ 1og(§T+1+g%)

cos(a?) cos(m )
. (10g2+ log(1 )) log2 + 80+ )

© o2
So, by arithmetics of limits, by limzHJroog—w =0 = limg 100 %Z = limg 100 Coz(f) and by

continuity of logarithm we have

og(2 41427
log 3 + W _ log3+41logl log3

cos(z2) - - .
log 2+ 1og(1+x721 ) log2 +1logl log2

log(2* + 3% + 27) .
im = lim
z—+oo log(2% + cos(x?))  a—+oo

In fact, here we used CFT for f(y) = logy, g(z) = %: +1+ g—:), resp. g(z) =1+ Cos(f ) with
¢ = +o00, A=1, B =0 and condition (C) is satisfied since logy is continuous at y = 1.



