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Priemerované diskrétne zmiešané rozdelenia

Nech X1, X2 sú nezávislé diskrétne náhodné premenné nadobúdajúce
hodnoty x1, x2, . . . zo známymi (štandardnými) rozdeleniami

pravdepodobnosti a pmf tvaru { fj(xi)

Cj
}∞i=1, j = 1, 2. Potom diskrétna

priemerovaná zmiešaná distribúcia má pravdepodobnostnú funkciu

P (xi) =
af1(xi) + bf2(xi)

aC1 + bC2
, i = 1, 2, . . . .

kde fi(x), i = 1, 2 sú ,,nenormalizované časti” známych
pravdepodobnostných distribúcii s váhami a, b a aC1, bC2 sú ı́ch vážené
normalizačné konštanty.
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Priemerované diskrétne zmiešané rozdelenia (Typ 1a)

P (x) =
ax − rbx

x[r ln (1− b)− ln (1− a)]
, pre x = 1, 2, 3 . . . .

kde −1 ≤ a < 1 a −1 ≤ b < 1 aby naš rad konvergoval a muśı platit’

ax − rbx ≥ 0, pre x = 1, 2, 3...

alebo
ax − rbx ≤ 0. pre x = 1, 2, 3...

aby rad bol pmf.
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Priemerované diskrétne zmiešané rozdelenia (Typ 2)

P (x) =
ax + (−1)x+1rbx

x[r ln (1 + b)− ln (1− a)]
, pre x = 1, 2, 3 . . . .

kde −1 ≤ a < 1 a −1 < b ≤ 1. Aby funkcia bola pmf muśı platit’

ax + (−1)x+1rbx ≥ 0, pre x = 1, 2, 3...

alebo
ax + (−1)x+1rbx ≤ 0. pre x = 1, 2, 3...

a tiež
r ln (1 + b)− ln (1− a) 6= 0, teda (1 + b)r 6= 1− a
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Parametrický priestor (Typ 1a)

1 r > 1,
{0 < a < 1, 0 < b ≤ a

r
∧ − a√

r
≤ b} ∪ {0 < b < 1,−a ≤ b ∧ 0 < a ≤ b}

2 r = 1,
{−1 ≤ a < 0,−1 ≤ b < 1} ∪ {0 < a < 1, b ∈ 〈−a, a) ∪ (a, 1)}

3 0 < r < 1,
{0 < b ≤ a < 1 ∧ −a ≤ b < 0} ∪ {−1 < b < 0,−a ≤

√
rb < 1 ∧ 0 < a ≤

rb < 1}

4 −1 < r < 0, {−1 ≤ a < 1, a ≤ rb} ∪ {0 < a < 1,−a ≤ b}

5 r = −1, −a ≤ b < 1

6 r < −1, {−1 ≤ a < 1,−a ≤ b} ∪ {0 < a < 1, a ≤ rb}
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Parametrický priestor (Typ 1a)
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Parametrický priestor (Typ 2)

1 r > 1, {0 < a < 1, 0 < b ≤ a√
r
∧ −a

r
≤ b < 0} ∪ {−1 < b < 0, b ≤ a <

0 ∧ 0 < a ≤ −b}

2 r = 1, {−1 < a < 0,−1 < b ≤ a} ∪ {0 < a < 1, b ∈ (−1,−a) ∪ (−a, a)}

3 0 < r < 1, {0 < a < 1, 0 < b ≤ a ∧ −a ≤ b < 0} ∪ {−1 < b < 0,
√
rb ≤

a < 0 ∧ 0 < a ≤ −rb}

4 −1 < r < 0, {−1 < a < 0, br ≤ a} ∪ {0 < a < 1,−1 < b ≤ a}

5 r = −1, −1 < b ≤ a < 1

6 r < −1, {−1 < a < 0, b ≤ a} ∪ {0 < a < 1,−1 < b < a
r
}
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Charakteristiky rozdelenia (Typ 1a)

G(t) =
r ln(1− bt)− ln(1− at)
r ln(1− b)− ln(1− a)

,

E(X) =
1

r ln (1− b)− ln (1− a)

(
a

(1− a)
− rb

(1− b)

)
E(X2) =

1

r ln (1− b)− ln (1− a)

(
a

(1− a)2
− rb

(1− b)2

)
E(X3) =

1

r ln (1− b)− ln (1− a)

(
− (a2 + a)

(a− 1)3
+ r

(b2 + b)

(b− 1)3

)
,

. . .
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Charakteristiky rozdelenia (Typ 1a)

µ′[t] =
(t− 1)!

r ln (1− b)− ln (1− a)

(
at

(1− a)t
− rbt

(1− b)t

)
.

E(X − E(X)) =0

E(X − E(X))2 =
1

C2

(
C − a

(1− a)2
a− C + rb

(1− b)2
rb+

2rab

(1− a)(1− b)

)
. . .

kde C = r ln (1− b)− ln (1− a).
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Optimalizačná úloha

Odhady prarametrov zoznam metód

Metóda štyroch frekvencii

Momentova medóda

Metóda maximalnej vierohodnosti

Metóda modifikovaným χ2

Kombinácie

MCMC (Stan)
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Optimalizačná úloha (likelihood (Typ 1a))

log-likelihood (logaritmická vierohodnostná) funkcia

lnL(x1, x2, ..., xn;θ) =
n∑
i=1

ln
axi − rbxi

xi[r ln (1− b)− ln (1− a)]
.

