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We observe couples (y1,x1), (v2,%2), (3, X3), - ... .. .

where y; € R, xx €RY ViteN.

We suppose that members of couples are connected by linear
equations

yt:xtTBOJr(‘,t VteN,

where disturbances e; € R are unknown and 5y € © C R is
unknown parameter common for all equations.

Our aim is to reasonably approximate [y from couples (y:, x¢),
te{1,2,..., T}, where T € N.



Realization on Linear

Linear equations Regression Mode

Petr Lachout

Inaccuracy in any equation will be measured using a
nonnegative Borel measurable function

p:R—=R, p>0.

As approximation of 3y, we take a parameter 3 € © for which
the corresponding disturbances are “small”.
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More precisely, we possess given positive numbers et > 0,
T € N with

limsuper
T—+o0

and we find A7 € © such that

.

1 A

> oy —x Br) < Ar+ter,
=1

ol

where

]
Ar = anf{ Zp(yt—xiﬁ):ﬁee}.
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The problem can be generalized using a function defined for all
B € © and for all ;1 probability Borel measures on R9*1 by the
formula

f(Bn) = /p(xT (Bo — B) + ) u(dx, de).

The integral is always well-defined since p is a nonnegative
Borel measurable function and p is a probability Borel
measures.
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Let us consider a sequence pur, T € N of probability Borel
measures on R9*1.
We find a parameter 51 € © such that

/p (e +x! (80 — §T>> pr(dx, de). < Ar+er,

where

Ar = inf{/p(XT(ﬂo—/)’)—Fe)ur(dx,de) : ﬁe@}.
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Setting

LS|
pr o= Y3 e
t=1

we receive precisely the original problem

T T
FBinr) = 32 plectsd (o= B) =+ D0 olve —xT5).
t=1 t=1
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LEMMA:
For any v probability Borel measures on R9*! and any A >0
we have

Jim inf v({(e) : mxTy| 2 At lel}) =

=inf{v ({(x,e) € RITL : x Ty £ 0}) : Ivl=1,v¢€ Rd}.
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PROOF:
Let us denote

M = inf{v({(x,e) eRT™ : xTy#£0}) : || =1,v e R}.

1)
Let v € R? and k € N, then

{(x,€) : k|x"v| > A+]el} C {(x,e) : x"y #0}.
Therefore,

lim inf v ({(x,e) : IQ|XT’)/| > A+ lel}) <M.

K400 ||lv]|=1
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2)
Consider a sequence v, € R?, |7l = 1 for all k € N such that
v({(x,e) : kx| >A+1el}) <

< inf v({(x,e) : k |XT’Y‘ >A+lel}) + l
fIvll=1 k

The sequence belongs to a compact, therefore, it contains a
convergent subsequence

lim v, =%, [F] = 1.

Jj—+oo



Proof 2

Hence,

{(x,e) : xT'Ay#O}
= Uﬂ{( XA T )|+ A+|e|)}
J=1j=J

C U ﬂ {(x,e) : kj|xT"ykj| > A+ lel}.

J=1j=J
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Because of o-additivity of the measure v, we have

M<v ({(x, e) : x4 # 0})

+o0
< lim v ﬂ {(x,€) : K ’xTykj| 2A—|—|e|})
j=J

T J—+oo

< Uminfy({(x, e) : ky|x v, = A+lel})

—+o0

J—=4o0 | ||v]|=1

= H’iyr|1‘f:11/({(x7 e) : K!XT’Y| > A+lel}).

< liminf [ inf v({(xe): KJ‘XT’V| >A+lel}) + kIJ]
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Assumption 1: @ C R? is a closed set and for each 3 € ©

/p(e)u(dx, de) < /p(e+xT(ﬁo—5))u(dx, de).

Assumption 2: There is a function ¢ : R, — R, which is
continuous, nondecreasing and fulfilling:

1. Forallt e R p(t) <(|t]).
2. Forallt >0 [w(le] + t]x]|)v (dx, de) < +oo0.
3. Forall t >0 [4(|e| + t]|x])pr(dx, de) < +oo.



. Realization on Linear
Assumptions egenson Mode

Petr Lachout

Assumption 3:

Y—D
wy ———v
T—+o0

which means

Vf : R - R bounded continuous

/f(x7 e)ur(dx, de)m/f(x, e)v (dx, de),

Ve >0 [ w(lel + elxlhur(dx, de) ———— [ w(lel + tlxlw (dx. de).
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Assumption 4: Denoting
H, = liminfinf{p(t) : [t| > A,t€R
P liminf inf {p(t) : [t > A, t € R},

M = inf{r({(x,e) e R : xTy#£0}) : |y]| =17 € R},

we require M > 0 and a balance

H,M > /p(e)u(dx7 de) + limsuper.
T—+o0
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We denote
g(8) = /p(e +xT(Bo — B)) v (dx, de) VB € ®.

