Exam test (sample)
for Mathematics 1, WS 2017/18

1. (15 points) Compute the limit

ex-l—l - eQﬁ

li .
by sin(mw) cos(§x)

2. (20 points) Investigate the function
T
f(z) = B + arctg(l — x)

(find local extrema, intervals of monotonicity, convexity, inflections, limits in endpoints of
Dy, asymptotes and draw graph of f).

3. (15 points) Investigate the function

(z) % x>0,
T) =
g Vaz+ax+2 <0

in a neighborhood of 0 (compute limits of g(z) and ¢'(z) as * — 0+, x — 0—, decide,
whether ¢ is continuous in 0, and draw graph of g in a neighborhood of 0) and compute

9,.(0), g"(0).



Solution.

1. The numerator and the denominator both converge to zero. Both terms in the denomi-
nator converge to zero, so let us compute limits
cos(5x)

lim and lim 2
a—=1 x —1 e—=1 1 —1

sin(mz)

using the I'Hospital rule. In both limits numerator and denominator tend to zero, so we
can use the 'Hospital rule and obtain

sin(mz) lim 7 cos(mz)

lim =lim ——*=—7
z—1 —1 z—1 1
. cos(Zx) . —Zsin(Zx) T
lim 20 — lim—2—2"~ — __
r—1 1 — 1 r—1 1 2

The numerator we can rewrite as

+1 2vr _ 2vT (Latl-2vz 20T emH2ve
e e e (e eV 1o NG (x + V)
So, using arithmetics of limits, we can write
z+1 _ 24/ z+1-2\/x __ 1 1—2 1
lim .e ¢ :limeQ\/E-lime—~imij \/E-lim , —.
z—1 s1n(7mj) COS(%I) z—1 =1+ 1— 2\/5 z—1 (x — 1)2 z—1 sin(rz) cos(Fz)

r—1 r—1

On the right-hand side, the first limit is e* (inserting = 1), the last limit is equal to
(by computations above) and the second limit is equal to 1 by CFT (inner function
=2+1-2y/x — 0asz — 1, the outer function f(y) = £~ — 1 as y — 0, condition

2
w2
9(z) v
(I) holds). So, we have
lim ‘e:n+1_e2\/5 _ 2¢? imx+1—2\/5
e—1sin(nz)cos(fr) w2 a1 (z—1)2

The last fraction can is equal to

r+1-2VF (V-1 (Vai-1p 1 1

- TSI

(z —1)? (@-12  (Vo-1PVz+1? (Vo+l

So, the answer is

. 6;1:-1—1 . 62ﬁ 262 1 62
im — =— - =_—.
e—1sin(mr)cos(fz) 7w 4 272

Grading. denominator — 4 pts, extracting e?V® — 2 pts, using eyT’l — 2 pts, CFT with
details — 3 pts, (y/z — 1) — 3 pts, correct result — 1 pt.
Further: Partial limit -2 pts, secondary school errors -0.5 pt.
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2. Obviously Dy = R. Let us compute the limits in o0

lim f(!I?):—i-OO—i—(—Z):—FOO, lim f(x)I—OO—i-E:—OO.

x——+00 2 T—>—00 2

Let us compute the asymptote in +oo

1 1
lim @:——FO, lim f(x)—ix:—g,

T—+oo T 2 T——+00

so the asymptote in +oo is y = 2z — Z. Similarly,

. f(2) . 1 s
1 —t=—-+40 1 — ===
x—1>r—noo €T 2 ’ x—1>1:iI-1c>o f(l’) 21: 2’
so the asymptote in —oo is y = %m -3

Let us compute derivatives
1 1 2-2x4+2°-2 z(z-2)

f(@) = §+m(_1) S 22-22+22)  22-2z+a?)

The denominator is always positive (since 2—2z+x? = (1 —xz)?>+1 > 0), so f is increasing
(f" > 0) on (2,400) and (—o0,0) and decreasing (f' < 0) on (0,2). Therefore, f has a
local maximum in 0 and local minimum in 2.

We have

1 (22 —2)(2— 22+ 2% — (2® — 22)(2z — 2) 2(x — 1)

fi(z) = 2 (2 — 2z + x2)? - (2 — 2z + 22)%’

We can see that f is convex (f” > 0) on (1,400) and concave (f” < 0) on (—oo, 1) and
there is an inflection in 1.

It remains to evaluate f in the interesting points f(0) = 7, f(2) =1 -7 > 0, f(1) = %
and draw the graph.




Grading. limits and asymptotes — 3 pts, f’ — 2 pts, monotonicity and extrema — 4 pts,
f" — 2 pts, convexity and inflection — 4 pts, graph — 5 pts.
3. We first compute the limits

z—0—

r—0— r—0+ zr—0+ I

and conclude that ¢ is not continuous in 0. Now, let us compute the derivative

zcosx—sinz
, o 2z T > 0,
g'(x) = 22+1 <0
2V x2fr42 ’

So, the limits are
2 1 1
lim ¢'(z) = lim T

r—0— x—>0—21/l’2+x+2—1

and the second using the ’'Hospital rule

. , . xcosx —sinx . cosxr —zxzsinx —cosx
lim ¢'(z) = lim ———— = lim =0
z—0+ z—0+ 2 z—0+ 2x

and the graph looks as follows.

221

Y S—

0.8~

Let us conclude that the function is continuous from the left in 0, so ¢/ (0) = 1. On the
other hand, ¢ is not continuous from the right and
Doy - e 9@ —9(0)
gJF(O) - xll}gl-l- T -
(“division by negative zero”).
Grading. limits and continuity — 3 pts, ¢ — 2 pts, limits of ¢ — 3 pts, graph — 5 pts,
g'(0) — 2pts.



