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We observe two independent sequences of i.i.d. zero mean
Gaussian processes Xi(t), ..., Xy, (t) and Yi(t),..., Yn,(t)
defined for t € [0, 1] such that E || X1(t)||> = E fo X1 t)dt < oo
and E||Y1(t)]|?> = Efo YZ(t) dt < 0.

(L2[0,1] is a Hilbert space of square integrable functions on [0, 1]
with a scalar product < f, g >= fol f(t) g(t)dt and ||| the
corresponding L> norm.)

The covariance functions A(t,s) = E X1(t)X1(s) and

B(t,s) = E Y1(t)Yi(s) are continuous functions on [0,1]?. A is
the corresponding covariance operator of X; defined by the kernel

A(t,s) and B is the covariance operator of Y; defined by the
kernel B(t,s):

1 1
(Av)(t) = /0 A(t,s)v(s)ds, (Bv)(t)= ./0 B(t,s) v(s)ds.



According to the Mercer lemma there exist expansions:
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where {\;}, {ui(t), t € [0,1]} are eigenelements of A and
{pit, {vi(t), t € [0,1]} are eigenelements of 5. Clearly

Ak —/ / Uk t S Uk( )dtdS =< uy, Auy >,

Lk :/ / vk(t)B(t, s)vk(s) dt ds =< vy, Bvy > .
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X1,...,Xn, and Y1,..., Yy, are p—dimensional zero mean
Gaussian vectors. The scalar product < X, Y >= XTY.
The covariance operators A and 5 are given by the matrices
A=EXXT, resp. by B=E YYT that can be expanded as
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A= )\,'U,' u;, B = HiVi Vi .
i=1 i=1



We estimate the covariance function A(t,s) and B(t,s) by
R LM R LM
A(t,s) = i ’Z;X,-(t)X,-(s), resp. B(t,s) = W 2; Yi(t)Yi(s).

The corresponding operators are A and B:

(Av)(t) = /0 A(t,s)v(s)ds, (Bv)(t) = ./0 B(t,s) v(s)ds.

We denote A1 > )\, > ... eigenvalues and Uy, U, . ..
eigenfunctions of A while 13 > ji; > ... eigenvalues and vy, Vs, . ..

eigenfunctions of . ([ Ukug >0, [Vkve >0,k =1,...)
We introduce an operator C with the kernel
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Two-sample problem

Ho: A=B A A#B



We define for i =1,...,N;y and k =1,2,...:

,B)ug(k) =< up, X; > .

They are uncorrelated and because of normality also independent.

We define for i =1,...,Nyand k =1,2,..., K =k, k+1,...:

nyx(k, k') = < e, Xi >< uger, X; > .

It holds

Eng(k k) = A varng, (k, k) = 2)2
Eng (k) =0 varny, (k. k') = Aehe

The variables {nxl.(k,k’),kzl,..., k' =k k+1,..., izl,...}

are uncorrelated.



For k=1,2,... it holds

Ak = Akl < [[A = Alll,
[Tk — ukl| < const(k)|||A— Alll.

For Ni — oo:
[I4 — All| = Op(1/v/ M),
Ak — Ak = Op(1/+/ N1),
|[Uk — uk|| = Op(1/+/Ny).
Moreover

Ao — Ak
VN ~ N(0,1).
1 \/E)\k ( )

K = (fE L K(t,s)? dt ds) ">



Panaratos et al. (2010):

K K K K k-1

STNT Ok, k)2 =3 Ok, k)2 +23° 37 (Ou(k, k)2,
k=1 k'=1 k=1 k=1 k'=1
where

Ny N> < ok, (A= B)bp >
n(k, k") N
V< 3Gk >< B0, Coo >

where the functions {g/b\k(t), k=1,...,K} are eigenfunctions

(corresponding to K largest eigenvalues) of the operator C.



Let A = B. Replace qgk by uy.

< Uk, Augr >=

1 1 1 Ny
oy 00(6) gy, 20 XE)(5) e () s e =
1 :
:EZ/ u(£)Xi(t) dt / i (5)Xi(s) ds =
ZﬂX )ﬁX an k k/



Under Hp supposing that Ny /N — « € (0, 1) the variables (k # k')

ko) = o/ Mil2 <t (A= Bju > _ Uk k) — nf, (k. )
A N \/2A2 V2Xi\/1/ Ny + 1/ N3

and

Ik i) = [ NaNe < s (A = Blue > _ s K) — s (k k)
M N VA VAR V1N + 1/

are asymptotically N(0, 1) distributed. It follows that the
suggested test statistic has asymptotically y? distribution with
K(K +1)/2 degrees of freedom.




What is the alternative?

What is K?




