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Functional analysis notions.

@ M, Y real separable Hilbert spaces.
@ A* the adjoint operator of A € L(H, Y) iff
"(AX, Y)Y = (X, A"y )u"
@ (D(A*) (the domain of A*) is the set of y € Y for which
exists z € H such that for all x € D(A): (Ax,y)y = (X, Z)u
and then A*y = z),

© The operator A : H — H selfadjoint iff A* = A.
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Functional analysis notions,

Strongly continuous semi-groups

Q@ S: R, — L(H) the Co-semi-group:
Q@ S(t+s)=S(t)S(s), t,s >0, S(0) =1,
@ S(t)x — x strongly, t — 04, x € H,

@ As the infinitesimal generator of the Cy-semi-group S iff

S(H)x —x
t

for x € D(A), where D(A) is the set of all x € H for which
the limit exists.
@ S(t)x is the solution to the equation y = Ay,
y(0) = x € D(A).
@ S analytic if S can be extended to {z € C, | arg(z2)| < 6} for
some 0 € (0, 5).

—>AX, t—>0+,
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Lévy process.

@ Stochastic basis (2, A, F = (Ft)t>0, P),
© L Lévy process (in H):

@ indexed R,

@ stationary independent increments,

@ L(0) = Om,

@ stochastically continuous.

© In particular L has cadlag version.
© In particular, we work with L square integrable martingale

in the form
Lt:/ /xN(ds,dx), te Ry,
[0,] JH

QO N(t,A)=#{se[0,t];ALs € A}, Ac B(H — {Og}),
@ v(A) =EN(1,A), Ae B(H - {0x}),

@ N(tA) = ( A) — tv(A) (F-martingale),

Q cov(Ly) =
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Controlled SEE.

o
dxV(t) = (AXY(t) + BU(t))dt + dLy, XY(0)=x, (1)

where
@ Athe infinitesimal generator of the exponentially stable
analytic semi-group S.
@ Be L(Y,D5 " =D((—A+ Bl)< ")), where ¢ € (0,1).
@ U F-progressively measurable control in LP/°°(R, , Y) for
fixed p > max{2, 1} (i denotes the space of controls).
@ XY Strong solution:
o fOT |AXY(8)|uds < o P-s.j.,
@ XY(t) € D(A) P-sj.,
9 t
XY(t)=x +/ (AXY(s) + BU(s))ds + L;, t>0.
0

@ Assumptions for A too restrictive. Less strict concepts of
solutions (avoiding A) needed.
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Controlled SEE.

@ XY Mild solution:
t t
XY(t)=x+ / S(t— s)BU(s)ds+/ S(t—s)dLs, t>0.
Jo 0
(2)

© XY Weak solution:
(a, XY(t)m

t t
:<a,x>H+/o <A*a./XU(s)>Hds+'/O (B*a, U(r))mdr + (a, Lt)m,

@ acD(A), teR,.

@ Inour case, XY weak solution iff XY mild solution and both
exist and are unique in the space L%"*°(R , , H).
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Controlled SEE, example,
point control.

o
wi(t, x) — Awy(t, x) + A2w(t, x) = Ty=xu(t) + I(t, ), (f,X) € R.
3)
(1)
w(0,x) = wy, wi(0,x) =wy, X € G,
o

w(t,x) =wi(t,x) =0, (t,x) e Ry x IG,

where G C R”, ne {1,2,3}, xo € G, | formally represents
Lévy noise.
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Ergodic control

J(U,T) = /0 " ((QXY(s). XU())x + (RU(S), U(8)v)ds.

@ Q € L(H) symmetric positive semi-definite operator,
@ R e L(Y) symmetric positive definite operator.

© Find C; € R (optimal cost) s. t. for all U € £y, P-a.s.
J(U, 1)
t

lim inf > Cy,

t—o0
and Uy, € L (optimal control) s. t. P-a.s.

lim J(qut) = Cz//.

t—o0 t

© Denote V solution to the stationary Riccati equation

(4)




@ We have a.s.
<XU(t), va(t)>H — (X, W)y

:z/ot h(XU(s))ds+/0t2<B*VXU(s),U(s)>H ds
+2/H<vxu(s_),dL(s)>H+s§<:t\AVEL(s)‘

2

o

@ Optimal control and optimal cost. G, = Tr(VQ) and
Uy, = —R~B* VX, where U, is the set of all U € U such

that
vxUY, xV
<tvtt>H —0, t—o00, as., (5)
tiyU2
XS |5ds
lim SupfO‘si’H <00 as. (6)
t—o0 t
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Thank you for your attention.
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