Funkciu použijeme na numerické optimalizovanie za nelinearnych reštrikcii
(parametrický priestor). Z mnoho funkcii ktoré nám R ponúka sme si zvolili
funkciu constrOptim.nl z knižnice alabama, ktorá využ́ıva Augmented

Lagrangian Adaptive Barrier Minimization Algorithm.
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Optimalizačná úloha (Typ 1a)
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Optimalizačná úloha (Typ 1a)
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Optimalizačná úloha

Asymptotické vlastnosti odhadu maximalnej vierohodnotsi

θ̂ ≈ N3

(
θ;

1

n
J−1(θ)

)
,

Napiseme 95% intervaly spol’ahlivosti pre parametre r, a, b(
â− u0,025

√
(1/N)J−1

11 (r̂, â, b̂), â+ u0,025

√
(1/N)J−1

11 (r̂, â, b̂)

)
,

(
b̂− u0,025

√
(1/N)J−1

22 (r̂, â, b̂), b̂+ u0,025

√
(1/N)J−1

22 (r̂, â, b̂)

)
,(

r̂ − u0,025

√
(1/N)J−1

33 (r̂, â, b̂), r̂ + u0,025

√
(1/N)J−1

33 (r̂, â, b̂)

)
,
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Testy dobrej zhody

Nech ξ
(n)
i sú empirické početnosti hodnôt z realizácie náhodneho výberu

X1, X2, . . . , Xn, ktoré patria do i-teho intervalu. Odhad metodou
minimalneho χ2 vektora prametrov budeme označovat’ θ̃ = (r̃, ã, b̃). Ak
realizácia

k∑
i=1

(ξ
(n)(real)
i − npi(θ̃)(real))2

npi(θ̃)(real)
= χ2

k−1−u(1− α), (1)

kde χ2
k−1−u(1−α) je (1−α) kvantil rozdelenia χ2, tak zamietame hypotézu,

že náhodný výber pochádza z ,,našej” rozdelenia na hladine významnosti α.
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Testy dobrej zhody

# r > 1 r < −1

N=50 0.71 0.99
N=100 0.17 0.89
N=500 0.04 0.14
N=1000 0.036 0.1
N=5000 0.039 0.07
N=10000 0.046 0.067
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Niektoré pŕıklady najdené v literatúre

Janardan-logarithmic distribution je definovaná ako

P (x) =
(βθ)x + αθx

x[− ln (1− βθ)− α ln (1− θ)] , pre x = 1, 2, 3 . . . ,

kde r = α, a = βθ a b = θ.

Quine logarithmic distribution najdené v literatúrach

P (x) =
px + (−1)x+1 1

3
px

x[1/3 ln 1 + p− ln (1− p)] , pre x = 1, 2, 3 . . .

a = b = a r = 1/3.
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Niektoré pŕıklady najdené v literatúre

Boen Sylwester distribution najdené v literatúrach

P (x) =

(
q

1+q

)x
+ (−1)x+1

(
1−q
q

)x
x[ln (1 + q)− ln (q)]

, pre x = 1, 2, 3 . . .

a = q
1+q

, b = 1−q
q

a r = 1.

Feller Arley logarithmic distribution najdené v literatúrach

P (x) =
px2 + (−1)x+1

(
q2−p1
p1

)x
x[− ln (1− q1)]

, pre x = 1, 2, 3 . . .

a = p2, b = q2−p1
p1

a r = 1.
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Niektoré pŕıklady najdené v literatúre

Hunter logarithmic distribution 1 najdené v literatúrach

P (x) =
αx + (−1)x+1

(
1
p

)x
x[ln (1 + 1/q)− ln (1− α)]

, pre x = 1, 2, 3 . . .

a = α, b = 1
p

a r = 1.

Hunter logarithmic distribution 2 najdené v literatúrach

P (x) =
αx + (−1)x+1

(
p
p

)x
x[− ln p− ln (1− α)]

, pre x = 1, 2, 3 . . .

a = α, b = p
p

a r = 1.
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Ďaľsie rozdelenia

Ako d’aľsie sa venujeme zmiešavaniu rozdeleńı geometrickej a logaritmickej
pod názvom Type 3. Všeobecná forma rozdelenia sa dá naṕısat’ ako

P (x) =
rfg(x) + flog(x)

rCg + Clog
, pre x = 0, 1, 2, 3 . . . .

kde fg(x) a flog(x) sú ,,nenormalizované” zložky geometrického a
logaritmického rozdelenia.

Negativne binomické rozdelenia

a iné
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Ďaľsie rozdelenia

Pa(x) =


r

r
(1−q) − ln(1− θ) , pre x = 0,

rqx + θx

x
r

(1−q) − ln(1− θ) , pre x = 1, 2, . . . .

Pb(x) =
rqx + θx

x

rq(1− q)−1 − ln(1− θ) , pre x = 1, 2, 3 . . .
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Ďaľsie rozdelenia

Pc(x) =


r

r(1− b)−1 + ln( 1−a
1−b )

, pre x = 0,

rbx + bx−ax
x

r(1− b)−1 + ln( 1−a
1−b )

, pre x = 1, 2, . . . .

Pd(x) =


r(1− q)m

r − ln(1− q) , pre x = 0,

r
(
m+x−1

x

)
(1− q)mqx + qx

x

r − ln(1− q) , pre x = 1, 2, . . . .
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Wimmer, G. Diskrétne jednorzmerné rozdelnia pravdepodobnosti
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Wimmer, G., Mačutek, J., Altmann, G., Discrete averaged mixing
applied to the logarithmic distributions Mathematica Slovaca (2015).

Wimmer, G., Altmann, G., Thesaurus of univariate discrete
probability distributions Stamm, Essen,1999.

Wimmer G. Altmann G., The Multiple Poisson Distribution, Its
Characteristics and a Variety of Forms Biometrical Journal Wiley
Online Library 1996

Wimmer G. Altmann G., Review Article: On Vocabulary Richness
Journal of Quantitative Linguistics Volume 6, Taylor and Francis 1999

Samuel Hudec Robust 2018
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