Two-sample problem

Ho: A=B  A:Ax # By,

where Ay corresponds to Ax(t,s) and Bk corresponds to
BK(t> 5):

K K
AK(t, S) = Z Ak Uk(t) Uk(S), BK(t, S) = Zuk Vk(t) Vk(S).
k=1 k=1



k=1
where
/7\_(/()— [Ny N> < Ek,(ﬁ—g)ﬁk>_ | Ny N> B\\k—xk
! 2N <ﬁk,5ﬁk> 2N </L7k,é\/L7k>
and

/7\_ (k) _ NN, < Vk,(ﬁ—g)f/\k > _ Ny N> ,Ek —ﬁk
Y V2N < 9.,Cv > V2N < ,.Cv >



Let Ax # Bk then there exists k < K such that
< ug, (.A — B)Uk >7é 0 or < vg, (.A — B)Vk >§'é 0.

Assume that Ny /N — « > 0 as N — oco. Then under A the test
based on my test statistic is consistent. More specifically, it holds

(a)\k + (1 — a)kk)

< \/—\/7 <Uk, A B)Uk> ):Op(l)

< \/—\/7 <Vk, .A B)Vk> >:Op(1).

V2(avg + (1 — o))



For Ny, N finite the variables ?u(k) and ?V(k) are not unbiased.
How large are the biases?



Hall and Hosseini-Nasab (2009)

~ 1 1
M — Mk = — < ug, Zaug > +- <y, Zau; >2
k — Ak = < Uk, ZAUK +H.Z O — ) Uk, ZAUj >° +
JiFk
1
+mun7kv

where sup; << E |Upk|" = O(1) as n — oo for K an arbitrary
fixed number and for any r=1,2,....



1 1
o S

/\k — /\',) < Uk,ZAUJ'/ > < Uj,ZAUj/ >
j/:j/#k J

Vn,k7

m < U, Zpug > < Uk,ZAUj>> +m

where supi<i<k E ||V, «||" = O(1) as n — oo for K an arbitrary
fixed number and for any r =1,2,....



Let Ny/N — «as N — oo then

—~ VDY
N E (M= M) =D 2L~ +0(1),
fie K= X)
Ny E (A — Ak)® =222 + o(1).
— VDY
N E (M= M) == ) 2~ +0(1),
fi7e Qe =)

No E (A — M) = 2)2 + o(1),
NE (M — i) = o(1),
NE (M — M) (A — k) = o(1),

where A\ =< Ek,Aﬁk > and A\ =< Ek,Bﬁk >.



Let Ni/N — a as N — oo then

- 1
ETu(k)—T\/ %: y o(1/V'N).
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Approximate asymptotic biases for 7'“(1) and 7'“(2)
(Ny = Ny = 100, K = 2: 0.424,-0.5218.)



Boxplots for Thatu and Thatu corrected for right as. bias

1+
2

-3+




Boxplots for Thatu corrected for estimated as. bias and Thatu
corrected for as. bias
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Apply permutation principle
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Ny = N, = 100 (2500 simulations)

asympt  permut Panaretos Panaretos
K=3 K=3 K=2 K=3
Ho : 0.336 0.053 0.047 0.052
A: 0.613 0.644 0.330 0.983



K=1 K=2 K=3 K=4 K=5 K=6
power  0.072 0084 0.644 0517 0461 0.432
5%cr.v. 356 563 7.54 1356 16.89 18.53
x%(0.95) 384 599 7.81 949  11.07 12.59



Behaviour of the Panaretos et al. statistic under A when Ny = N»:
VN <A¢j/>\(:4 - B)A(bki ’
V< 8,C8) >< dx,Con >

6 = dj + f Z ¢ )<z>/ < ¢1, Zcdj > +0p(1/n),

Ok = bk + —= NG Z % < ér,Zchr > +0p(1/n),

//;ék ¢’ )
1

,Z—z?:(A—B)+;Z(ﬁ,—A)——Z(z§,—B)

n



VA{ (95 + ¢J+op(1/N)) ((A-B)+
S (A A) 1 S (B B)) (6k+ bk + Op(1/N)) ) =
VN <¢>j,(A—B)¢k> (95, (A= B)ox) + (0, (A= B )+

(6), Za0k) = (85 Z80x ) + Op(1/N)

=2~
é

(5. (A= B)ou) = Y BT g, 2.0
I£]

(¢j,(A— B)dy) Z ,\;4— B)o; > (b Zcorr)
14



10 0 0 O 10 0 0 O
0 9 0 O 0 9 00O
A= 0 0 13 0 B= 0O 01O
0O 0 0 14 0 0 0 2
For K =2
Panaretos Jaruskova

Ny =N, power  power
100 0.653 0.99
1000 0.307 1.00
10000 0.082 1.00



