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Jádrová funkce

Definice

Reálná funkce K splňuj́ıćı

1 K ∈ Lip[−1, 1], tj. |K (x)−K (y)| ≤ L|x − y |, ∀x , y ∈ [−1, 1], L > 0,

2 supp(K ) = [−1, 1],

3 momentové podḿınky:

∫ 1

−1

x jK (x)dx =


1 j = 0,

0 j = 1,

β2 6= 0 j = 2

se nazývá jádro řádu 2.
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Typy odhadů

jádrový odhad podḿıněné hustoty

f̂ (y |x) =
n∑

i=1

wi (x)Khy (y − Yi ) ,

Nadaraya-Watsonovy váhy

wi (x) =
Khx (x−Xi )

n∑
j=1

Khx (x−Xj)

lokálně lineárńı váhy

wi (x) =
(ŝ2(x)−ŝ1(x)(x−Xi ))Khx (x−Xi )

n(ŝ0(x)·ŝ2(x)−ŝ2
1 (x))

Priestley-Chaovy váhy

wi (x) =
1

n
Khx (x − Xi )
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Motivace
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Statistické vlastnosti odhadu

Věta

Necht’ Y1,Y2, . . . ,Yn jsou pozorované hodnoty v bodech plánu xi = i
n ,

i = 1, 2, . . . , n a δ = xi+1 − xi , i = 1, 2, . . . , n − 1. Necht’ je f (y |x)
nejméně 2krát spojitě diferencovatelná a K (x) jádrová funkce splňuj́ıćı
momentové podḿınky. Pro hx → 0, hy → 0 a nhxhy →∞ pro n→∞
jsou asymptotické vychýleńı (AB) a asymptotický rozptyl (AV) rovny

AB
{
f̂PC (y |x)

}
=

1

2
h2
xβ2(K )

∂2f (y |x)

∂x2
+

1

2
h2
yβ2(K )

∂2f (y |x)

∂y2
, (1)

AV
{
f̂PC (y |x)

}
=

δ

hxhy
R2(K )f (y |x), (2)

kde R(K ) =
∫
K 2(u)du.
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Ḿıry kvality odhadu

Asymptotická sťredńı kvadratická chyba (lokálńı chyba odhadu):

AMSE
{
f̂PC (y |x)

}
= ASB

{
f̂PC (y |x)

}
+ AV

{
f̂PC (y |x)

}
Asymptotická sťredńı integrálńı kvadratická chyba (globálńı chyba
odhadu):

AMISE
{
f̂PC (·|·)

}
=

∫∫
AMSE

{
f̂PC (y |x)

}
dx dy .

Optimálńı š́ı̌rky vyhlazovaćıch parametr̊u:

h∗x = δ1/6c
1/6
1

(
4

(
c5

2

c3

)1/4

+ 2c4

(
c2

c3

)3/4
)−1/6

h∗y =

(
c2

c3

)1/4

h∗x .

(3)
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Metoda ǩŕıžového ově̌rováńı

Hlavńı myšlenka: minimalizace integrálńı kvadratické chyby (ISE).

Cross-validačńı funkce CV (hx , hy ) je vhodným odhadem ISE:

CV (hx , hy ) = δ2
∑
i

∑
j 6=i

hxhyKhx
√

2 (xi − xj)Khy
√

2 (Yi − Yj)

− 2δ
∑
i

f̂−i,PC (Yi |xi ) ,

kde f̂−i,PC (y |x) je odhad v bodě (xi ,Yi ) s využit́ım bodů
{(xj ,Yj), j 6= i}.
Odhady vyhlazovaćıch parametr̊u:

(ĥx , ĥy )CV = arg min
(hx ,hy )

CV (hx , hy ) .
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Metoda referenčńı hustoty

Motivace: p̌redpoklad rozděleńı pravděpodobnosti pro náhodné
veličiny X a Y | (X = x)

Hlavńı myšlenka:

Y |(X = x) ∼ N
(
c + dx , p2

)
,

pro d 6= 0, p > 0.