According to Assumption 1, we know that Sy is a minimizer of

g.
The set of all minimizers and the set of all e-minimizers of g
are denoted by

®(g) = {B€0:g(B)=2g()},
Vi(gie) = {0 :g(B) <g(fo)+e}.

We recall that we possess given positive numbers e > 0,
T € N with

limsuper = £, 0<é&< +4o0.
T—+o0
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THEOREM:

Let the previous Assumptlons 1-4 be fulfilled.
Then 3, € @ (g) and A7 exists for every T € N.
The sequence 37, T € N is compact and

@#LS{BT, TEN} Cc Vg e,
lim d (ﬁr, (g; 5)) =0.

T—+oco
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PROOF:

1)
We know that for each € ©, T € N

f(B;nr), f(B:v) e R
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2)
Let 8, B € © such that B+ ——— .
T—+o00

Let us fix e > 0. .
Then there exist A, @ and a compact K C R*! such that
B — Boll <A forall T eN,

/ (W(lel + Alix])) — Q) v (dx, de) < e,
P(le[+A[x])>Q
e

pr (R K) < o for all T € N,
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Now, we are able to derive a convergence.
(07 inm) = [ olexT (o~ Br)ur(dx, de) =
:/min{o,p(xT (Bo— B) + &) hur(dx, de) +
+ [ min{Q.ple+ xT (80— 5r))} — min{Qup (x7 (60 - 6) + €) Jur(dx, de

+/ (P(e +x" (Bo — Br)) — Q) pr(dx, de).
ple+xT(Bo—B7))>Q
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The function min{Q, p} is bounded and continuous. Therefore,

[ min{Qup (<" (o= B)+ ) r(dx. de) ———

T—+oo

/min{Q,p (x" (Bo— B) + e)}v (dx, de).
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The second term fulfills

[ min@u e+ xT (5 = 7)) = min{Qup (7 (5o — )+ €)ur(ax, de)|

<2+ ’/K min{Q, p(e +x" (Bo — B7))} — min{Q, p (x (Bo — B) + ) }ur(c
<2+ sup_ |min{Q, p(e + x" (Bo— B7))} —min{Q,p (x" (Bo— B) +e)}

(x,e)eK
—2¢
T—+oo
because p is continuous, and, hence, uniformly continuous on
each compact set.
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The third term is smaller than ¢ since

03/ ( (e+x" (Bo— B7)) — Q) pr(dx, de)

(e+xT(Bo—BT))

</ ((lel + Tlxl) — @) er(d, de)
P(lel+Tlx)>Q

- / (lel + Tlxl)ur(dx, de) —

~ [ min{Qw(lel + Tl )r(ax, de

—
T—+o00

/ (6(lel + Tl = Q) (dx. de) < =
P(lel+TlxIN>Q
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Thus, we proved

Jim f(BripT) = /P(XT(ﬂO*B)Jre)V(dX’de):f(ﬁ;”)'

It means that f (3; 1) converge to f (3 ;v) uniformally on
each compact.
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According to Assumptions, there is a number A > 0 such that

inf p(t)-M>f(8o;v)+E.

[t|>A
Hence according to Lemma, we are able to find I" such that

|ti|n>pr(t) - \lj/ﬂily ({(x,e) : Tx"y| = A+]el}) > f(Boiv)+E

Then, we define a compact

K = {Be0 [IB-PHll <T}.
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For 8 € ©, |8 — Bol| > T we receive following chain of
inequalities:

F(Biur) = /p(xT (Bo— B) + &) r(dx, de)

= p (<7 (B0 — B) + €) pr( dx, de)
[xT(Bo—B)+e|>A
= inf p(t)-ur ({(xe) - x" (Bo— B) + e[ > A})
> i p(e) - r ({0ce) < X8 — o)l > B -+[el})
. _ T B—Fo
SLURIO <{(X’ oI e |e|})'
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For any € > 0, properly chosen sequence of vy7, ||[v7|| =1 and

its cluster point 4, we have

liminf |nf f(8;pr) >

T—+o0

> |t||n>fA ( ) ¥T>4'_rlimf{MT ({ e) : F|XT’y| > A+ |e|}) Al = 1}

> |t||n>pr( ) ITlmJlrrlipT ({(x,e) : T |XT")/T‘ > A+ el})

> |t||n>fA p(t) - ITiry;,uT ({(X, e): T |XT’A}/| >A+|e|+T |XT(’)/T — ’”y)|})

> |t||n>pr(t) 'r'ffliw ({(x,e) : T|xT4| > (1 +e)A+e|})

> |t||n>fA p(t) - v ({(x,e) : I_|XT@| > (1+e)A+lel}).
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Letting £ vanish we have

liminf inf f(8;u7) > inf p(t)-v({(x,e) : F|XT’7’ > A+ lel})

T—+o00 BEK [t]>A
> f(Boiv)+E
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We found that it is sufficient to consider 5 € K, only.
We know that f (3 ; u7) converge to f (5 ; v) uniformally on K.
That completes the proof.
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