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e Having a random vector X = (X1,...,Xy)", how would one simply
express strength of association between its components?
@ We know that for d = 2.

Kendall’s Tau
Spearman’s Rho
Blomqvist's Beta
Gini's Gamma

@ Generalize these!
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Setting & Notation

F distribution function of X

X; with continuous marginal distribution function F;, for i =1,...,d

o There exists a unique copula function C : [0,1]7 — [0, 1] satisfying

F(x1,...,xq4) = C(Fi(x1),- .., Fa(xq))-

C(u) = P(U < u) where U; = Fi(X;) fori=1,...,d.
Survival function C(u) = P(U > u).
Independence copula MN(u) = H,q:l uj,

Comonotonicity copula M(u) = min{u;;1 < i < d}.
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Generalization of a Bivariate Measures

e r2(Xj, Xj) given bivariate association measure between X; and X;

@ d-variate pairwise (PW) association measure

d
K/d(Xla ce ,Xd) = — Z 52(Xiv)<j)

@ Copula-based approach
o Express k(Xj, Xj) as a functional of copula G, of X; and X;.
e Replace G, in the formula by a copula C corresponding to X.
o Normalize to ensure £4(M) =0 and kg(M) = 1.
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Kendall's Tau

@ Bivariate version

T(Xl,Xg) = P{(Xl — Yl)(X2 — Y2) > 0}
= P{(X1 = "1)(X2 — ¥2) <0}

where (X1, X2) " and (Y1, Y2) T are iid.
@ Copula expression
H(Go) =4 / Co(u)dCo(u) — 1
[0,1]2

@ Generalization
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Spearman’s Rho

@ Bivariate version
cov(F1(X1), F2(X2)) '
Vvar(Fi(X1))y/var(F2(Xz))

p(Xh X2) =
e Copula expression

o(G) = 12/[01]2 M(u)dCo(u) — 3

B f[071]2 Co(u)du — f[0,1]2 MN(u)du
f012 I\/l(u)du—f()lzl'l(u)du'
[0,1] [0,1]

@ Generalization

p(C):m 29 / C(u)du -1
011
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Blomquvist's Beta

@ Bivariate version
ﬁ(Xl,Xz) = P{(Xl — )?1)(X2 — )?2) > 0} — P{(Xl — )?1)(X2 — )?2) < 0}

where X1, X2 have medians X1, Xo.

@ Copula expression
B(G) =4Cy(1/2,1/2) — 1

_ G(1/2,1/2) = N(1/2,1/2) + Ca(1/2,1/2) — TI(1/2,1/2)
©OM(1/2,1/2) — N(1/2,1/2) + M(1/2,1/2) — T1(1/2,1/2)

@ Generalization

2d—1 _
BO) = 55— {care....12)+cas,... 1/2) -2}
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Clayton Copula Example

o Clayton family of copulas

J ~1/0
_ (Z ur? —d+ 1)
i=1
for @ > 0.

@ Copula-based generalizations

o 7(C) = 2d-1_1 : 1 {_1+2d H %i:g}
e p(C) needs to be calculated via its definition using numerical

integration
° B(C) =

d—1 d
ety {02 - a0 Seay e - ey -2
[:
e Since Clayton's Copula is symmetric in its arguments, generalization
based on bivariate averages is equal to above formulas evaluated in

d=2.
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Clayton Copula Example

Association Measure Value
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Figure: Association Measures as functions of 6 for 4-dimensional Clayton Copula
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Clayton Copula Example

0.8
o o o
0.7
2 -] v v v
s
<
S 0.6
(%2}
©
{5}
=
c
S o5 B g ¥ ¥
g B
2 o
j2] o
<
0.4+
0 Kendall's Tau v Kendall's Tau PW
O  Spearman's Rho VvV  Spearman's Rho PW
0.3 O Blomgvist's Beta Vv Blomqvist's Beta PW
T T T T
2 4 5 6
Dimension

Figure: Association Measures as functions of dimension for Clayton Copula with

parameter 6 = 2
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Thank you for your attention!
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