Numerický výpočet (2D lichoběžńıkové pravidlo) konstant

c1, c2, c3, c4 → dosazeńım do (3) dostáváme
(
ĥx , ĥy

)
REF
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Simulačńı studie

zvolený model, generováńı simulovaných hodnot
↓

odhad š́ı̌rek vyhlazovaćıch parametr̊u ĥx , ĥy , metody: CV, REF
↓

ÎSE
{
f̂PC (·|·)

}
=

∆

n

N∑
j=1

n∑
i=1

(
f̂PC (yj |xi )− f (yj |xi )

)2

,

kde y = (y1, . . . , yN) - vektor ekvidistantńıch hodnot na nosiči rozděleńı
pravděpodobnosti náhodné veličiny Y , ∆ = |yj+1 − yj |, j = 1, . . . ,N − 1

↓
opakováńı 200krát → porovnáńı:

(A) ĥx , (B) ĥy , (C) ÎSE, (D) výpočetńı čas
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Simulačńı studie

zvolený model, generováńı simulovaných hodnot
↓

odhad š́ı̌rek vyhlazovaćıch parametr̊u ĥx , ĥy , metody: CV, REF
↓

ÎSE
{
f̂PC (·|·)

}
=

∆

n

N∑
j=1

n∑
i=1

(
f̂PC (yj |xi )− f (yj |xi )

)2

,
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Simulace 1

model: xi = i
n , εi ∼ N(0, 1), Yi = 3xi − 2 + εi , i = 1, . . . , 100

(D) výpočetńı čas [s] CV REF
pr̊uměr 118.102 0.005
medián 119.115 0
sm. odchylka 4.062 0.008
IQR 1.163 0.01
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pr̊uměr 118.102 0.005
medián 119.115 0
sm. odchylka 4.062 0.008
IQR 1.163 0.01
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Simulace 1
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Simulace 2

model: xi = i
n , εi ∼ N(0, 0.52), Yi = exi + εi , i = 1, . . . , 100

(D) výpočetńı čas [s] CV REF
pr̊uměr 110.775 0.005
medián 110.79 0
sm. odchylka 0.980 0.008
IQR 0.685 0.01
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Motivace
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Simulačńı studie
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Simulace 2

model: xi = i
n , εi ∼ N(0, 0.52), Yi = exi + εi , i = 1, . . . , 100

(D) výpočetńı čas [s] CV REF
pr̊uměr 110.775 0.005
medián 110.79 0
sm. odchylka 0.980 0.008
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Dosažené výsledky práce

Priestley-Chåuv odhad podḿıněné hustoty:

statistické vlastnosti odhadu (sťredńı hodnota, rozptyl)

ḿıry kvality odhadu (lokálńı, globálńı)

optimálńı š́ı̌rky vyhlazovaćıch parametr̊u ĥ∗x , ĥ∗y
metody pro odhad š́ı̌rky vyhlazovaćıch parametr̊u:

metoda ǩŕıžového ově̌rováńı
metoda referenčńı hustoty
leave-one-out metoda maximálńı věrohodnosti
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Budoućı práce

Co dělat v p̌ŕıpadě dat s nelineárńı podḿıněnou sťredńı hodnotou?

xi = i
n , εi ∼ N(0, 1), Yi = sin

(
3πx2

i

)
+ εi , i = 1, . . . , 100
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Daľśı metody pro odhad š́ı̌rky vyhlazovaćıch parametr̊u:

odvozeńı vztahů pro metodu referenčńı hustoty
iteračńı metoda
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Optimálńı š́ı̌rky vyhlazovaćıch parametr̊u

AMISE
{
f̂PC (·|·)

}
=

δ

hxhy
c1 + c2h

4
x + c3h

4
y + c4h

2
xh

2
y , kde

c1 =

∫
R2(K )dx ,

c2 =
1

4
β2

2(K )

∫∫ (
∂2f (y |x)

∂x2

)2

dx dy ,

c3 =
1

4
β2

2(K )

∫∫ (
∂2f (y |x)

∂y2

)2

dx dy ,

c4 =
1

2
β2

2(K )

∫∫
∂2f (y |x)

∂x2

∂2f (y |x)

∂y2
dx dy .
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